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Abstract:

In this paper, we establish general recurrence relations satisfied by the single and double
expected values of any measurable function of upper record values. Then, we use these rela-
tions to obtain the corresponding recurrence relations for the moments, moment generating
functions (MGFs), and factorial moment generating functions (FMGFs) of upper record
values. We consider some examples including, exponenetial, Weibull, Pareto, generalized
Pareto, Burr, logistic, half logistic, log-logistic, skewed and parabolic distributions. Finally,
we present an application in life testing.

1 Introduction

Record values arise naturally in many real life applications involving data relating to
weather, sport, economics and life testing studies. Many authors have studied record val-
ues and associated statistics; for example, see Chandler (1952), Galambos (1978), Resnick
(1987), Nevzorov and Balakrishnan (1998), Nagaraja (1988), Ahsanullah (1980, 1988, 1990,
1993, 1995), Arnold and Balakrishnan (1989), and Arnold, Balakrishnan and Nagaraja
(1992, 1998). Balakrishnan, Ahsanullah (1994a,b, 1995), Balakrishnan, Ahsanullah and
Chan (1992, 1995), Balakrishnan and Chan (1993 ), and Balakrishnan, Chan and Ahsanul-
lah (1993), have estabished some recurrence relations for moments of record values for the
generalized Pareto, Lomax, exponential, Gumbel, logistic, Weibull and generalized extreme
value distributions, respectively.

Let Xy, Xu(@)- -+ Xu(n) be the first n upper record values from a population whose
density function (pdf) f(r) and cumulative distribution function (cdf) F(z).
Then, the pdf of Xy(n) is given by
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fulz) = ﬁ{—log[l ~ F@)]}*'f(z), —~co<z<o0, n=1,32,.... (L.1)

and the joint pdf of Xy(m) and Xy(n) , (m < n), is given by

1 m—
fn (r,y) = ‘fm {— lOg[l - F(l‘)]} !

« (2 (ol - Pl +loglt ~ FG@™" 1),

—o<r<y<oo mn=12.... (1.2)

Tu this paper, we extend the previous results of establishing recurrence relations between
the moments of record values by deriving general forms for the expected values of any
measurable functions of record values. Also, we establish recurrence relations between the
moments, moment generating functions MGFs and factorial moment generating functions
FMGFs of record values.

After presenting the main results in the following section, we use these results in Section
3 to establish some recurrence relations for the single and double moments of upper record
values from some distributions including Weibull, Pareto, generalized Pareto, Burr, log-
logistic, parabolic and skewed.

In Sections 4 and 5, we specialize the results given in Section 2 to establish some re-
currence relations for the single and double MGFs and FMGFs of upper record values for
exponential and logistic distributions, respectively. An application in life testing is finally
presented in Section 6.

2 Main Results

Form (1.1), the expected value for any measurable function g(z) is obtained to be
E(9(Xy@m)) = E(ga(X))

L [ @)~ loglt - F@)y' fa)de, n=1,2,..., (2.1)

I'(n) J-oo

and, the expected value for any measurable function 7(z,y) is obtained from (1.2) to be
E (r(Xymy Xum)) = E(tma(X,Y))

1 00 roo N
m/_w/, 7(z,y) {~log[l - F(z)]}

= (F?—) {~ log[1 ~ F(y)) + log{1 - F(x)]}"™" f(y)dyd,

X

mn=123,..., m<n. (2.2)
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The expected values given in (2.1) and (2.2), satisfy the following two theorems.

Theorem 2.1
For any measurable function g(z) of the n-th upper record value and n = 1,2,...

E(9r (%) - 9n()) = oy (- logll - F@l)"(1 - Folhdg(a). (29

Theorem 2.2
For any measurable function 7(z,y) of record values and n,m =1,2,...,m <n,

1 00 0O ~—
oD L [, sl - ™!

it (F( 5 {~logl1 ~ F(3)] + loglt - F(a)}}"™"

X {1 = }dT:(-‘E,y),

E(Tm.nﬂ(xn Y)- TM.n(ny))

(2.4)

where dr;(r,y) means that the differentiation is with respect to y.

3 Recurrence Relations for Moments of Record Values

In this section, we use Theorem 2.1 and Theorem 2.2 to establish general recurrence relations
satisfied by the single and double moments of upper record values. Then, we present some
examples.

3.1 General relations

By putting g(z) = 2%, k=0,1,2,... in Theorem 2.1, we get

W - = s / - logll - F@))"{1 - Fa)}dz,  (31)

which represents general form for establishing recurrence relations for the single moments
of upper record values. '
Also, by putting 7(z,y) = 29*, 5,k =0,1,2,... in Theorem 2.2, we get
T i k ® [0 o
B D = m/_w/: 27y~ {~ log[1 - F(z)]}™"

T-F@ ! ‘F%) {~logl1 ~ F(y)] +logl1 - F(z))}"™

x {1 - F(y)}dydz,

(3.2)

which represents general form for establishing recurrence relations for the double moments
of upper record values.
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3.2 Examples

In this subsection, we present some examples as special cases from the relations given in
(3.1) and (3.2). These examples including Weibull, Pareto, generalized Pareto, Burr, log-
logistic parabolic and skewed distributions. In all of these examples, we establish recurrence
relations for the single and double moments of upper record values. Basically, this technique
depends on writing {1 — F(.)} in terms of f(.) through the relationship between pdf and
cdf.

Example 3.1. Weibull distribution
The pdf of Weibull distribution is given by

flz) =paP~le™*", p>0, 2 >0, (33)
and
zl-P
1-F(z) = T.f(w), (3.4)

First, by using (3.12) in (3.1), we get

o — i) = ;uf.'l'{' ) (3.5)

which represents recurrence relation for the' single moments of upper record values from
Weibull distribution.
Next, by using (3.12) in (3.2), we get

p,(;’;',,)*_ ,(,{',‘, = ;u,(,"’,',‘.f), k>p, m<n, n=12,..., (3.6)

which represents recurrence relation for the double moments of upper record values from
Weibull distribution.

Putting p = 1 in (3.3) and (3.4), we get the corresponding recurrence relations in the
exponential case. Also, by putting p = 2 in (3.3) and (3.4), we get the correspondmg
recurrence relations from Raylexgh distribution.

Example 3.2. Pareto distribution
The pdf of Pareto distribution is given by

f(z) = va¥z™¥~ l, z>a, v>0, 3.7
and ‘

1-F(z) = ; f(@). (3.8)
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First, by using (3.8) in (3.1), we get

(1 - —) ®) ol kg, (39)

which represents recurrence relation for the single moments of upper record values from
Pareto distribution.
Next, by using (3.8) in (3.2), we get

k
(1 );.g;';gl_#m b, T By el 2, (3.10)
which represents recurrence relation for the double moments of upper record values from
Pareto distribution.
Example 3.3. Generalized Pareto distribution
The pdf of generalized Pareto distribution is given by

(1+Bz)~A+1/D) 2 >0, for § >0,
0<r<—— for 8 <0,

f=) = €T, z2>0for =0, (3:11)
0 otherwise,
and
1~ F(z) = (1+ Bz)f(=z). (3.12)
First, by using (3.12) in (3.1), we get
(1 - kB)uSy = 1 + kD, (3.13)

which represents recurrence relation for the single moments of upper record values from

generalized Pareto distribution. For 8 = 0, the above recurrence relation reduces to the

corresponding one in the exponential distribution, see Balakrishnan and Ahsanullah (1994a).
Next, by using (3.12) in (3.2), we get

k. ; i ko
(1 = kB)uGhy = nGR) +kpGh D m <, n=1,2,..., (3.14)

which represents recurrence relation for the double moments of upper record values from
generalized Pareto distribution.

Example 3.4. Burr distribution
The pdf of Burr distribution is given by

f(@)=apr® Y (1+27)"*) 1 >0, p> 1, >0, (3.15)
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L- F@) = 2 () + Z f(a) (3.16)
T) = = = . .
First, by using (3.16) in (3.1), we get
k & k (k-
(1 - a—p) u® =y a;;t,g+1"), k< p,ap# k, (3.17)

which represents recurrence relation for the single moments of upper record values from
Burr distribution.
Next, by using (3.16) in (3.2), we get
kY Gk Gk o K G-
(1 - 5) ufi,n)+1 = pldk) 4 a;uﬁ,’.,,nﬁi), k<p, op#k, (3.18)

which represents recurrence relation for the double moments of upper record values from
Burr distribution.

Example 3.5. Log-logistic distribution
The pdf of log-logistic distribution is given by

_ g
f(fc)—m, x2>0,8>0, (3.19)
and
1-F(z) = % (ml—ﬁ + :1:) f(z). (3.20)
First, by using (3.20) in (3.1), we have
k k (k-
< - E) )y = u) + Euﬁ.’i{”, B #k, (3.21)

which represents recurrence relation for the single moments of upper record values from
log-logistic distribution.
Next, by using (3.20) in (3.2), we get

k ; : k (k-
(1-5) WaRes =+ 2uS8D, Bk (3.22)

which represents recurrence relation for the double moments of upper record values of log-
logistic distribution.
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Example 3.8. Parabolic distribution
The pdf of parabolic distribution is given by

f(z)=6z(1-z), 0<z <1, (3.23)
and
1 1
1-F@)=¢ (1 +o- 21:) f(@). (3.24)
First, by using (3.24) in (3.1), we get
k k » o
(145 =l 5 (9 459, 29

which represents recurrence relation for the single moments of upper record values from
parabolic distribution.
Next, by using (3.24) in (3.2), we get

kN Gk k(G- je—2
(143) s = 8 5 (W30 + WGED), (2.26)

which represents recurrence relation for the double moments of upper record values from
parabolic distribution.

Example 3.9. Skewed distribution
The pdf of skewed distribution is given by

flz)y=122%1-2), 0<z <1, (3.27)
and
1 o Py 1—12 (1 + i + % - Bz) (). (3.28)

First, by using (3.28) in (3.1), we get

k\ k (k-1 -2 k-3,

(1 + ;) uh = u® + 75 (b + 5 + a3, (3.29)
which represents recurrence relation for the single moments of upper record values from
skewed distribution.

Next, by using (3.28) in (3.2), we get
k ik k i1 je—2 j k=3
(1 + Z) ”v(rJt.n)i»l = /‘l(v‘:.)n + E (l"r(i,n-(-l) + /‘fvjl.n+l) + “v(;’x.vﬁ-l)) 3 (3'30)
which represents recurrence relation for the double moments of upper record values from
skewed distribution.

Sometimes, it is not easy to establish recurrence r ations for the moments of record
values. Alternatively, in the next two sections, we will cisider the problem of establishing
recurrence relations based on MGFs and FMGFs of rec)d values. This will enable us to
establish the recurrence relations of moments of record va 1 es through direct differentiations.
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4 Recurrence Relations for MGFs of Record Values

Tn this section, we use Theorem 2.1 and Theorem 2.2 to establish general recurrence relations
satisfv by the single and double MGFs of upper record values. Then, we present some '
examples including exponential and logistic distributions.

4.1 General relations

Fitst, by putting g(z) = €'*, in Theorem 2.1, we get

t
n t) — t) = ——— tx - n = d: %
Moalf) = Malt) = gelies [~ (- loglt - P (1 - P}, (41)
which represents general form for estabhshmg recurrence relations for the single MGFs of
upper record values.

Next, by putting 7(z,y) = e""*'2¥ in Theorem 2.2, we get

Mpnii(ty t,ta) = 2 7 [T ezt (_jog1 — Pz
mn+1\T], 2) TnTL( 1, 2) F(m)F(n—m+1) . € { Og[ (IL‘)]}

x {1 - F(y)}dydz,

(4.2)

which represents general form for establishing recurrence relations for the double MGFs of
upper record values.

4.2 Examples

In this subsection, we present some examples as special cases from the relations given in
(4.1) and (4.2). These examples including exponential and logistic distributions.

Example 4.1. Exponential distribution
First, by using (3.4) in (4.1), we have
(1 —t)Mny1(t) = Ma(t), t# 1, (43)

which represents recurrence relation of the single MGFs of upper record values from ex-
ponential distribution. The above recuurence relation gives the corresponding recurrence
relation in (3.5) through direct differentiation with respect to ¢ at ¢t = 0.

Next, by using (3.4) in (4.2), we get

(1 = t2)Mmns1(t1, t2) = M n(t1,t2), t2 # 1 (4.4)
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which represents recurrence relation of the double MGF's of upper record values from ex-
ponential distribution. It it easy to note that, the above recurrence relation gives the
corresponding recurrence relation in (3.6) through direct differentiation with respect. to #,
at t2 =0.

Example 4.2. Logistic distribution
The pdf of logistic distribution is given by

E—I

flz) = m, —00 < 7 < 00, (4.5)
and
1- F(z) = (14 e7%) f(z), —00 < z < infty. (4.6)
First, by using (4.6) in (4.1), we have
(1= )Moy 1(£) = Ma(t) + tMppy (t — 1), %)

which represents recurrence relation of the single MGFs of upper record values from logistic
distribution.
Next, by using (4.6) in (4.2), we have

(1 = 12)Mm ns1(t1, t2) = Ma(t1,2) + taMpy1 (1,12 — 1), (4.8)
which represents recurrence relation for the double MGFs of upper record values from

logistic distribution.

5 Recurrence Relations for FMGFs of Record Values

In this section, we use Theorem 2.1 and Theorem 2.2 to establish general recurrence relations
satisfy by the single and double FMGFs of upper record values. Then, we present some
examples including exponential logistic and half logistic distributions.

5.1 General relations

First. by putting g(z) = #*, and ¢ > 0 in Theorem 2.1, we get

Vo) = 940) = 5Bl [ (- loglt — P} (1 - Fie))a, (5.1)

which represents general form for establishing recurrence relation for the single FMGF of
record values.
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Next, by putting 7(z,y) = #5713, and #;,t3 > 0 in Theorem 2.2, we get
log t2

Unneiltiots) = Uma(t ) = g [ % i2tt (— oglt ~ ()™

L (= loglt - F) + toglt ~ Py

{1 - F(y) }dydz,

X

(5.2)

which represents gencral form for establishing recurrence relations for the double FMGF of
record values.

5.2 Examples
In this subsection, we present some examples as special cases from the relatiogs in (5.1) and
(5.2). These examples including exponential, logistic and half logistic distributions.
Example 5.1. Exponential distribution
First, by using (3.4) in (5.1), we have
(1= logt)Wny1(t) = Un(t), t #e, (5.3)

which represents recurrence relation of the single FMGFs of upper record values from ex-
ponential distribution. Again, the above recuurence relation gives the corresponding recur-
rence relation in (3.5) through direct differentiation with respect to # at ¢ = 1.

Next, by using (3.4) in (5.2), we get

(1= logt2)¥mn41(ty, t2) = Uma(ty, t2), (5.4)
which represents recurrence relation of the double FMGFs of upper record values from
expopnential distribution. It it easy to note that the above recuurence relation gives the
‘corresponding recurrence relation in (3.6) through direct differentiation with respect to 5
at o = 1.

Example 4.2. Logistic and half logistic distributions
First, by using (4.6) in (5.1), we have
(1= log)Wnyi(t) = Un(t) + logtUnyy(t/e), (5.5)
which represents recurrence relation of the single FMGF's of upper record values from logistic
and half logistic distributions.
Next, by using (4.6) in (5.2), we have
(1 —logtg)¥m ns1(ts, t2) = Wn(t1,t2) + log ty¥ny1(th, to/e), (5.6)

which represents recurrence relation of the double FMGFs of upper record values from
wgistic and half logistic distribution.
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6 Application

In this section, we use Theorem 2.1 to state the following result, that gives the expected
value for the differece between the reliability function at n-th and (n + 1)-th upper record
values.

Theorem 3
Forn=1,2,....
-1
B(Rnaa(®) = Ral®)) = g, (61)

where () = 1 ~ F(ty(n)) represents the reliability function at n-th record value.

Proof
By putting g(t) = 1 — F(t) in Theorem 2.1, we get

[}

E(Russ(t) - Fu(t)) STy - oeld = PO (L~ Fo) o,

~1

1
= F/o [~ log y]"ydy,

substituting y = e* into the above integral, we get

- o0
1) — t SRR . S n_—2z d
E(Rusa(0) - Ra(t) eemil R
-1
ZrF (6.2)
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