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FRACTIONAL CALCULUS OF THE EXTENDED
BESSEL-WRIGHT FUNCTIONS AND ITS APPLICATIONS TO
FRACTIONAL KINETIC EQUATIONS

M.P. CHAUDHARY, U.M. ABUBAKAR

ABSTRACT. In this article, authors introduced the new (p, ¢; ¥)-extended Bessel-
Wright function JS;Z:; (z;9), some properties related to Marichev-Saigo-Maede
fractional integral and derivative operators, and Caputo-type Marichev-Saigo-
Maede fractional integral and derivative operators which are applied to the
(p, ¢; 9)-extended Bessel-Wright function. Some special cases such as Saigo,
Riemann-Liouville and Erdeyi-Kober fractional integrals and derivative op-
erators are obtained. In addition, applications of the new (p, ¢;9¥)-extended
Bessel-Wright function Jg;;:é‘(z;'ﬂ) to the fractional kinetic equations is also
discussed.

1. INTRODUCTION

Friedrich Wilhelm Bessel (1784-1846) was the first to introduced the Bessel’s
function, and later it was studied by Euler, Lagrange, Bernoulli, and many others.
Jankov Masirevic et al. [I6] introduced (p, ¢)-extended Bessel function J,,.p 4, (, q)-
extended modified Bessel function, I, 4 of the first kind of order w, (p, ¢)-extended
Bessel-Struve function H,,p 4, and (p, ¢)-extended modified Bessel-Struve function
L.p,q with their properties like integral formulas, complete monotonicity, Mellin
transform, etc. (p, ¢)-extended modified Bessel-Struve function M., 4 of the second
kind and (p, ¢)-extended modified Bessel-Struve function S, , and their integral
formulas, Mellin transform, Laguerre polynomial representations have been studied
by Parmar et al. [39]. Some of the properties of the Bessel-type family of functions
such as fractional integration, fractional differentiation and their applications have
been studied by Parmar and Choi [38], Choi and Parmar [I1I] and Habenom et al.,
[14]. Wright [50] intoduced and investigated the following Bessel-Wright function
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Where z,w € C and ¢ > 0.
Recently, Srivastava et al. [48] investigated about the fractional behavior of
(p, q)-extended Bessel-Wright function JZ., (2):

wip,q
S 1 & Bulomthwtd) (o
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Where w, z € C, o > 0, min{Re(p), Re(q)} > 0, Re(w) > —1, when p = ¢ =1, and
By.4(01,02) is the extended beta function defined by Choi et al. [10] as:

1
Bp7q(al,a2)=/ R
0
where min{Re(01), Re(92)} > 0, min{Re(p), Re(q)} > 0.
The well-known Riemann-Liouville fractional integral and derivative operators
are shown in Kiryakova [25] and Yang et al. [51] as follows:

y T :i ’ r—1)r1

(3.1 @) = 55 [ (=07 e 3)

2 _L ~ — )1

(1) @) =55 [ 0= (4)

(030) @ = () (0 @ ®)
and I

(0@ = (-5 ) (70 @, (6)

where v € C, Re(y) > 0,n=1+[(7)], and z € RT.
The Erdelyi-Kober fractional integral and derivative operators are given in Kilbas
et al. [20], Samko et al. [45] and Kiryakova [211 22]:

(100) @) = T [ a0 ey @
- fi oofnf“/ — )1
(K0 @ =g [ = ®)
d 1

i) @ = () s [ e ron @

n—v
and

(D f) () = 2+ <CZ) ﬁ /:O(t — ) F () dt. (10)
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where v € C, Re(y) >0, n =1+ [(v7)], and z € RT.
Saigo [42] [43] presented the following fraction integral and derivative operator
with the Gauss hypergeometric function as their kernel (see also Kiryakova [27]):

e

(1) @) = o [T@= 0 p0ars (v ommia - D))

(1257) (@) = % / (-2 ) B (v+o-mu1-2)dr (12)
(P52"7) (@) = (1;27°7F ) () (13)

and
(D225 f) (@) = (1277077 F ) (@), (14)

where 7,8,k € C, Re(k) > 0, z € RT, and 2F(;) represent the Gauss hypergeo-
metric function defined by Mathai et al. [29] as:

2P (7,03 km) =) a0y 21

= (K)y nb’

where |2| < 1, v,6,x € C.
Marichev [31] introduced the following generalized fractional calculus operators
related to the Appell function:

(137 f) @) = £ [ @0 g0y (w,a, Sim1 Lo t) dt
(177591 (@) = ﬁ(; [ a0 m (i - )dt
(16)

(D52 ) () = (127 ) (o) (1)

" (D279 p) @) = (12770 ) (@), (18)

where v € C, Re(y) > 0,7 =1+ [(v)], and € R"; and F3(;) represents the third
Appell function (Horn’s function) [46], which is stated as follows:

1
i (Va(V)w(8)y(6")w 27

F3(77’7/357 6/; Ii;l‘,y) = (I’i) 4 ,'7, )
n+w :

maz{|z|,y|} <1,
n,@=0

where 7,6,k € C, Re(k) > 0, x € RT.
Equations (I5)-(18) were studied by Saigo and Maeda [44] and these fractional
operators are called the Marichev-Saigo-Maeda operators (M-S-M operators).

In the present article, the following new (p, ¢; ¥)-extended Bessel-Wright function
JIi52(z;9) will be studied, and some of its properties related to fractional calculus

wip,q
and its applications to fractional kinetic equations is also discussed:
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where w,z € C, o > 0, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0, ¥ €
(0,00)\{1}, Re(w) > —1, when p = g = 1, and By} (1, d2;0) is the extended beta
function defined by Abubakar et al. [I]:

! rp ____ 9
3232(31’32;19)=/0 10171 (1 — )%y T T a0 dt,

where min{Re(0:), Re(02)} > 0, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0,
¥ € (0,00)\{1}.
Definition 1: The (p, ¢;¥)-extended o-Gauss hypergeoemtric function is defined
in Abubakar [3]

ad B2 (b+no,c— b;9) 21

36,4 A Psq ’ )z

Rp,(j (aaba Cvzaﬂ) - Z(a)n B(b7C—b) 77' )

n=0

where min{Re(p), Re(q)} > 0, min{Re(s),Re(\)} > 0, ¢ > 0, ¥ € (0,00)\{1},
Re(a) > 0, Re(c) > Re(b) > 0.

Definition 2: The generalized Wright function is defined in Kiryakova [21], 24] as
(Tivyi)lap

i+ ny:) 2"

v z E (21)
p=q '7
(Hj, hj)1 H +nh;) !

(20)

where the coefficient y;, h; € RT,i € N with 1 + 23:1 hi =328 1y > 0.
Definition 3: The Hadamard product for the power series f(2) = 3,2, a,z" and
g(z) = Z;O:l b, 2" is defined in Pohlen [40], Nadir and Khan [34] and also Hubenom
et al. [14] as:

(f x9)(= Zanb 21 =(f-9)(2) (22)
where |z| < R, and is defined as
b b
R= lim |20 :(lim ) (lim n ):Rng.
=00 | Gy 10y 41 n—=00 | Gyt n—o0 | byy1

where Ry and R, are the convergence radii of f(z) and g(z) respectively, and
R>R;-R,.

2. MARICHEV-SAIGO-MAEDA FRACTIONAL INTEGRAL OF JJi5:2(z; )

This section covers the left- and Right-sided Marichev-Saigo-Maeda fractional

integral operators of the new (p, ¢; ¥)-extended Bessel-Wright function JZi5:2 (z; 9).

2.1. Left-sided Marichev-Saigo-Maeda fractional integral of Jzzﬁ;‘(z ).
First of all we have gothrough following results, which are recorded in Marichev
[31], Saigo and Maeda [44], see also Manzoor et al. [30] and Kilbas and Sebastian
[19]:

Lemma 4: Ifv,7/,4,8',k € C x > 0, such that Re(x) > 0, Re(p) > maxz{0, Re(y—
v — 8§ — k), Re(y' — ¢')}, then

(Igi’ylyé,ﬁ/,ntgfl) (1,) (23)

_ ye—v—v+r-1_L@T(e+ k-7 -9~ (e ¢~
Lo+ d)(e+r—v—7)(e+r—9"—0)

(24)
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In particular,

_ _s-1 T(oT(o+K—9)
IR te ) (z) = 2070 25
() ) = e S R )
where Re(y) > 0, Re(p) > maxz{0, Re(d — k).
_ ~1_T(o)
I te ) (o) = g0 26
where min{Re(v), Re(o)} > 0.
and I )
+ 401 S R
(Iﬂﬁt )(z) ==z o+ 7) (27)
Theorem 5: The following equality hold true:
(55 [ g5 (s )] ) (2)
VT 0—v=7"+r—1 pois,A 1
_ K oS, 1. = 1: — 7o
I(w+ 1)1“ Rp#z ) 2:“ + 1; =759 (28)
(Q,1)7(Q+H/—’Y_'}/—571),(Q+5/_’Yl71)
*3Wy -7z |,

(%,O’) 7(@"’6/31)7(@—’—“_7_7/’1))(Q+’€_7/_571)
where Re(g) > maz{0, Re(y —+' — 6 — k), Re(y' — &)}, min{Re(p), Re(q)} > 0,
min{Re(s), Re(\)} > 0, ¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1, Re(x) > 0,
Re(o) > 0.
Proof: With the help of the equation , we have:
(Ig{\/,é,&,n [tg_lJU;g’)\(Tt;ﬁ)]) (.T)

wip,q

_ (Igﬁ’,a,é',n [tg—l { VT i BZZ? (on "1 5w+ %’12) (=7t)" H) (@)
['(w+1) ‘=B (3,w+3)T(on+3) =
(29)
by changing the order of summation and integral operator, we have:
(1 [z rs0)] ) )
(30)

B F(w+1)§B(%,w+%)F(on+%) 7!

VT & B (on+ L w+ L59) (=) (177“//,6,6',H [t9+n—1]> ().

0+

Now applying into above equations and after little algebra, we obtain:
(1925 [tz (et 9)] ) @)

wip,q
o0 ois,A (L 1 .
= 4\/% x@—"/—w’-&-m—l Z(l) B;D,; (2 +no, 2 +w719)
[(w+1) =" B(g5tw)n!

Flo+nl(e+r—v—7° —5+n)1“(@+5’—v+77)(_m)n
T (on+5)T(e+ 0" +n(e+r—7" —d+nn '
With the help of (p, ¢; ¥)-extended o-Gauss hypergeometric function (20)), the gen-
eralized Wright function (21)), the Hadamard product (convolution) we obtain
required the result . The proof of Theorem 77 is complete.
Furthermore, we noticed that the following consequences arise from using equations
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(25)-@7) and (0)-[22).

Corollary 6: The following result holds:
,0,K —1 yoi6,A . _ ﬁ —0—1 pois, A 1 . .
(10 [t gzt 0)] ) (@) = T R <1, Siw+1; Tx,19>
(971)7 (Q"_K; - 57 1)
*oWg —-TT |,
(%,0’) 7(9*5/a1)7(9+/€+771)
where Re(vy) > 0, Re(p) > maxz{0, Re(d—k)}, ¥ € (0,00)\{1}, min{Re(p), Re(q)} >
0, min{Re(s), Re(\)} > 0, Re(w) > —1, when p = ¢ = 1, Re(k) > 0, Re(o) > 0.
Corollary 7: The following equation is true:

—1 7056, . _ \/7? —0—1 pois, A 1 . .
(Igs [t IS a (Tt:9)]) () —mxé’ R7 <1, 33w +1;—7x; 19)
(0,1)

x Wy —-TT |,
(3:0).(e+7.1)
where min{Re(vy), Re(0)} > 0, min{Re(p), Re(q)} > 0, min{Re(s), Re(A\)} > 0,
9 € (0,00)\{1}, Re(w) > —1, when p =g =1, Re(x) > 0, Re(c) > 0.
Corollary 8: The following equality is valid:

+ —1 yo;6,A . _ ﬁ —1 pois,A 1 . .
(LF [t IS a (rt0)]) () —mxé’ R7 (1, 33wt 1; —7.23,19)
(0+5,1)
* 1 Wy -7 |,
(3,0):(e+71)

where Re(y) > 0, Re(g) > —Re(x), min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} >
0, ¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1, Re(k) > 0, Re(o) > 0.

2.2. Right-sided Marichev-Saigo-Maeda fractional integral of JZJi5:2(z;19).
We have to go through the following results, which are recorded by Katarian and
Velaisamy [35], and Nisar [18]:

Lemma 9: If v,7/,6,6',x € C, z > 0, and there exist the following relations
Re(k) > 0, Re(p) < 1+ min{Re(=9),Re(y ++" — k), Re(y + &' — k)}, then we
have:

<I15’7/’6’6/7nt971> (x)
_ gor-rtn-1Pd =0 =1 -0 =k + 7+ )TA -0+ 7+~ k)

31
Fl—o'l—o+~v++v 4+ —-r)I'1—-0++ —9) (31)
In particular,
_ 51 Ml —=04+0)I(1—-0+k)
I'y,&,ntg 1 — po0—0—1 9
(‘ )(:v) o I'l—o'1—0o+~v+0+kK) (32)
where Re(y) > 0, Re(p) > 1+ min{Re(d), Re(k),
I'l—pop-—
(1) = e HL =2 =) (33)

(1 -o)
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where 0 < () <1 — Re(p) >0, z > 0 and

— o 1 T —o+r)
K, o) =zo! 34
(K1) = T1—o+7+r) (34
where Re(vy) > 0, Re(p) > —Re(k).
Theorem 10: The following result is true:
(1272 et g (rt )] ) ()
_ VT 0—y=7"+r=1 po;s,A 1 . .
_F(w—&—l)m Ry 1,2,(,‘1—5—17 TX; Y
Ql-eo=61),1-0-r+v=7,1),1-0+y+0 —r1)
* 3Wy —rz !
(%30—) 7(1_931)7(1_Q+7+7I_H,1)7(1 _Q+'7_5,1)
(35)
where Re(p) < 1+min{Re(—0), Re(y+v'—k), Re(v+¢'—k)}, min{Re(s), Re(A\)} >
0,min{Re(p), Re(q)} > 0, ¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1,

Re(k) > 0, Re(o) > 0.
Proof: The proof is easy, and the required result can be obtain with the help
of , and . the desired preferred end result in is obtained.

Further by considering equations — and the following results are ob-
tained.

Corollary 11: The following result holds:
(1 etz (rt )] ) (@)

w;p,q
ﬁ o—6—1 HIP 1
— RS 1. =- 1:—p7:
F(w—l—l)z 0.0 ,2,w+ ;—XT;
(179+571)3(179+”"3’1)
*oW3 Tt

(%,0’) 7(17Q31)7(179+’Y+’%51)
where Re(p) > max{Re(d), Re(k)}, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} >
0,9 € (0,00)\{1}, Re(w) > —1, Re(y) > 0, when p = ¢ =1, Re(k) > 0, Re(c) > 0.
Corollary 12: The following equation is true:
Y [po—1 joss, A 4—1. _ VT o+v—1 pois,A 1 el
(17 [t SOy (Tt ;9)]) (z) T+ 1)x Ry (1, 5w +1;—7x ,19)
(1-e¢—71)
* Wy Tt
(%70) ) (1 -0, ]-)

where 0 < Re(y),1 — Re(p) > 0, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0,
9 € (0,00)\{1}, Re(w) > —1, when p =g =1, Re(x) > 0, Re(c) > 0.
Corollary 13: The following equality is valid:

— —1 7o356,A —1. _ ﬁ —1 pois,A 1 . .
(K, [t Igisn (rth9)]) (=) _mxe R%iS (1727w+1,—x7,19>

(1_Q+’€71)
* 1 Wy TX
(%70)7(1_9—’—74_%’1)

-1
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where Re(y) > 14 Re(k), min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0, J €
(0,00)\{1}, Re(w) > —1, when p = ¢ =1, Re(k) > 0, Re(o) > 0.
3. MARICHEV-SAIGO-MAEDA FRACTIONAL DERIVATIVE OF Jjjgg‘(z )

This section consist of the left-sided and right sided, Marichev-Saigo-Maeda
fractional derivative operators of the new (p, ¢; ¢#)-extended Bessel-Wright function

736,
Jisa (z:0).
3.1. Left-sided Marichev-Saigo-Maeda fractional derivative of JJ/>’ g‘(z 9).

The following lemmas are recorded by Marichev [31] and Saigo and Maeda [44], see
also Abubakar in [2]
Lemma 14: If 4,+/,6,6',k € C, z > 0; Re(k) > 0, Re(o) > max{0, Re(k — v —
v —6), Re(d — v)}, then we have:

(Dg+'y ,0,0 ,Htg—1> (Z‘)

_ et —n1_L@Tle—r+y+9"+ 8 (e -6 +7)

36
Flo=0)l(e—r+v+1)(e—r+y+0) (36)
In particular,
_ 4T (o+ K+ v+9)
D’Y,‘svﬂtQ 1 — potd—1
( 0+ ) (z) == T(o+0)l(0+ ) (87)
where Re(vy) > 0, Re(p) > —min{0, Re(y +  + k).
_ 1 T(0)
Y po—1 — po0——1
(D0+t )(z) == Tlo+7) (38)
where min{Re(v), Re(o)} > 0, and
_ 4 T(o+7v+k)
D _to71) (z) = g LI 39
where Re(vy) > 0, Re(p) > —Re(y + k).
Theorem 15: The following results holds true:
(D" e agisa (r )] ) (@)
ﬁ o—v—7'+r—1 HIPY 1
_ 03S, 1. = 1: —p7:
F(erl)m Rp,q ,2,w+ ;T30 (40)
(0.1),(e+v+9" +0" — k1), (0+7—0,1)
* 3Wy -7z |,

(3,0), (=08, 1), (e +v+7".1), (e~ +v+3~1)
where Re(k) > 0, Re(p) > maz{0, Re(k—y—+'—0), Re(d—)}, min{Re(p), Re(q)} >
0, min{Re(s), Re(A)} > 0, 9 € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1,
Re(k) > 0, Re(o) > 0.
Proof: Using equation , we have
(Dg 2 [ g (s 19)]) ()

wip,q
B

>\
_ D%'v’@é/,fc o1 i zgiq
o D5 (e

0

on+ 3w+ 3;9) (—rt)" ()
T DT (on+3) ’
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by changing the order of summation and integral operator, we have:
5 /’575’,’@ — 036, .
(D= e gz (rt0)] ) ()
(42)

VT~ B (on+ 5w 539) Hw( 5 ot
— ; DY 00"k [redn—1 ) .
F(OJ+1>7;)B<%7WJ,—%)F(O—77+%) n! 0+ [ ] (2)

Applying equation into above equation, we obtain:

wip,q

(D’y'y 18,587, fi[tg 1JU<A(7_t 19)})( )

_ ﬁ 20— R 12 g (%+77‘7’2+WQ9)
I(w+1 B(3,5+w)n

)"
" r@+mr@+w+v+&—m+nww+v+a+m
D(on+3)Tle—6+mlo—r+v++ +nl(o—k+v+d+n)n

(—1z)".

(43)
With the help of (p, ¢;¥)-extended o-Gauss hypergeometric function in , the
generalized Wright function in and the Hadamard product (convolution) in
, we obtain the required result .

Further,the following results are obtained with the help of and -.
Corollary 16: The following equation is true:

0,k 1 7056, _ ﬁ —6—1 po;s,\ 1 . .
(Dg+ [t g5 (Tt 19)])( ) = mxﬁ’ Ry (1,2,w+1,—7m,19>
(0,1), (e +~v+d+k,1)
*oW3 —TT |,

(3:0),(e+6,1),(0+r,1)
where Re(g) > —min{0, Re(k+vy+9d)}, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} >

0, ¥ € (0,00)\{1}, Re(w) > —1, Re(y) > 0, when p = ¢ = 1, Re(k) > 0, Re(o) > 0.
Corollary 17: The following equality is true:

1 70356, _ﬁ §—1 pois,A 1 . .
(D [te7 1 Igsa (tr:9)]) (= )"fiafiijxg R7s <1,2,w—%1,—x7,ﬂ)

(0:1)
*x Wy —TT |,
1
(570) ’ (Q -7 1)
where min{Re(v), Re(o)} > 0, min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0,
¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ =1, Re(x) > 0, Re(o) > 0.
Corollary 18: The following equality is valid:

+ o—1 yoig,A _ ﬁ o—1 po;is,A 1 R,
(D [t IS (rt:9)]) (2) = F(w—i—l)x Ry: (1,2,w+1, IT,?9>

(0+7+k,1)
* le —TZ 3
(3,0).(0+~K,1)

where Re(y) > 0, Re(g) > —Re(v+k), min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} >
0, ¥ € (0,00)\{1}, Re(w) > —1, when p=q =1, Re(k) > 0, Re(c) > 0.
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3.2. Right-sided Marichev-Saigo-Maeda fractional derivative of JS;;‘ (2;9).
The following result holds true and established by Marichev [31], Saigo and Maeda
[44] and Nisar et al. in [36].

Lemma 19: Ifv,~/,6,0’,k € C, z > 0 and Re(k) > 0, Re(p) < 1+min{Re(d), Re(k—

Y +7'), Re(k — v — 9)}, then
(Dz,'y',é,é/,xtgfl)

_ ety Ll =0+ L — o+ k=7 =9 )T(1 -0 =7 ~d+7)

44
Fl-oT(1-0-0—v=7+rRT(1-0-9+7) “y
In particular,
_ Tl —p—8I(1—0o+K+7)
V:0k0—1Y) _ o+5—1 45
(proneet) =2 T(l—oT(l—0—06+r) (45)
where Re(y) > 0, Re(o) < 1+ min{Re(—9d — A), Re(v+ k)}, A =1+ Re[(7)].
_ Tl —po+7)
DYtel) = g0l == 46
(pre7) e (40)
where Re() > 0, Re(p) < 14 Re(y) — A, and
e Il —o+~+k)
o—1y _ .01 4
(Dm,yt ) T Y — (47)
where Re(y) > 0, Re(p) < 1+ Re(y — k) — A.
Theorem 20: The following formula is true
(D22 [t gz r 1 0)]) (@)
VT ot/ k1 oA 1
_ K oS, -, )
F(w—i—l)x Ry% 1,2,w+1, ZT;
(I—o+d.1),(1-po+r—7—9,1),(1-0-7=0+71)
* 3Wy —rz~t |,
(3.0),(1-01),Q1-0-7=7+£1),1-0-"+d1) s
48

where Re(p) < 1+min{Re(9), Re(k—y+7"), Re(k—v—08)}, min{Re(p), Re(q)} > 0,
min{Re(s), Re(A\)} > 0, ¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1, Re(x) > 0,
Re(o) > 0.

Proof: Proof is easy, by joining an, and further utilizing —, after
little algebra, we obtain required result (48]).

Further, we have following interesting results.

Corollary 21: The following result holds:

(D2 [tz (rts 9)] ) ()

— VT 0+6—1 pois,A L . .

— mx prq ].72,0.)"_]., 1'7,’[9

(1_Q_571)7(1_Q+H+'771)
*x W3 TX
(3.0),(1—0+d,1),(1—0—6+r1)

where Re(p) < 1+min{Re(—0—A), Re(k+7)}, A = 14+Re(7y), min{Re(p), Re(q)} >
0, min{Re(s), Re(A\)} > 0, 9 € (0,00)\{1}, Re(y) > 0, Re(w) > —1, when

-1
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p=gq=1, Re(k) >0, Re(c) > 0.
Corollary 22: The following equation is true:

—1 7056, -1, _ \/E —v—1 po;s,A 1 . -1,
(DY [te=t g (rt=h9)]) (2) —mxg TTRTY (1727w+17_m 719)

(I—o+1)
*1Wo —rx~ 1

%70) 7(1 - 971)
where Re(y) > 0, Re(p) < 1+Re(vy)—A, min{Re(p), Re(q)} > 0, min{ Re(s), Re(\)} >
0, ¥ € (0,00)\{1}, Re(w) > —1, when p = ¢ = 1,Re(x) > 0, Re(c) > 0.

Corollary 23: The following equality is valid:

wip,q ]_“(w+1) P,q 2
(I—o+7v+n1)
T R

(%,0),(1—9—/@,1)

where Re(vy) > 0, Re(p) < Re(y — k) — [Re(A)], min{Re(p), Re(q)} > 0, ¥ €
(O,E)o))\{l}, min{Re(s), Re(\)} > 0, Re(w) > —1, when p = ¢ = 1, Re(k) > 0,
Re(o) > 0.

(D;’H [tg_lJ”x’A(Tt_l; 9]) (z) :7\/% @ TRIiSA (1, 1;w +1;—zT; 19)

* Uy

4. CAPUTO MARICHEV-SAIGO-MAEDA FRACTIONAL DERIVATIVE OF Jg;;:é(z;ﬁ)

We have to record following results which are obtained by Araci et al. in [4]:
Lemma 24: If v,7',0,0',k € C, z > 0; Re(k) > 0, A = 1+ [Re(k)]; Re(o) — A >
max{0, Re(—y + ), Re(—y — ' — &' + )}, then

(CDZ’,Y/,(;,(s”KJt971> (x)
_ gotrir—n1_ L@@ty =6 - Mo+ d+y+7 —r—4)
Fle=0-MNl(e—k+7+7)T(e—k+7+0d —A)
Lemma 25: If v,7,6,0',k € C, z > 0; Re(x) > 0, A = 1+ [Re(k)]; Re(o) + A >
14+ min{Re(—0), Re(y' + 6 — k), Re(y ++' — k) + 1 + [Re(x)]}, then
(CDZ,’Y/,(s,(s’,Ht—g) (l’)
Ple+d" +Al(e+r—v=7)l(e—7 =-d+7+4)

(49)

— 7Y —e—k (50)
T(o)T(o+A—7 +0)T(o—7—7 —d+r+A)

Theorem 26: The following results holds

8,6 K - o
(Cppe ' [t o)) (@)

VT gt —r—1poa (1 1
= —" r=1 RIS, 1. =: 1: — -9

Twr1)" v byl BT
(01),(e+y=0-A1),(e+v+7 +d—r—A1)
*x 3 Wy —-TT |,
(%70'),(Q—6—A,l),(@—KJ—|—’Y+’}/,1),(Q—K,+’)/+5/—A,l)
(51)

where A = 1+ [Re(k)], Re(—y—~" =8 + &)}, min{Re(p), Re(q)} > 0, Re(p) — A >
max{0, Re(—vy + d), min{Re(s), Re(A\)} > 0, 9 € (0,00)\{1}, Re(w) > —1, when
p=q=1, Re(k) >0, Re(c) > 0.
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Proof: Proof is easy, with the help of (p, ¢;¥)-extended o-Gauss hypergeometric
function , generalized Wright function , Hadamard product (convolution)

along with and , after little algebra, we obtain desired results .
Theorem 27: The following results holds

wip,q

(CDZW/’&&/,H [tg—lja;g,/\(Tt—l;,ﬁ)]) (CL’)

VT otk i 1
— ROS 1. = 1: —xr O
F(w+1)x pa ,2,w+ ;=TT
(0+d+A1),(e+tr—7—=7 1) (6= =d+7y+A1)
* 3 Wy —Tx ,
(%70) a(Qal)a(g_7l+6/+A71)a(Q_7_'y/_6+K+A71)

(52)
where A = 1+ [Re(k)], Re(o) + A > 1+ min{Re(—d"), Re(y + 6 — k), Re(y ++' +
k)+ 14 [Re(k)]}, min{Re(p), Re(q)} > 0, min{Re(s), Re(A\)} > 0, ¥ € (0,00)\{1},
Re(w) > —1, when p = g =1, Re(k) > 0, Re(o) > 0.
Proof: Proof is easy, with the help of (p, ¢;¥)-extended o-Gauss hypergeometric
function , generalized Wright function ,Hadamard product (convolution)

along with and , after little algebra, we obtain desired result .

5. SOLUTIONS OF FRACTIONAL KINETIC EQUATIONS

Various special functions such as Mittag-Leffler-type, K-type, H-type, I-type
Bessel-type, Aleph-type, S-type, hypergeometric-type, and plenty of others, see
Kiryakova [23] 26 28] ; and integral transform such as Laplace, Sumudu were used
by different researchers to study fractional kinetic equations. In this section, we are
using (p, ¢; ¥)-extended Bessel-Wright function Jg;;{]\(z; 9¥) and Laplace transform,
for possible solutions of fractional kinetic equations.

Definition 28: The two-parameters Mittag-Leffler (Wiman) function is defined

(see, Wiman [49], Gorenflo et al. [I3] and Paneva-Konovska [I7]), as follows:

Bocld) = X i w1 63)

where ¢, ¢, z € C,min{Re(¢), Re(y)} > 0.
Theorem 29: Suppose d, « > 0 withn € (0,00)\{1}, Re(w) > —1, min{Re(p), Re(q)} >
0, min{Re(s), Re(\)} > 0, so the extended fractional kinetic equation

K(t) — KoJZg) (6:9) = —d*oD; (54
has a solution
Vi = Bpg(on+3,0+3)
K(t) = Ky ’ (—=t)"Eq nr1(—d“tY).  (55)
r(w+1);3(§,w+§)r(an+é) "
Proof: Applying the Laplace transform (see, Mousa [33]) to both sides of equation

, and using , we obtain

0o A (o
L{K(t):s} = KOL{P(;/i - 3 Bp,i (

+ ot §i0) oy
1
2

)T (on+1) o ;8}—daL{th_a§5}
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by changing the position of summation and the Laplace operator, gives

Vi Byont bt 1) 1y *
L{K(t);s} = K : L{t";s}—d*L{oD;%;

Applying the results obtain by Srivastava et al. [47]

L{oD; %;s} = s “K(s) (56)
and
L{t:s} = w Re(n) > —1

resulting in

> Bsa i L.9) (-
s){14+d*s “} =K, vr ZB?Q AR L L 1)"F(77+1).

Mo D& B Gt DE(n+h) o o
Further, considering the finding of Kachhia et al. [?], we have
{1 +das_0‘}_1 = Z (—do‘s_o‘)w, |d*s™| <1
w=0
yields

>0 77+2,w—|— 9

K0 =Ry 2 Bt 3o 9 T
)

VT ooB;‘(anJrwar 0
=K
OFW+DZ;BQM+ DT (on+3

) ( ) Z(il)wdawsf(aw+n+l)

w=0

Now by using and taking inverse Laplace transform and result obtained by
= 1

Kachhia et al. [‘7] s} = F(F , Re(n) > 0, we obtain
077+ 2aw+ 79) e taw-‘rU

K@) = w—|—1 Z Zzl +3)T (on+ 3 (=1)" Z{)(_I)WdawF(ozw—Fn—Fl)

oo aa

d
_ VT o B;Q(U”+2vw+ ;9
_KOI‘(w+1 Z B(

A

L 3
) s

LBt D) S e D
),
e

VT i Byg (on+3.w +3:9
B (3

Eq i1 (—d*t®).

=K
T(w+1)

1w+ 3)T(on+ 3

Thus we proved our Theorem 29.
Theorem 30: Suppose d, a« > 0 with min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} >
0, n € (0,00)\{1}, Re(w) > —1, so the extended fractional kinetic equation

K(t) — KoJZisa (dt*;9) = —d®oD; (57)

has a solution

K(t) = Ko

1
, 1 —detx\n
) 1) By a0,

+3)

S
(]
w

—|

I'(

(58)
Proof: First of all obtain Laplace transform of both sides of , then use the
definition of (p, ¢; ¥)-extended Bessel-Wright function and also ; further
simplify and take inverse of the Laplace transform and by using , we obtained
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the required results ([58)).
Theorem 31: Suppose d,a > 0 a # d with n € (0,00)\{1}, Re(w) > —1,
min{Re(p), Re(q)} > 0, min{Re(s), Re(\)} > 0, so the extended fractional kinetic
equation

K(t) — KoJgisn(d*t";9) = —a®gD; (59)
has a solution

I(an+1)Eq ant1(—d9t?).

1 _ Jaga\m
K(t) = Ko wtg) (cd)
r U

t3)

S
(]
o

—~|®

(

(60)
Proof: First of all find the Laplace transform of both sides of , then use the
definition of (p, ¢; ¥)-extended Bessel-Wright function and also ; further
simplify and take inverse of the Laplace transform and by using , we obtain the

required result .

6. CONCLUSION

If we substitute ¥ = e and ¢ = A = 1, then the new (p, ¢;¥)-extended Bessel-
Wright function Jgi50(2;49) in reduces to the (p, q)-extended Bessel-Wright

function JZ., ,(2) in , ie.
J‘”l’l(z;e) =JJ., .(2).

wip,q wip,q
If weset 9 =e, ¢ =A=1and p= ¢ =0 then the new (p, ¢;¥)-extended Bessel-
Wright function Jg;;:g(z; 9) in reduces to the extended Bessel-Wright function
JS(2) in (I), i.e.

T (z:e) = I3(2).
If we consider 9 = e, 0 =1,¢ = XA =1 and p = ¢ = 0 then the new (p, ¢; ¥)-extended
Bessel-Wright function Jj;;jg‘(z;ﬁ) in reduces to the Bessel-Clifford function
C,(z) (refer to [37]), i.e.

TEkME) = Culo)
Hence on replacing the parameters and variable appropriately some existing frac-
tional integration and differentiation formulas exist in literatures, can be obtained
(see for example [48]). Therefore, the new (p, ¢; ¥)-extended Bessel-Wright function
Jf);‘;:g‘(z; ) is expected to have vast application in science and technology.
Also, fractional calculus is a rapidly growing area of mathematics concerned with
the study of fractional derivatives and integrals of the fractional order. Many ap-
plications of fractional calculus can be found in nuclear interactions, image process-
ing, earthquake prediction, biological systems, signal processing, electro-chemistry,
fluid dynamics, stochastic dynamic systems, optics, control theory, plasma physics,
electronics, controlled thermonuclear fusion, quantum mechanics and many other
real-life application problems, see details, Hilfer [I5], Aziz and Kumawat [5], Mishra
et al. [32], Ray et al. [41], Eze and Oyesanya [12] and Abdo et al. [6].
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