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SOME RESULTS ON UNIQUENESS OF ENTIRE
FUNCTIONS OF ¢-SHIFT DIFFERENCE
POLYNOMIALS

HUSNA V. AND VEENA

ABSTRACT. This paper is devoted to the uniqueness problem on
entire functions whose product of g-shift difference polynomials
sharing weight z. We obtain some results that extend the results
of Nintu Mandal and Abhijit Shaw [25].

1. INTRODUCTION

Let C be a open complex plane and two functions f and ¢ are non-
constant and meromorphic in C. In this article we use standard no-
tations of Value Distribution Theory such as T'(r, f), m(r, f), N(r, f)
([, [10], [22]). For a € CU{oo}, if f and g have the same a-point
with same multiplicities then f and g share a CM. If we do not take
the multiplicities into account then f and g share the value a IM. A
meromorphic function a is said to be a small function of f provided
T(r,a) = S(r, f) ie,, T(r,a) = O{T(r, f)} as r — oo, r ¢ E. For our
convenience we means that S(f) contains all constant functions and
S = S(f) U {oo}. Let f and ¢ be two meromorphic functions defined
in the complex plane and a be a value in the extended complex plane.
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Now we say that f and g share that value @ CM (counting multiplici-
ties) if the zeros of f —a and g — a coincide in location and multiplicity
and say that f and ¢ share the value a IM if zeros of f —a and g — a
coincide only in location but not in multiplicity. The counting function
of zeros of f — a where m-fold zero is counted m-times if m < p and p
times if m > p is denoted by N,(r, a; f) where p € Z*. We define differ-
ence operators for a meromorphic function by A.f(2) = f(z+¢)— f(2),

(¢ #0) and Agf(2) = f(qz2) — f(2), (¢ # 0).

Definition 1 Let p(z) = Zaizi be a non-zero polynomial, where
i=0
a;(i =0, 1, 2, 3,...,m) are complex constants and a,, # 0. Let m; is

the numbers of single zeros of p(z) and msy is the number of multiple
zeros of p(z) and I'y, 'y defined by I'y = my + mg, I'y = my + 2my
respectively. We denote v = ged (70,71, - - -, Ym) Where v; = m + 1, if
(IZ':O, ’)/l:Z—l-l,lfaZ#O

Definition 2 ( [§], [9]) Let p be a non-negative integer or infinity. For
a € CU{oo} we denote by E,(a; f) the set of all a-point of f where an
a-point of multiplicity m is counted m times if m < p and p + 1 times
it m > p. If Ey)(a; f) = Ey(a; g) we say that f, g share the value a with
weight p.

In 2007, Laine and Yang [I1] studied zero distributions of difference
polynomials of entire functions and obtained the following results.

Theorem 1 [II] Let f be a transcendental entire function of finite or-
der and ¢ be a non-zero complex constant. Then for n > 2, f™f(z+ ()
assumes every non-zero value a in C infinitely often.

The uniqueness result corresponding to Theorem [I] given by Qi, Yang
and Liu [15].

Theorem 2 [I5] Let f and g be two transcendental entire func-
tions of finite order, and ( be a non-zero complex constant, and let
n > 6 be an integer. If f"(2)f(z 4+ ¢) and ¢g"(z)g(z + () share 1 CM,

then either fg = t; or f = tyg for some constants ¢; and ¢, satisfying
it =4t = 1.

Theorem 3 [20] Let f be a transcendental entire function of fi-
nite order, and ¢ be a fixed non-zero complex constant. Then for
n > Iy, P(f(2))f(z + () —w(z) = 0 has infinitely many solutions,
where w(z) € S(f) \ {0}.
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Theorem 4 [20] Let f and g be two transcendental entire functions
of finite order, ¢ be a non-zero complex constant and n > 2I's + 1 be
an integer. If p(f)f(z + ¢) and p(g)g(z + ¢) share 1 C'M, then one of
the following results hold:

i) f =tg, where t” = 1;

ii) f and g satisfy the algebraic equation ®(f, g) = 0, where ®(Aq, Ay) =
p(A)AL(2 + €) = p(A2) Ao (2 + €);

iii) f = €%, g = ¥, where ¢ and ¥ are two polynomials and & + ¥ = d,
d is a complex constant satisfying a2e™ V4 = 1.

In 2010, Zhang and Korhonen [23] obtained the following result on value
distribution of g-shift difference polynomials of meromorphic functions.

Theorem 5 [23] Let f be a transcendental meromorphic (resp. entire)
function of zero order and ¢ be a non-zero complex constant. Then for
n > 6 (resp. n > 2) f(2)"f(qz) assume every non-zero value ¢ € C
infinitely often.

Theorem 6 [23] Let f and g be two transcendental meromorphic
functions of zero order. Suppose that ¢ is a non-zero complex constant
and n > 6 is an integer. If f(2)"(f(2)—1)f(gz) and g(2)"(g9(z)—1)g(qz)
share 1 CM, then f = g.

In 2015, Xu, Liu and Cao [19] obtained the following result for a g-shift
of a meromorphic function.

Theorem 7 [I9] Let f be a zero order transcendental meromorphic
(resp. entire) function, ¢ € C\ {0}, ¢ € C. Then for any positive
integer n > I'; 4+ 4 (resp. for entire n > I'y), p(f(2))f(gz + () = ®(2)
has infinitely many solutions, where ®(z) € S(f) \ {0}.

Theorem 8 [I9] Let f and g be two transcendental entire functions
of zero order and let ¢ € C\ {0}, ¢ € C. If p(f(2))f(gz + ¢) and
p(9(2))g(gz + ¢) share 1 CM and n > 2I'; + 1 be an integer, then one
of the following result holds:

i) f = tg for a constant t such that ¢7 = 1;

ii) fand g satisfy the algebraic equation ®(f, g) = 0, where ®(A1, \y) =
p(A1)A1(gz + €) — p(A2)A2(gz + Q);

iii) fg = d, where d is a complex constant satisfying a2d"* = 1.
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In 2001, I. Lahiri ([8], [9]) proved the following result by consider-
ing the concept of weighted sharing.

Theorem 9 [§] [9] Let f and g be two transcendental entire functions

of zero order and let ¢ € C\ {0}, ¢ € C. If Ei(1;p(f(2))f(gz+()) =
Ei(1;p(9(2))g9(qz + €)) and I, m, n are integers satisfy one of the fol-
lowing conditions:

)I>3;n>20+1;

l=2n>T1+2b+2—q

i) [ = 1; n > 20') + 20 + 3 — 2a;

iv) L =0;n >3 + 20 +4 — 3a.

Then the conclusions of Theorem [1holds, where o = min{©(0, f),0(0, g)}.

In 2016, Sahoo and Biswas [I8] proved the following Theorem.

Theorem 10 [I8] Let f and g be two transcendental entire functions
of zero order and let ¢ € C\{0}, ¢ € C. If Ey(1; (p(f(2))f(qz+¢))®) =
Ey(1; (p(g(2))g(gz + ¢))®) and [, m, n are integers satisfy one of the
following conditions:

1)1 >2;n>20+2kmy + 1;

ii) I =1; n > 5(T'y + 4T3 4 5kmy + 3);

iii) I = 0; n > 3T + 20y + 5kmy + 4;

Then one of the following results holds:

i) f = tg for a constant t such that ¢7 = 1;

ii) f and g satisfy the algebraic equation ®(f, g) = 0, where ®(Ay, Ay) =
p(AM)A1(gz + €) — p(A2) X2 (g2 + €);

iii) fg = d, where d is a complex constant satisfying a2d"** = 1.

In 2020, Nintu Mandal and Abhijit Shaw [25] proved the following
result.

Theorem 11 [25] Let f and g be two transcendental entire functions
of zero order and let ¢ € C\ {0}, ¢ € C. If Ey(2; (p(f)f(gz +¢))®)) =
Ey(z; (p(9)g(qz + €))®) and [, m, n are integers satisfy one of the fol-
lowing conditions:

1)1 >2;n>20+2kmg + 1;

ii) I =1; n > 3(Ty + 4T + 5kms + 3);

Then one of the following results holds:

i) f = tg for a constant ¢t such that ¢7 = 1;

ii) f and g satisfy the algebraic equation ®(f, g) = 0, where ®(A1, \y) =
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p(A)Ai(gz + Q 5 p(A2)A2(qz + Q);

i) f(2) = pre2* 1% and g(z) = %e*(%f + vz) where py, p, u, v are

complex constant and not equal to zero. If A = (—1)a?u™"!, then
2 _ 1 2 _ q?

W= e VT = Gy

Question 1. What happens if (p(f)f(gz + ¢))* is replaced by
d
(p(f)f"(2) H flgjz+ Cj)”j)(k) in Theorem .
i=1

To answer the above question affirmatively, we prove the following re-
sults which is the main results of this article.

Theorem 12. Let f and g be two transcendental entire functions of

d
zero order and let ¢ € C\ {0}, ¢ € C. If E, (z; (p(f)f™(2) Hf(qu +

d
Cj)vj)(k)> = E (z; (p(9)g"(2) Hg(qu - Cj)”f)(k)) and [, m, n are inte-
j=1
gers satisfy one of the following conditions:
)I>2;n>2014+2kmy+2d+2—0 —m;
ii) l =1; n > 3(Ty + 4T + 5kma + 30 + 2m);
iii) { = 0; n > 30y + 2Ty + bkmy + 5d + 5 — m — o;
Then one of the following results holds:
i) f = tg for a constant t such that t7 = 1;
ii) f and g satisfy the algebraic equation ®(f,g) = 0, where

d d
S(ArAo) = ATp(0) [T Flash + ) = X5p(a) [T alaihe + )™

J=1 J=1

i) f(2) = per* ™ and g(z2) = %e*(%zz + vz) where uy, p, u, v are

complex constant and not equal to zero. If A = (—1)a2 e(mtm+ole

2 ntmet 2 _ 1 2 _ (2aio?
(=D)ag,p" ™", then u® = Al(mAn) +oq7 ]2 and v” = At to @R ) tog

2. LEMMAS

Let ' and G be two non-constant meromorphic functions defined in
C. We denote by H the function as follows:
F// 2F/ 1 2 !
1= (5 -2 - (S -2%)
F F-1

G G-1
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Lemma 1. [22] Let f be a non-constant meromorphic function, and

P(f) = E a; f*, where ag, ai, as,...,a,, are complex constants and

am # 0. TZF:Ifen
T(r,P(f)) = mT(r, )+ 5(r, f).

Lemma 2.  [24] Let f be a non-constant meromorphic function,
and p, k € Z*. Then

1) N(ro7) STCSD) =Tl ) + N (1 7) +5021).
2) anﬁ%>§MWnﬁ+Nﬂ4n%)+ﬂnﬁ.

Lemma 3. [9] Let f and g be two non-constant meromorphic func-
tions. If Ey(1; f) = Es(1; g), then one of the following relation holds:
><)<M<ﬁ+%@3+%@ﬁ+mmm+&m

) f =9;
iii) fg = 1.
where T'(r) = max{T(r,g),T(r, f)} and S(r) = o{T(r)}.

Lemma 4. [I] Let F' and G be two non-constant meromorphic func-
tions such that Fi(1; F)) = E1(1;G), and H # 0, then
1 1
T(r,F) < No(r, =) + Nao(r, =
<T7 ) = 2<T7 F> + Q(Ta G)
+ S(r, F) + S(r,G);

and we can deduce same result for T'(r, G).

1— 1—
+N2(r,F)+N2(7‘,G)+§N(T —|—§N(7‘,F)

1
7?)

Lemma 5. [I] Let F' and G be two non constant meromorphic func-
tions which are share 1 IM and H # 0, then

T@ﬂg%&?+%@é+%@ﬂ+%@@+ﬂ@
+2N(r, F) + N(r,G) + S(r, F) + S(r, G).

Lemma 6. [I9] Let f be a transcendental meromorphic function of
order zero and ¢, ( two non-zero complex constants. Then

T(r, flgz + Q) = T(r, f(2)) + S(r, [);
N(r, flgz + C)) = N(r, f(2)) + 5(r, f);



JFCA-2023/14(2) SOME RESULTS ON UNIQUENESS... 7

N(r, —f(qz1+ Q> = N(?“, ﬁ) + S(r, f);

N(r, fgz+¢)) = N(r, f(2)) + S(r, f);

N(r, —f(qzl+ O) :N<T, f(lz)> + S(r, f).

Lemma 7. [I9] Let f be a transcendental meromorphic function
of order zero and ¢(# 0), ¢ two non-zero complex constants. Then
d

= f”P(f)Hf(QjZ + ()7 and Gy = Q”P(Q)Hg(%‘z + ()%

J=1 =
F = (Flz)(k>, G = (Glz)m. Then T'(r, F1) = (n+m+o0)T(r, f) + S(r, f).
In addition, if it is a transcendental entire function of zero order, then

T(r,Fr) =T(r, ["P(f Hf 4z +¢)") = (n+m+0)T(r, f)+S(r, f)

d

where o = E ;.

=1

Lemma 8. Let f and g be two entire functions ¢, ¢ complex constants
d

and g # 0; n, k are two positive integers and let F; = f™p(f) H flgjz+

d
3 . g EO ool
¢)” and Gi=g"p(g) [[olqz+ ). F=2- G ="
j=1

Ethere exists two non-zero constants ¢; and ¢ such that N(r,c;; F) =
N(r, &) and N(r,c2; G) = N(r, &), then n < 2I'y+2kmy+2d+2—0—m.

d d
Proof. Let Fy = f"p(f) H flg;z+ ()" and Gy = ¢"p(g) HQ(QjZ+
j=1

j=1
(k)
¢;)" and F = E i
By the Second main theorem of Nevanlinna, we have

T(,F) SN, 1) + Nl exs F) + 5, F) < N, ) + N, ) + 50, F)
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Using equations , , , Lemma [2, Lemma [2| and Lemma 2, we
get

(n+m+0)T(r,f) <T(r,F)—N (r, %) + Ni (r, F%) + S(r, f)

+ Nit1 (7”, (1g)> + Niga | 7 !
H flagz+ )"
j=1
+Nk+1 r, d ! —f—S(T,f)—f-S(T,g)
[T9(gz+¢)
j=1

This implies,

(4)
(n+m+0)T(r, f) S (1+m1+m2+km2+d){T(7“, f)‘i‘T(ra g)}+S(T, f)_'_S(T? g)

Similarly,

()
(n+m+U)T(r, g) S (1+m1—|—m2+km2+d){T(7", f)‘i‘T(?n? g)}+S(T, f)—i_S(Ta g)

In view of equation and , we have,
(n+m—|—0—2m1—2m2—2km2—2d—2){T(r, f)+T(T’, g)} < S(T7 f)+S(T, g)

which gives n < 2I'y 4+ 2kmso + 2d + 2 — 0 —m. This proves the Lemma.
Lemma 9. Let f and g be two transcendental entire functions of

d
zero order and let ¢ € C\ {0}, ¢ € C. If f"p(f)Hf(qu + ()Y =
j=1

g"p(g) H g(g;z + ¢;)™. Then one of the following results holds:

j=1
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i) f = tg for a constant ¢ such that t7 = 1;
ii) f and g satisfy the algebraic equation ®(f, g) = 0, where

d d
D(A1, A2) = ATp(Ar1) H AM(giz + ()" = Asp(A2) H A (g2 + )
j=1 j=1
Proof. This lemma can be proved easily in the line of the proof of the
Theorem [1] [19].

3. PROOF OF THE MAIN RESULT

d d
Let Fy = f'p(f) [ [ flg;z + ¢)" and Gy = g"p(g H 9(g;z + )"
j=1 j=1
then E(z; Fl(k)) = Ey(z; Gg ). Again let F' = L
F and G are transcendental meromorphic functions satlsfy El(l; F) =
Ey(1;G). Now with help of lemma [2| and using we have

N2<T,%>§N2< é)‘FS( f)

z

< T(r, F{) = T(r, Fy) + Nesalr, 2) + 5(r, )

<T(r,F)—(n+m+0o)T(r, )+ Ngya(r, Fil) +S(r, f),
Hence,
(6) (n+m+0)T(r, ) < (. F) = Nalry ) + Nevalr, 1) + S0 ).
we can show from

1 1
NQ(T’, f) S NQ(T‘, m) + S(T, f)

(7) S Nk_;,_Q(T,Fil)‘FS(’I“,f).

Now following three cases will be discuss separately.
Case I. Let [ > 2. If possible we assume that (i) of lemma [2| holds.
We can deduce from @ with help of

(n+m+o)T(r, f) < Na(r, é) + No(r, F) + No(r, G) + Niya(r, Fil)
+ S(r, f) + S(r, g)

1
7, —) 4 Niga

1
P T,—)—f—S(r,f)—I—S(r,g).

< Niia o
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(8)
(ntm+0)T(r, f) < (L+mi+2mo+kmo+d)(T(r, f)+T (1, 9))+S(r, f)+5(r, ).

Same we can show for T'(r, g) i.e.,

(9)
(n+m+0)T(r, g) < (1+my+2mo+kmo+d) (T (r, f)+T(r, g))+S(r, f)+S(r, 9).

We can obtain from and (@
(n+m-+o—2my—4me—2kmo—2d—2)(T(r, f)+T'(r,g)) < S(r, f)+S(r, g).

which contradict the fact n > 2I'y + 2kmgy 4+ 2d — 0 — m + 2. Then by
Lemma 2 we claim that either FG =1or F =G.
Let FFG = 1. Then,

(10)
d (k) d (k)
<f”p(f) [T a2+ @-)“f) <g”p<g> [To(a=+ <j>”f> =2
=1 =1
If possible, let p(z) = 0 has m roots a1, as, as,. .. ,a,, with multiplicity
ni, Na, N3,...,Ny. Then we have ny +no +n3 + ... +n,, = m. Now
r d (k)
A (f — )™ o (f —am)” H (g2 + ¢ ”J]
L J=1
- y (k)
an(g—oa1)™ ... (g — am)" H (gjz + ;)" ] = 22

Since f and g are entire functions from (| , we see that a; = ay =
. = a,, = 0. Also, we can say that ay, as,..., a,, are picard’s
exceptional values. By picard’s theorem of entire function, we have
at least three picard’s exceptional values of f and if m > 2 and «a; #
0(¢ = 1,2,...,m), then we obtain a contradiction. Next we assume
that p(z) = 0 has only one root. Then p(f) = a,(f —a)™ and p(g) =
am(g —a)™, where a is any complex constant. Now from we can
write
(12)
d d
[ am(f=a)" [ [ Fg2+6)]Pg"am(g—a)™ [ [ 9(gsz+¢) )" = 22
j=1

j=1
By picard’s theorem and as f and g are transcendental entire functions
, then we can say that f —a = 0 and ¢ — a = 0 do not have zeros.
Then, we obtain that f(z) = ¢*®) 4+ a and g(2) = €°® + a, a(2),
B(z) being non constant polynomials . From ((12)), we also see that
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d d
Hf(qu + ()" # 0 and Hg(qu + ()" # 0 and therefore a = 0.
j=1 Jj=1
Thus f(2) = e*®), g(2) = *®), p(2) = a,,2™ and
(13)

d
[Clme (2) ma(z H (qjz+¢5)" k) CL enﬂ(z ) ,mB(z H e (gj2+¢5)" 212.
j=1 Jj=1

If K =0, then from we have

QL

CL2 e(n-i—m (a(2)+B(2 He(a—i-/o’ (gj24+¢)"% _

which is a contradiction as for no value of a(z) and 5(z) we can compare
both side.
If k=1, then from we have

[amem@Fna@realt=ra) (ma/ (2) + na'(2) + 0g;a (452 + )]

(14)

X eI (m (2) 40 (2) + 04,6 g5 + )] = 2
i.e
afne(m+n)(a+6)+aa(qu+4j)+06(Qj2+4j)

x [(m+n)a'(2) + 0q;a (g2 + () (m +n)B'(2) + 0q;8' (g2 + ()] = 22,
Now the relation can be hold if o+ 3 = ¢; ¢ is complex constant. Then
o + 5 =0,1ie [ =—a'. Then from (14) we have
(15)  (=1)a2e™ ™ mal (2) + nd/ (2) + oq;a (g2 + §))* = 22

Now if &/(z)be one degree polynomials, i.e o/(z) = uz +v,then o/ (¢;z +
() = ug;z +uC +v. Let A = (—1)a2 e("+m+")c = (—1)a?, prtm+o),

where ;1 = e°. Then we can show from that u? = W and
9 <]2 2 2 ;o . .
Ve = A TP [(m+n)+aqj]2. Now o = uz+viea= 52 + vz +w,

then f( ) Mlegz 2tvz and g(z) — ie—(%ZQ-H}Z) where [ = o
H1

If £ > 2, then we get

nbm)a()toals )| () — 520 clrtm)alz)toala ) CINC

[apme e

p(o/o/g, ey QU

where a¢; = a(g;z + (;). Obviously, p(a/ag, ... cak)

many zeros, and which contradict with .

O‘C ) has infinitely
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Now let F' = G. Then

d (k) d (k)
( H flajz +¢)" ) (g”p(g) [To(a=+ Cﬂ”ﬂ)

Jj=1

z z

That is

d (k) d (k)
(f”p(f) 11 /(g2 + Cj)”j> = <g”p(9) [T9(a=+ (j)”j>

j=1
Integrating one time we have

(k—1)

d (k=1) d
( Hf QJZ+C] ) ( Hg QJZ+C] ) _H?k—l
Jj=1 j=1

where 7,1 is a constant. If 7,1 # 0 using Lemma [2] we say that

n < 2I'14+2kmsy+2d—o—m+2, which contradict with the fact that n >

209 +2kmo+2d—o—m—+2. (I'y > T'y). Hence ny—; = 0. Now repeating
d

the process upto k - times, we can establish f"p(f) H flgiz+ ) =
j=1

d
H g(g;z + ¢;)". Hence by Lemma [2{ we have either f = tg for

a constant t such that t7 = 1, or f and g satisfy the algebraic equation
O(f,g) = 0 where,

d d
(I)<)\17 )\2 1]7 )\1 Hf QJ)\l + C] UJ - )\gp >\2 Hg QJ)\Z + C]
Jj=1 j=1
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Case II. Let [ = 1 and H # 0. Using Lemma [2| and equation ([7)) we
can establish from @

1 1—, 1
(n +m+ U)T(’l“, .f) = N2(r7 E) + NQ(T> F) + N2(Ta G) + §N(’l“, F)

—}-;N(T F) 4+ Nyyo(r, Fil)"‘s( f)+S8(r,g)
1 1

1 1
< Nija(r, E) + Nyya(r, G—l) + §Nk+1(7“, Fl)
+8(r, f) + S(r,9)
< (IT+my+ (k+2)me+d)T(r, f)

—_

(1+my+ (k+ 1)mo+d)T(r, f)
(1+my+ (k+2)mg+d)T(r,g) + S(r, f) + S(r,9)

N |

+
+

)
< %(3m1 + (3k +5)mg + 3d + 3)T(r, f)
+(14+my+(k+2)ma+d)T(r,g)+ S(r, f) + S(r,g)

<%®my+®k+9wh+5d+®Tﬁ%+SV)

where T'(r) and S(r) two inequalities, defined in Lemma [2] Similarly
we can show that

(n+m+0)T(r,g) < %(57711 + (5k 4+ 9)msg + 5d + 5)T(r) + S(r),

we have from two inequalities,

<n_5my+@k+9ﬁh;5d+5—2m—20)TQ)SSW)

which contradict the fact n > Ditdlztdkmatdod2m,
Now, let H =0, i.e., (& — 25) — (% - 623/1) = 0. After two times
integration we have

1 A

(16) F—1 G-1

+ B,

where A, B are constants and A # 0. From it is clear that

F, G share the value 1 CM and then they share (1,2) and hence
(k)

d (k)
<f”p(f)Hf(qu—|—Cj)“j) and <g p(g Hg qjz + ¢;)° > share
Jj=1 j=1
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(z,2). Hence we have n > 2I'y + 2kmy + 1. Now we study the fol-
lowing cases.

Subcase 1. Let B # 0 and A = B. Then from we get

1 BG
F-1 G-1
If B =—1, then from , FG=1ie.,

d (k) d (k)
(f"p(f)Hf(quJer)”") ( Hg gz +¢)" ) = 22 then

we obtain the same result as in Case 1.

(17)

ﬁow if B # —1._ Then from , we have, % = # and then,
N(r, o5 G) = N(r. ¢).
Now from the second main theorem of Nevalinna, we get using and
that
— 1 — —
T<T7G) = N(Taa) +N<T7H—B’G> +N<T7G) +S(T7G)
— 1 — 1. —
< N(T,F +N(T,a) + N(r,G)+ S(r,G)
1 1
N +1(T7 F) + T(Tu G) + Nk+1(r7 G_) - (n +m+ O-)T(Ta g) + S<T7 g)
1 1
This gives,

(n+m+0)T(r,g) < (14+my+(k+1)mo+d)(T(r, f)+T(r,g))+S(r,g),
we can show same result for T'(r, f) i.e.,

(n+m+0)T(r, f) < (1+my+(k+1)mo+d)(T(r, f)+T(r,9))+5S(r, f),
Thus, we obtain

(n+m+0o—2—2m1—2(k+1)mo—2d)(T(r, f)+T(r, g)) < S(r, /)+S(r,g),
a contradiction as n > 2I'; + 2kmqe +2d — m — o + 2.

Subcase II. Let A # 0 and B = 0. Now from we have [/ = ¢H4=1

and G = AF — (A—1). If A # 1, wehaveN(r AL F) = N(r, &)
and N(r,1 — A;G) = N(r,+). Then by Lemma [2, we have n <

21 + 2kmo + 2d — 0 — m + 2, which is a contradiction. Thus A =1
and ' = (G, then the result follows from the Case I.

Subcase III. Let A # 0 and A # B. Then from (16|, we obtain
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F = (B+é)GG+_(E43__B/;H) and therefore N(ﬁBé—ﬁrl?G) = N(r,%). Pro-

ceeding similarly as in Subcase I, we can get a contradiction.
Case III. Let [ = 0 and H # 0, we can establish from @ after using
Lemma |2 and

1 1 1
(n+m+o)T(r, f) :NQ(T75)+N 5(r, F) + No(r,G) + 2N (r, F)+N( e
+2N(r, F) + N(r,G) + Nyyo(r, =) + S(r, f) + S(r, 9)

1
) E) + Nk+2(rv

1
’G_) —f-S(T,f) +S<Tag)
1
< (B34 3my + 3k +4)me + 3d)T(r, f)
+ (2my + (2k + 3)ma + 2+ 2d)T(r, g)
+S(r, f)+ S(r,g)
< (5my + (bk + 7)mg + 5d + 5)T'(r) + S(r),
Similarly it follows that (n +m + 0)T(r,g) < (5my + (5k + T)mg +
5d+5)T(r)+ S(r). From the above two inequalities we have (n+m +
o —bmy — (bk + T)ms — 5d — 5)T'(r) < S(r), which contradict with our
assumption that n > 3I'y + 2I'y + bkmsy + 5d — m — o + 5. Therefore

H = 0 and then proceeding in similar manner as Case II, we get the
results. This complete the proof of the theorem.

< Nigo(r

+ Ny (r
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