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ARTICLE INFO ABSTRACT

Article History: The author proposes a new four-parameter distribution that aims to
Received: 2024-03-11 provide a more flexible approach to modelling real-life data compared to
Accepted: 2024-05-23 commonly used lifetime distributions defined. We define a new lifetime
Online: 2024-08-29 model called (Transmuted Survival Kappa Distribution (TSK)), is derived
using a transmuted survival method. The methodology involves using “The

Maximum Likelihood
Estimation.

Probability Density function and cumulative distribution Function” of the
Kappa distribution as the foundation of TSK. By substituting these functions
into the transmuted survival model, the authors create a novel and adaptable
lifetime distribution capable of accurately modelling real-life data.

The study’s conclusions highlight that the hazard rate of TSK increases
over time. Furthermore, the authors demonstrate that TSK offers a
significantly better fit compared to existing distributions like: the three-
parameter Kappa distribution, three-parameter Lindely distribution (LTD),
exponential distribution (EXP) and Weibull distribution (WD). Notably,
new distribution has the ability to model hazard rates, this makes it
particularly suitable for data that other distributions do not fit. Therefore, we
suggest using the new distribution for applications in various fields,
including, reliability studies, earthquake, data analysis, and more.

1. INTRODUCTION

Keywords:
Kappa distribution,
Moments, Reliability,

Statistical researchers encounter numerous challenges when analyzing data and estimating
distribution-related parameters. One crucial problem they face is selecting an appropriate
distribution for data. Researchers in the statistical field have been enhancing probability
distributions, transforming them to achieve the most accurate representation of data with minimal
errors. This transformation becomes especially vital when researchers encounter issues in
choosing samples with equal probabilities. In such cases, the original distribution proves
inadequate for modelling phenomena a new Extended Lindley distribution by using the Weibull
link function introduced by [1]. A new survival model is adaptable for produce a new lifetime
distribution for analyzing positive data, called the transmuted survival exponential distribution
(TSE)”, proposed by [2]. A new generalization of the transmuted Lindley distribution introduced
by [3]. The transmuted Zeghdoudi distribution is derived by using the quadratic rank
transmutation map approach presented by [4]. The transmuted logistic-exponential distribution
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with three parameters with the aim of increasing the shape flexibility of logistic-exponential (LE)
distribution proposed by [5], study new distribution called transmuted Weibull distribution. The
usefulness of the new distribution for modelling data is illustrated using real data set presented
by [6]. A transmuted modified Weibull distribution contains eleven life time distributions as
special cases presented by [7]. By using the quadratic rank transmutation map (QRTM) in order
to generate a flexible family of probability distribution considering Fréchet distribution as the
base distribution proposed by [8]. The transformed power function distribution (TPF) by applied
to three real datasets to demonstrate its usefulness [9] and A new distribution of five parameters a
called transmuted Weibull Lomax distribution suggested by [10].

2. METHODOLGY

In this section, let the random variable K follow the Kappa Distribution with
parameters (o, 8). Then probability density function (PDF), cumulative distribution

function (CDF) and survival function can be expressed as follows

8-1 o871~ QTH
%(%{) [EH(E) l , k>0 (BB >0)
f*(k) = ; (1)
0, otherwise
L s} é
(E) k>0 (a6 >0)
e8| » U
Fr(l) = L% (E) (2)
0, otherwise
(E}ae o
S*k)=1-F'k)=1- [%4 . (3)
o+ E}

The purpose of this paper is to find another generalization for Kappa distribution
called the transmuted survival Kappa distribution (TSK), we can calculate a new S(k)
from the following converted formula [2]:
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Strsxk =L +VIS"WP —ys (k) 4)

where: S*(k) is the survival function of the original distribution.
y: is a real number called transmuted parameter (y > 0).

By differentiation law, we have
dS(k)rsg = —dF(k) = —f(k)

Then from Eq.(4), we have
dS(k)rsk = 2(1 +y)[S"(k)] dS™(k) —ydS™ (k)

From Eq.4 in EQ.3, we get
—f(k) = —2(1 + y)S*(f (k) + yf* (k)

f(k) =2(1 + y)s"(f" (k) —yf" (k)

then
flk) = £ [2(1 +y)S" (k) — v]. (5)

At (k = 0) then a function (0) is defined f: R—[0, eo] is a pdf if only if :

1) f(k) = 0, forall (k > 0).

2) ! Fk)dk =1

From Eq.5 at f(k) > f (k), we get
f(k) =f"()[2(1 + y)S(k)" —v]
0 <[2(1+y)s*(k)—v]

0 < [25*(k) —y(1 — 25* (k)]

Then

25" (k)
1-25%(k)

and we find
[ f(k)dk = 2(1 + y)[ S*(k)f*(k)dk—[ yf* (k)dk
0 Q Q
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let u = F'(k),S*(k) = 1 — u ,du=dF*(k) = f"(k)dk

Then, we have
1
1

2
du=(2+2y) (u —%) —'yu] (6)
0

0

1

1
2(1 + y)J- (1 —u)du—y[
0 0

=1+ y—vy

Sothat [, f(k)dk = 1.

2.1 The Transmuted Survival Kappa Distribution

The survival function of the TSK is obtained by substituting in Eqg.4, from Eq. 3,

STSK:(l‘l‘Y)l—Biag —vy|l—-

The graph for the TSK can be seen in Figure 1

SurvivalFunctionTransmuted Survival Kappa Cistribution

----- 8=27,y=099, §=399 a=09
#=27,y=099, §=399, a=03
8=27,y=099, §=399 a=15

————— #=27, =099, §=399, a=13
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06k
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Figure 1: The Survival Function (S)rsk
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The CDF of the TSK is given by

F(k)TSK =1- S(k)TSK

144 2 1
FR)rsgk=1—| (1 + ) 1—% —v|1—- 'Bk s (8)
O_’+ E CH‘(E)

The graph for the TSK can be seen in Figure 2:

CDFTransmuted Survival Kappa Distribution

----- §=2.7,y=089, §=3.99 a=09
§=27,y=099, §=3.99 a=03
8=27,y=099, §=3.99 a=15

----- 8=27,y=089, §=3.99 a=13

06

04r

02k

Figure 2: The (pdf) of TSK

From Eq. (5) we can get pdf for new distribution

(%) s

f(k)rsk = EE' (lj)e_l la + (lj)ael 2(1+y)1— Biae —Y (9)

The graph for the TSK can be seen in Figure 3:
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POFTransmuted Survival Kappa Distribution
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Figure 3: The pdf for TSK.
By definition, the hazard function of a random variable k defind as:

f(k) sk

h(k,p, «,0, y)rsx = T(k)'rsr{

And the hazard function for new (TSK) distribution is given as:

(e (k)aa 3)
$07 oe () o (B -
o:+(E)
h(k) s, = o2 " (10)
k ab (E) k wf N\ o
(1+vy))1- —?)kLue —y[1- —(%
a+(ﬁ) w (5)

3. STATISTICAL CHARACTERISTICS

In this section, we will find some characteristics of the new distribution (TSK), the
main ones are:

3.1 Quintile Function

This function is equal to the inverse Cumulative Distribution Function according to the
following formula:

let : k=Q(u),
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Q(uw) = F1(w),

Then:k=F(u), 0<u<l1

2 1
Kk ufl o K af o
u= 1—(1+)1—% —yl—%
a+([—3) CH_(E‘)
1
sz O\
k= cx(—1+?.*1(—Y Ty ) ) (11)

3.2. Moments

Let X~TSK (x,B,c,8,y) then rt® order moment about origin of p, is:

E(X") = Ll’r ZI xf(x; B, o, B, Y)rsk. dx

G
ot %)EB

(3
] —vl.dx (12)

r_(_mra_e_-ﬂ-l__-uﬁ'(m_Tl) ~
E(X)—ur—!x ﬁG) [a G)] 201 +vy)| 1 [

r+1  r2af era-g rraig r
E(Xr) = l‘I'Ir= o ab 2+«
r [0
EYBHI r-2ab FEE';-I‘F(IBB—I‘ r F#Fl—%
2+« a+1
r r
[ [

When r=1, E(X) is
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r 204+1 _abB—1
2p% 12a8|T 0 r o0
E(X) = !.l,1= Fa af > T o (]_ _I_«},-)
r.1 re o
+ Blﬂla_jé_l r c;:l_@ rl_@
Y a+1
r
(04
when r=2, E(X?) is:
2 23° 2208 rzecx—fgz aeo:gz 2 21 F%Fl—%
EXD) == g = rZta (1+7) +ypase patl
(4 (04
When r=3, E(X3) is:
3 2p* 32a8 r29ag3raﬂag3 3 =1 raa——gerl_%
EXD) =wy=| 5o rZta (1 +7) + B patl
(4 (04
When r=4, E(X*) is:
. 2p5 42a8 r26a§4r“8a54 LA r—4(:%8r1—%
E(X):p4= Ta o] F2+0( (14+vy)+yB*aas F(I+1
[ [0

3.3. Moments about The Mean

Let X denote the random variable follows TSKD, then moments about the mean order
moment about origin of p. is:

E(X — p)f = f (x — WF f(x).dx (13)
Q
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. . j j

. 1 " P I F—5+- Py
piaze Y () (- Ipiame* |28 8le+y

i=0 ] rl+a
E(X — p)f = - -
( U) 2{13[:1_'_.?) |31+1 r— r i ZB—I—J ﬁ
B F28+2]+C(B
j=0
ab

(14)

Now, we obtain the first four moments of the TSK distribution by putting r = 2,3,4

in Eq.(14) as:
When r=2
.2 . j .1 J
o1 2 N I'—=—F + rn—
Bae® 12(1‘) (~w2ipicas ! |-2C 1 le+y
cox , =0 F1+&
X—w*= 2 2'3+J u@ﬂ
2ae(1+y) B3 _;'Z s ()2 T
_0()8““ 2 ze+21+ue
.2 . j 1 )
i 2 . =4+ =-T'1l——=5
B ad 12() (—? I plaas ™t |00 1 ©l2+vy)
= I+
2z
o= 204+ _abtH
Zaﬁ(l-i—y) [33 2-8 2 r 0(8] r O(B]
- Z( )[310“19 (-7 :
p 0(8 £ j FZB-I—Z]—I-(IB
=0 ab
.2 . j 1 )
i 2 i =gt =Tl —=5
B arad 12() (—p)2iBigas 1|28« T 2012 4+y)
=0 ] F1+—
o =
2 20 +j _ob+
200(1+vy) B3 2-8 2 a0 'Y a8
-/ M j 2—j
B a{—)MBZ(])B““B (=W 26+2j+af
\ 1=0 afb

When r=3

(15)

(16)
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.3 . DI S
Bjaﬁ—lz (3) (_u)g_l Bjaé_l FC[B + 0:1—‘:;- C[e (2 +Y}
=0 ] i -l-—
EX— H)S = 3 20 +
j ~ab+
4 r-g —s—=,T—5
B ab L \j r 20 +2j+ab
1=0 afb
When r=4
4 1 J
' ' -l— rt—
oo Y (4) I |- a0 — 01y
=0 ) ri + —
EX—-pw* = 20 +
j ~ub+
2001+ y) B° =8 Z (4) P (-] o Tam
B af” j H 20+ 2j+ ab
=0 r—ms

3.4 Coefficient of Variation

Mathematically, the formula for calculating the Coefficient of Variation (CV) is:

g
(CV)TSK = ‘E_"' X 1':'0%

. A S ]
. i + = Fl——
Blaas * F 0( ) (—p)2-1Biaas* e T ad (2 +y)
r1+a

| 20+ _ab+
_200(1+y) Bg S =2 T ( )quﬁ—i (—p)2-i ' Lr thJ

B H 20 +2] +ab

\ RG]

(CV) sk = 20+1_ab—1 1+6 7 (17
?‘BQ 1-2a8 | T o8 r B N L—l r ) Fl—ﬁ
B * pZta (1+y) +yB*aws at1

a a

3.5. Coefficient of Skewness

The coefficient of skewness provides valuable information about the shape of a dataset’s
distribution and is widely used in various fields, including finance, economics, and social
sciences. Mathematically, the formula for calculating the coefficient of skewness (SK) is:
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(SK)rsk =

(18)

3.6. Coefficient of Kurtosis

H3
3
(n2)2
. . j L1 j
. J -=+=-Tl—=5%
Blaad L, (3) (—w3ipiaae |-l aB|(3 +y)
Tl+-
o
2&3(1+Y)B4 1992 () j%—l(_ )a-j Zig]’rﬂggl
DR AL R P £ B
af
) , 3
. o [rd j 2
+ o Tl-—o
pioes™ 32, (%) (-7 Ipicas~ | a8 | (2+y)
T1+=
04
20+ 0B
_2e8(1+y) B2 2 T ,r—
ab

The coefficient of kurtosis helps to understand the shapes of the distribution and can be
useful in various fields like statistics, risk analysis, and finance. Mathematically, the
formula for calculating the coefficient of kurtosis (KU) is:

(CK)tsk =

(

E(X —p)*

o*
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j 1 j
It ol ag
Bwaa 1 fo( ) (—)4- JBJaue 1 af ab (2+7Y)
rit+-—
04
20+ b+
_208(1+Y) B° = 5 ()B,me (=) aej aej
B ! 26 2]+ of
ab
(CK)TSK == 1 2
i g rd+d 1"1—]—
Blaas * F 0( ) (—p)2-1Biqas? e ad (2 +y)
rit+-—
a
, 20 +j _ab+
_ 208(1 +Y) [33 - S, L rere2
B w )X ( )BJ““B (=7 (26 +2] + b
ab

4. MOMENT GENERATING FUNCTION

Given a random variable X~ TSK, the moment generating function (mgf) is

defined as:

M (2) = E(et*) = fmetx}f(x)dx

0

Which can be written as

[ra] t]’"
M®) =) i,
r=0

So, we obtain
mt]’ 2,8’”“1 e FZBE;—J' Bcaé;r
Mx(f):Zﬁ g o T 1+y)
r=0 r
B .:r
+yBraad ! af ~~ af (21)
F a+1

a

(19)

(20)
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The characteristic function of TSK, can be obtained as:

) = tiT 2™ r26a F—Z%:TF—H(B;T r, ['T_;:gg ri _%
MX(H)ZZF ] a fa 7T a (1 +T}+Tﬁrﬂa T (22)
=0 r r

a (24

5. PARAMETER ESTIMATION

Let X;,X5,..., X, be a random sample of size n from TSK. Then the likelihood

function from [11] can be written as:
1

L(x;06,By)= Hf (x;;0.8,8y) (23)
i=1
1
n o+l X; od {E)
af (xz-)a'l [M (x;-)mal'{ =) 5 (E)
= Y = (1+y)| 1- a8 Y (24)
| BB p - (%)
Accumulation taking logarithm of Eq.(24), and the log-likelihood can be written as:
f£(B.a.6,y) =InL(xpa6,y) =In[lL, = x‘ ol [a+( ] ) 2(1+y)| 1 -
2J)-
=" i at+n6-0Inp +(-1)1 N o)
—lel no+n®-6Inp +(6-1) nxi—(T) nfo (ﬁ)
: 1)
@
+Inf21 +y)| 1—- -y (25)

U"’(B)
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By taking the first partial derivatives of the log-likelihood function with respect to the
four parameters (B, @, 8, y) as follows:

a£(B,a,6,y)
F]
@ . af x
1, 1n[q+(¥)“5‘] (1+af)(1+(ﬁ) 61n[z])
a™t G’Z a[a—l—[%)“e)
n 1+{‘;
= _ 2 o (1+ )((ﬂ._l_(_z)mg)ln o +(ﬁ)a9 (—]_—l—ﬂ’gln[ﬁ]))
i=1 W ¥ ﬁ ﬂ'+(xi_)a9 ﬁ ﬁ
__\TT\B
3(2 +(-1+2 ) )Y)
S G [x)g) ( C @«9 ¥
n —1+(ﬂ)a9 1 [ﬁ
20(pa6y) (1 @ ) |nig]
26 L |8 a+[%)“9
a 1+ iy g nrk
2(ﬂ+(xi)a9) @+ nf7]
_ (27)
af[Z[ [x) 9) + (- 1+2( (x)ae) )
o {‘;_fag
. 2£a+f%)“9) CE) SE
B(zr[—l—i—[%)“‘g)—i- 2 T )
] Zﬁm)a+(—1+2( [x el L
9¢(p.a.6,7) -y “tp : (28)
a6 £, (a+ @GP
a 1
( e (— 1+2(ﬁ)“)
96(B,a, 6,y Z B
geb &Y - (29)

% S| 2—%—ja—y+ 2

+2—x )
a+[:!m9 a_'_(ﬁiaé

(26)
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The estimator’s (B, 7,8, &) can be obtained by solving this system numerically after

making the equations equal to zero, i.e. LA 0, o¢

8¢ af
7a 0,—=0—-=0.

a8 ' ap ay
6.APPLICATION OF TRANSMUTED SURVIVAL KAPPA DISTRIBUTION

The TSK is characterized by flexibility compared to several other models, such as
the one-parameter exponential distribution (ED), three-parameter Lindley distribution
(TPLD), three-parameter Kappa distribution (KD), and Weibull distribution (WD). The
analysis involved fitting these distributions to a dataset representing the number of weeks
that patients with heart disease stayed in the hospital before their demise at (Al-Hussein
Educational Hospital in Karbala), with n=104 see (Table 1).

By using metrics Akaike Information Criterion (AIC), Bayesian Information
Criterion (BIC), and Akaike Information Criterion Corrected (AICC) for the new
distribution performance was compared with Kappa Distribution, Lindely three-
parametric, Weibull distribution, and Weibull Pareto distribution. The new distribution
obtained the lowest AIC and AICC values and was considered the most flexible and
superior for the given dataset. see (Table 2). The goodness of fit of the proposed model
tells how well it fits with real observations. See Figure (4).

Table 1. Dataset for the number of hours patients were in hospital before death
0.1 0.3 1.2 1.4 1.6 2 2.6 3 35 4.1 4.8
0.1 0.3 1.2 14 1.7 2.1 2.7 3.1 3.6 4.3 4.8
0.1 0.4 1.2 15 1.7 2.2 2.7 3.1 3.6 4.4 4.9
0.2 0.4 1.3 15 1.7 2.4 2.8 3.1 3.6 4.4 4.9
0.2 0.4 1.3 15 1.7 24 2.8 3.1 3.7 4.4
0.2 0.4 1.3 15 1.8 2.4 2.9 3.2 3.8 4.5
0.2 0.4 1.3 15 1.8 2.5 2.9 3.2 3.9 4.5
0.3 1 1.3 1.6 1.9 2.6 2.9 3.2 4 4.6
0.3 1 1.4 1.6 2 2.6 2.9 3.3 4 4.6
0.3 1.2 14 1.6 2 2.6 3 3.4 4 4.7

From Table (2) we found the best model conforming to the lowest value for Akaike
Information Criterion (AIC), Akaike Information Correct (AlCc) and Bayesian

Information Criterion (BIC) is the new distribution compared others distributions to use

in this paper.
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Table 2. MLE Estimates and Criterion Values X2 Anderson-D, Cramer-V and AIC ,

AIC, BIC.
Distrib X*Anderson-D Cramer- V
utions MLE Statisti P- statistic | P-Value Al AlCe Bl
c Value
@ = 0.46421
Tsx |V 3528 3.184 | 0.0527 | 3.163 | 033911 | 3017
! . . . . 301.14 | 308.524
B = 2.64572 7
B =5.786
@ =0.421
KD |f=09761 | 6.613 | 0.0665 | 9.159 | 0.7391 4527 7| 45779 | 465.321
0 = 2.3467
@ =2.169
LTD |f=1.3467 | 8.037 | 0.0867 | 3.0565 | 0.091674 405'1 402.18 | 406.424
f=1.781
o 503.1
ED | 7=0.0918 | 4561 |0.0929 | 623 | 0.0517 A 503.18 | 505.340
@ =2.031
WD |8=o00421 | 2235 | 0.0926 | 0.533 |0.91549 4438 446.94 | 452.094
0.4 ~. \ — TKD
i KD

- - LTD
,/—?é\\~\ —  ED
o,

< — WD
\\

2 3 4 5

Figure 4. fitted pdf’s on histogram.

7. CONCLUSION

In this paper, a novel probability distribution is introduced. The new distribution is
a Transmuted Survival Kappa (TSK) distribution. The characteristics of new distribution
are found that TSK distribution gives a better fit to the dataset as compared with
exponential, Kappa Distribution, Lindely three parametric, Weibull distribution, and
Weibull Pareto distribution further. The TSK distribution can be applied to various areas.
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The TSK distribution and distribution may be suitable for most of the lifetime data and
provide better outcomes than other distributions.
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