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ABSTRACT

A theoretical analysis is followed to calculate the dynamic stress intensity factors
(DSIFs) due to existence of an interfacial crack near the right edge of a non-circular
cavity, in transversely isotropic piezoelectric bi-materials. The model is subjected to
dynamic incident anti-plane shearing (SH-wave). Green’s functions are constructed
based on complex variable and conformal mapping methods. DSIFs at the crack inner
and outer tips are obtained by conjunction and cracks-deviation techniques. The
boundary value problems are solved by applying the orthogonal function expansion
technigue. Based on FORTRAN language program, numerical calculations with an
elliptic cavity are provided for different elliptic axial length ratios, different wave
numbers and different piezoelectric parameters. For calibration, a comparison is
accomplished between the present model and similar model with a crack emerging
from a circular cavity edge. Calculating results showed the influences on DSIFs and
how affected the efficiency of piezoelectric devices and materials.
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INTRODUCTION

Piezoelectric smart materials are utilized widely in modern science technology. The
electro-mechanical coupling response of these materials helps to establish plentiful
styles of devices such as sensors, actuators and power supplies. However, faults and
brittleness are occurring during manufacturing, polling process and service procedures
due to materials stiffness and brittleness nature. That led researchers to investigate
the defects behaviors and influences, and how they harm the efficiency of those
devices.

At the last few years, the defects existed in piezoelectric materials have been analyzed
in various arrangements and loading conditions. For example, Wu [1] developed an
effective method to investigate the elastic field and the electric field of a crack in a
confocal elliptic piezoelectric inhomogeneity embedded in an infinite piezoelectric
medium, using the conformal mapping and the theorem of analytic continuation. The
matrix is subjected to the remote anti-plane shear and in-plane electric field. Chen et.
al. [2] investigated the dynamic stress concentration and scattering of SH-waves by
bi-material structures that possess an interface elliptic cavity, by using the complex
function method to construct Green’s function. Liu and Wang [3] analyzed the electro-
elastic interaction of a screw dislocation and a notch in a piezoelectric bi-material using
the conformal mapping and the image-dislocation approach. Liu and Lin [4] contracted
a suitable Green's function for scattering of SH-waves and dynamic stress
concentration by an interacting interface crack and a circular cavity near bi-material
interface, for an elastic half space with a circular cavity impacted by an out-plane
harmonic line source loading at the horizontal surface.

Liu and Chen [5] investigated the problem of SH-wave scattering by radial cracks of
any limited length along the radius originating at the boundary of an elliptical hole,
using complex function and Green's function methods. Chen et. al. [6] presented a
novel efficient procedure to analyze the elliptical inhomogeneity problem in
piezoelectric materials under electromechanical loadings, which include a point force
and a point charge or a far-field anti-plane shear and in-plane electric field, using
Green’s function and conformal mapping. Sasaki et. al. [7] performed a two-
dimensional electro-elastic analysis on transversely isotropic piezoelectric materials
containing an arbitrarily shaped boundary under out-of-plane mechanical and in-plane
electrical loads at infinity, using the complex variable function method and the
conformal mapping technique. Guo et. al. [8] studied the fracture problem of a semi-
infinite crack in a piezoelectric strip using complex variable function method and
conformal mapping technique, under the anti-plane shear stress and the in-plane
electric load.

In transversely isotropic piezoelectric bi-materials, the objective is to evaluate
theoretically the dynamic stress intensity factors (DSIFs) due to existence of an
interfacial crack near the right edge of a non-circular cavity. A previous case was
studied due to the existence of two symmetrically interfacial cracks near a non-circular
cavity [9]. This model is subjected to dynamic incident anti-plane shearing (SH-wave).
Based on complex variable and conformal mapping methods, Green’s functions are
constructed and the DSIFs at the crack inner and outer tips are obtained by conjunction
and cracks-deviation techniques. The boundary value problems are solved by applying
the orthogonal function expansion technique. Numerical examples with an elliptic
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cavity are provided for different elliptic axial length ratios, different wave numbers and
different piezoelectric parameters, based on FORTRAN language program.
Calculating results clarified the influences of the physical parameters, the structural
geometry and the wave frequencies on the dimensionless DSIFs and how affected the
efficiency of piezoelectric devices and materials.

GOVERNING EQUATIONS

Consider two transversely isotropic semi-infinite piezoelectric media PM; and PM;,;,
located in the XY-plane and the positive Z axis is the polling direction. There exists an
interfacial crack near the right edge of a non-circular cavity, subjected to dynamic SH-
wave as shown in Fig.1. The crack length is A and the distance between the cavity
edge and the crack inner tip is B. The positions of the crack’s inner and outer tips are
n, and n,, respectively. The general expression of the time-harmonic and the two-
dimensional field are [9,10,11]:

F*(X.Y.t) = F(X.Y)e it (1)

where F* is the desired field variable and w is the incident wave frequency. For the
sake of convenience, the exponential e~!* is omitted [12]. In the absence of body
forces and free charges, the governing equations of linear piezoelectricity under the
SH-wave effect are [9,10,11]:

Cas VW + e V20 + pa*w = 0. e;sVPw — k5, V0 =0, (2)

where c44, €15 and x;; are shear elastic modulus, piezoelectric constant and dielectric
constant of piezoelectric medium, respectively; while w, @ and p are out-of-plane
displacement, electric potential and mass density of the medium, respectively.
Introducing complex variables X +iY = w(7), X —iY = w(7n), the external field of a
non-circular cavity in the XY-plane can be transformed into one of a unit circle in  7-
plane, based on conformal mapping method, if only w’'(#7) # 0 in the mapping domain
[9,12]. The plane expressed by column coordinate system (r. 8) centered at the origin-
o, where =1 e and R, = 1 is the circular cavity radius as shown in Fig.1. So, the
anti-plane shear stresses (t,, andtg,) and the in-plane electric displacements
(D,- and Dy) for a piezoelectric solid, can be expressed by:

Cas (6w i0 ow —iB) es (6(2) i0 a0 _ig)
T, = ———(—eY +—e + —=—(—e'" + —e )
TZ w!(pl \an o7 lw' ()| \8n 07
ic ow ow _; ie 00 ; a0 _;
Tg, = ,44 (_610 —Ze 10) ,15 (_610 —Ze 10) ] 3
lo' (I \an a7 o’ (I \an a7 (3)
_ _¢6s (a_WeiB_l_a_We—iG)_ K11 (%eie+@e—ie)
T’ \ony 07 lw’ (| \7y 07
_ _tes (9_W ig _ ow —ie)_ iK1 (@ ie_@e—ie)
O 7 lo'(pi\ay a7 lo(pl \a7 a7 ' (4)

Also, Eq.2 can be simplified further as:

S;;; = (%)2 o (P Do(n7). 2L=o. (5)
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where k =w./p/c* is the wave number, while c¢* =c4,(1+1)is the effective
piezoelectric stiffness and 1 = e;5*/cyuk,, is the dimensionless piezoelectric
parameter of the medium. The electric potential can be defined by:

®=Zl—sw+f (6)

GREEN'S FUNCTIONS AND BOUNDARY VALUE PROBLEMS

Under dynamic incident SH-wave at an arbitrary point 7, with angle 6, on the
horizontal interface, the fundamental solutions on Green's functions of elastic
displacement G,, and electric potential G, for a semi-infinite piezoelectric medium can
be constructed as [2,5]:

G = 7= H (ko (m) = 0(1,)]) + Zzo An HP (el (D) - {[22]° -

el -

Gp =2 Gy + 5= Treo(Ban "+ G (8)

K11

where H{" is Hankel function of the first kind. Green's function in the notch Gg can be
defined by:

G§ = 5= [Do + Ziy (D™ + Ea 1) ©)

Consider that the dynamic incident SH-wave directed with an angle «, in medium PM;.
The interfacial crack is existed near the right edge of the circular cavity in the equivalent
mapping plane as shown in Fig.1. Superscripts I, II and c are used to express variables
in PM,;, PM;; and the cavity respectively. So, the boundary continuity conditions across
the medium cavity interface, which assumed to be traction free and electrically
permeable, should be in the following forms [12,13]:

{Dt=D¢. DI'=Df Gy=6G§ Gj=G5 t,=0 7L =0} |nlel. (10)
Unknown coefficients A,,. B,.C,.D,.E, and D, in Green’s functions can be calculated

by applying the boundary continuity conditions above with the orthogonal function
expansion technique and the following relations about Hankel function [2,9,12]:

2 [HP Kl {£81"] = 1D, (ko)) {221 w'(n).

2 [HP Kl {221"] = - £ B0, (ko (i) {221 576D

2 [HP KD {221 = ~£ 1D, Kot (22 o' (.

2 [1P Gl {224 ™) = £ 1D, klw ()h (223 w76 11)

So, the next relations can be obtained:



Proceedings of the 17" Int. AMME Conference, 19-21 April, 2016 SM | 55

D,=-21 2Co By = —%Bn . (12)
e 1) w(7) o™

152” o An Hy Gkl (m)]) - {Iw(n)l + Iw(n)l] }_DO

2c* (1 +%01)2n=1(3ne_m6 + Cnemﬂ) — zeKlle (1)(k|w(77) w(no)l) (13)

k[E0 At (oD (28" - Sy 4D, (o (D (223 | (et

ki AnHE: (oD (2™ — 52 4B, (lo (D {22 | ot

lw(m
_ elcs*;”' Y (Bpe™0 + Cpein?) = —Zk—ci* HE (k| () — w(n,)]) - {—|Z§Z§ZZEZE§|}O)’(H>€”
ki wm-w(n,) | —7—= —i
— 2L B (klw (D - w(ny)]) - L2 e (14)

where «, is the permittivity dielectric constant of gas or vacuum inside cavity.
Multiplying both sides of Eq.13 and Eq.14 by factore ™% m =0.+1.+2.... and
integrating them from 0 to 2w about 6, the final expressions have the form of infinite
linear algebraic system of equations about the unknown coefficients [9,12]:

Yre0AnDin + =1 Bn Qin + Xn=1Cn Sin + Do 1 = €. [=1.2. (15)

in which

2;1;: [T H®D Klo () - {LZEZ;]”} [|ZEZ;|]_n}e“’m9d9_ N
= 1 [ H koD {22 } HO, (D) - [ 22] ™Y (1 et#e-imoas
n+1 -n+1
_ 271:f [Hr(l?1(k|w(77)|){ IZEZ;I] }— H®, (klw(m)]) - {[Iwgm }] W () e 0e=imb g

Qin = (1 +E) i fozne—ine e"imbgg & Gon = 9157” 27Te—m9 e~imb 4g.

Pin =

47T-C 21 c*?J0
S1in (1 + K11) 4”1(: fOZHeinG e—imedg . & Son = _% 027Tem9 e_ngdH
B = ——fm e”™mPdg. & B,=0.
2 -_—
&1 = = o= [T HED (k|0 () = w(n,)]) e~ ™0 de.
— ki 27T (1) (A)(I]) (4)(]7) , ) .
& = _477:C H_ (klw(ﬂ) - a)(no)l) . {m w (U)eLH e Lm@de
2w (1) w(D-0(1)) == —i6 —imo
Canc f Hoy (ko = o (,)]) - {m}w (me~ e mbdp.

By truncating, the polynomials in Eq.15 to the Nth term, and meanwhile by takingn =
0.+1.£2... £ N, expressions can be reduced to a finite linear algebraic system of
equations with (4N + 2) equations and (4N + 2) unknown coefficients. By solving the
reduced expressions, the unknown coefficients can be calculated. The practical
calculating indicates that satisfied calculations can be obtained only by taking N = 8.

DYNAMIC ELECTRO-ELASTIC FIELDS

Different impedances at the interface joining the piezoelectric bi-materials caused
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scattering phenomena. The dynamic electro-elastic and scattering fields can be given
as follows [2,5]:

(1) Incident elastic displacement and electric potential fields in PM;:

w® = wqexp {—lzﬁ [w(meia + w(n)e‘i"‘o]} Lp® =88,

’f11

where w, is the magnitude of incident displacement wave.

(2) Reflecting and scattering electro-elastic fields in PM;:

w = w, exp {_lzﬁ [w(mei® + —w(,,)e—ial]}_ P = & () (17)

K11

(s) — yoo (@is) (D w(n) (rs) ¢y (1) w(n)
W = X AL H Glo (D) (DY 4 S AT HO Ul (221"
Q)(S) W(S) + —_ [Zn 1 ( (LS) 77—71 + C(ls)ﬁ—n) + Zn 1 ( (TS) 77—71 +
Cr(lrs)T?—n)] (18)

where w;and a; are the magnitude and angle of reflecting displacement wave,
respectively.

(3) Refracting and scattering electro-elastic fields in PM,;:

w) = w, exp {—”;—” [w(mei + w(n)e‘i"‘z]}. o) = g W(f) (19)

1

. o™
w9 =1z A(f”H(”<kzzlw<ﬂ>l>{|w<3>|} -

pUs) = o W(fs) +— [Zn 1( B(fS) nm 4 C(fS)ﬁ—n)]_ 20)

1

where w,and a, are the magnitude and angle of refracting displacement wave,
respectively.

(4) For electric potential inside the circular cavity, the cavity is assumed to be vacuum
or filled with homogeneous gas of dielectric constant x;,, and free of forces and surface
charges:

0@ = [ D§ + 3z (D 7 + EOT)|
1
Pears) = # [ Dérs) + Z;.lo=1( Dr(lrs)nn + Eérs)ﬁn)].
1
PcUs) = _t [ Défs) + Z%o=1 ( D,st)ﬂn + EﬁlfS)T]n)]- 1)

*
2cyp

The total electro-elastic fields for the two media PM; and PM;; respectively:

wl=w® +w® +w® gl = g® 4 ¢ + ¢, (22)
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wi =w) + WU, gl = g + gUs), (23)

All unknown coefficients for incident, reflecting and refracting fields can also be
calculated with the help of the orthogonal function expansion technique by applying
the boundary continuity conditions across the medium cavity interface, which should

be in the following forms:

(DI =D¢. DI=Dt @'=0c. @'=¢° ,=0. 1L =0} |yel. (24)

For the incident unknown coefficients AS®. BS . ¢ p® £ DU the next relations
can be obtained:

pi = _sh oG G o s pls) (25)

Ko Ko

I . n I : . .
€15 y'oo (i) 1y (1) e K1) L yoo (is) ,-in6 (@is) ,in6
2o S A HO UloD - {[25] ]+ (1+72) 7220 ( B e + e
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The infinite linear algebraic systems of equations are as follows:
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The incident unknown coefficients can be calculated by truncating the polynomials in
Eq.28 with the sequence described before in Eq.15. Also, the same procedures can
be followed to calculate the unknown coefficients for reflecting
field AT9. BT, ¢ p& ETD DI and the unknown coefficients for refracting
field AYY. Y. c/9. D . ESY. D{?).

INTEGRAL EQUATION AND DSIFs

The conjunction and crack-deviation techniques are used to evaluate the integral
equation and calculate DSIFs at the crack inner and outer tips. The piezoelectric bi-
materials' conjunction is shown in Fig.2. The interface intervals in mapping plane can
be defined as:
I € [Ro.Ry + B].O = 0; I, >Ry+B+A.0=0;
{F3>R0.9=7T; CE[RO+B.RO+B+A].9=O.}' (29)

To apply the crack-deviation technique, two negative shear stresses —t}, and —j,
are estimated at the crack location. The continuity conditions of shear stresses
excluding the areas of the crack and the cavity can be expressed by [5,9,13]:

Th,c050, + f1(15.00) = T4,c050y + f5(15.0,). at I7. 1, and I . (30)

where f; (r,.0,) and f,(r,. 6,) are two additional stresses applied at the well-bounded
interfaces. Returning to Eq.3, it can be concluded that [9]:

& () (s) — N (fs)
Téz =Ty, T Ty, T+ Ty, - TéIZ Tg, T Tg, - (31)

in which:

(lZ) — ;I;I(V,V];[ p{_?l w(n)e“"o + w(n)e““o]} {eiao w' (1) elf — g—iag me‘w}].

Té? kycf wi [ p{——[a)(n)e“"l + a)(n)e““l]} {eza1 w' (1) el _ g—iay me—ie}]_

2|’ ()]
() _ _thic (is) [ ;0 w(n)
Toz = 2 (;7)|Zn——°° An [H 1(k1|w(77)|) {| (n)l} w'(n)et?

(n) - is) i
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ikjc; rs) [, w(n) ' i0
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The continuity conditions of elastic displacements can be expressed by [9,13]:
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wi(T.0)+wi(@.0) + w&D(r.0) = w!(r.0) + w2 (r.0) + w&D(r.0) . (32)
where:

wi = [ f1(0.0) Go(r.0;70.0)dro + [, f1(ro.m0) Gy, (r. 63 1. m)drg .
W(fz) = - &5 fZ(TO- 0) G‘g/l(r- 9;7‘0. O)dT‘O - fr3 fZ(rO-T[) G\ill(r.e; TO-T[)drO .
w@D = _ fC réz(ro. 0) G&,(T- 0; 7. O)dTO .

wID = [ 74l (1. 0) Gy (r.6; 7. 0)dry .

Gathering all the equations above, the integral equation can be calculated as follows
[9,13]:

ffl&l“z fi(o.0) [GL(r.6;1,.0) + Gl (r.0;15.0)]dry

+ fF3 fi(ro. 1) [GL(r.0; 1. ) + G (r.0; 7. m)]dTy = WIS (r.0) —w® (1.0)

— frl&rz[réz(ro. 0) — 74, (ro.0)] Gl (r. ;7. 0)dry

+ frs[réz(ro.n) — 145 (r0.m)| G (r. 0; 5. )

+ [ 14,(15.0) G, (1. 0;75.0)drg + [ 7, (r. 0) G (. 6; 7. 0)dryy . 6=0m. (33)

Finally, the dimensionless DSIFs (k3) at n,and n, can be defined by:

1

g —_ . — —

kS = 700 |, Jim, L fi.(ro- 0032010 — Ry B| _ -~
o __1 . — —

k3, = 2o vk Dps fi(0.0)y2(r — Ry — B A| _ (35)

where the characteristic length Q =,/A/2 and t, = k;w,c; refers to shear stress
magnitude of the incident wave [5,13].

NUMERICAL EXAMPLES AND DISCUSSIONS

To examine the influences of different parameters on the DSIFs, some calculations
are provided based on FORTRAN language program for Eq.34 and Eq.35, for a
piezoelectric bi-materials media with an elliptic cavity. The conformal mapping function,
which transforms the domain outside an ellipse in XY-plane into one outside a unit
circle in 7 -plane, is given by [2,5,9]:

X+iY = w(n) =‘12Lb(77+a;b77‘1). (36)

a+b

in which a and b represent the two semi-axis’ lengths of the ellipse along the X-axis
and the Y-axis, respectively.

First, for calibration of program efficiency, a comparison of DSIFs at 7, is accomplished

between the present model and the reference [13] model with crack emerging from the
circular cavity edge as shown in Fig.3. The document model solved without using



Proceedings of the 17" Int. AMME Conference, 19-21 April, 2016 SM| 60

complex variable and conformal mapping methods. It can be noticed that the DSIFs of
the two models increased progressively to reach values around 1.00. It is expectable
and physically true that if letting A/a — o, one can finds that DSIFs — 1 [10,11,14].

The DSIFs of the present model gave lower values than the document model. The two
curves did not coincide. So, using complex variable and conformal mapping methods
in the current paper solution cause the wide change in DSIFs. Also, the distance B is
used very small (B/a = 0.001) but still existed as a separation between the crack and
the cavity. It can be concluded that, depending on the medium’s geometry and the
sequence of calculations, the relation between the crack and the cavity is altered
causing the changes occurred to the values of the DSIFs.

Variations of DSIFs at 7,and 7, for different semi-axis’ percentages of the ellipse are
shown in Fig.4 and Fig.5 respectively. The outer tip gave the larger values of DSIFs
than the inner tip (about 85%-95%). The peak of the curves occurred at almost the
same k;a percentages for the two tips’ curves. Then, the DSIFs continue to decrease
rapidly with k;a increment. But when b/a = 1.5, the decrement is occurred slowly.
While the peak value of the curves decreased with the increment of semi-axis’
percentages at 7,, it increased at 7,. So, the increment of the semi-axis’ percentages
led to the decrement of both the curve’s peak at inner tip and the variation of DSIFs
with k;a. But, the increment led to increment of the curve’s peak at outer tip.

Variations of DSIFs at ;,and 7, for different A/a percentages are shown in Fig.6 and

Fig.7 respectively. The semi-axis’ percentage is b/a = 0.8. On both tips, the curve for
percentage A/a = 0.5 showed a very little increase of DSIFs with the increment of k;a.
While the percentage A/a increased, the curve showed higher oscillation and decrease
the DSIFs rapidly. On the outer tip, while the percentage A/a increased, the peak value
of the curve increased and the DSIFs decreased rapidly.

Variations of DSIFs at n,and 7, with A/a for different semi-axis’ percentages of the
ellipse are shown in Fig.8 and Fig.9 respectively. The outer tip gave the larger values
of DSIFs than the inner tip. The peak of the curves occurred at almost the same A/a
percentages for the two tips’ curves. In the inner tip, the peak value decrease with the
increment of b/a percentage. In the outer tip, the peak value decrement is a little small.
The DSIFs curves continue to decrease rapidly with the A/a increment. But, the values
of DSIFs are larger for b/a = 1.5 for the two tips’ curves. So, the DSIFs decreased
with the increment of the A/a, for different semi-axes’ percentages and the semi-axes’
percentage of the ellipse b/a = 1.5 gave the smaller Peaks and the larger values of
DSIFs for the two tips.

Variations of DSIFs at ;,and 7, with A/a for different incident wave frequencies (4,)
are shown in Fig.10 and Fig.11 respectively. The curves at both tips are almost
coincide while 1; changes. On both tips, the DSIFs curves continue to decrease rapidly
while A/a > 2. So, for different incident wave frequencies, the variations of DSIFs are
not affected quite clear and they are decreased with the increment of A/a. It can be
concluded that, the rise of the incident wave number harms the efficiency of
piezoelectric devices and materials used, especially when the crack length is longer
than twice the cavity’s semi-axis a.
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CONCLUSIONS

In transversely isotropic piezoelectric bi-materials, a theoretical analysis is established
to calculate the DSIFs due to existence of an interfacial crack near the right edge of a
noncircular cavity. The model is subjected to dynamic SH-wave. Green’s functions are
constructed based on complex variable and conformal mapping methods. The DSIFs
at the crack’s inner and outer tips are obtained by conjunction and crack deviation
techniques. Numerical calculations are provided with an elliptic cavity based on
FORTRAN language program. Calculating results illustrated that, depending on the
medium’s geometry and the sequence of calculations, the relation between the crack
and the cavity is altered causing the changes occurred to the values of the DSIFs. The
outer tip gave the larger values of DSIFs than the inner tip in all cases of study. For
the variations with the wave number, the increment of the semi-axes’ percentages led
to the decrement of both the curve’s peak at inner tip and the variation of DSIFs. But,
the increment led to the curve’s peak increment at outer tip. For different incident wave
frequencies, the variations of DSIFs are not affected quite clear. The DSIFs decreased
with the increment of the crack length ratio for both the different semi-axes’
percentages and the different incident wave frequencies. The rise of the incident wave
number harms the efficiency of piezoelectric devices and materials used, especially
when the crack length is longer than twice the cavity’s semi-axis a.
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