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THE HYERS-ULAM STABILITY OF AN ADDITIVE AND
QUADRATIC FUNCTIONAL EQUATION IN 2-BANACH SPACE

DR.B.M.PATEL, DR.M.I.BOSMIA, DR.N.D.PATEL

ABSTRACT. In 1940, the stability problem of functional equations was arose
due to a question of Stanisaw Ulam concerning the stability of group homomor-
phisms. Significant work was done by Donald H. Hyers about HYERS-ULAM
STABILITY and obtained a partial affirmative answer to the question of Ulam
in the context of banach spaces in the case of additive mappings. In 1978, T.
M. Rassias expanded Hyers’s theorem for mappings between Banach spaces
by considering an unbounded Cauchy difference subject to a continuity con-
dition upon the mapping. After that, Many Researchers had studied about
Hyers-Ulam stability of an additive quadratic type functional equations. In
this research article , the Hyers-Ulam stability of an additive quadratic type
functional equation was discussed and obtained the generalization of Hyers-
Ulam stability of an additive quadratic type functional equation

fl@+ay) +af(z—y) = flz—ay) +af(z+y)
for any integer a with a # —1,0,1 in 2-Banach space.

1. INTRODUCTION

Stability of a function for a function from normed space to banach space has been
studied by Hyers [4]. He has proved that for a function f : X — Y, a function
between normed space X and Banach space Y satisfying

If(x+y) = flz) = fyl <6

for each z,y € X and § > 0. Then there exists a unique additive function
T : X — Y such that

If(2) =T (@)l <6
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for each € X. It is a positive answer to a problem raised by Ulam [I3] for a
functional equation on a metric group. The stability of functional equations for
functions from normed space to Banach space have been extensively studied by
many authors. The terminology generalized Hyers-Ulam stability originates from
these historical backgrounds.

The functional equation

flx+y)+ flz—y) =2f(x) +2f(y) (1.1)

is called a quadratic functional equation and every solution of the quadratic func-
tional equation is said to be a quadratic function. A stability problem for the
quadratic functional equation was solved by many authors [2]. In this paper,
we investigate the Hyers-Ulam Stability of the following functional equations,

flx+2y) +2f(r —y) = f(z —2y) + 2f(x + y), (1.2)
flx+ay) +af(x—y) = flz—ay) +af(z+y), (1.3)

for any fixed integer a with @ # —1,0,1, introduced by Jun and Kim [6], for a
function from 2-normed space (normed space) to 2-Banach space. In fact, It is
shown that in [6] that these two functional equations (|1.2) and are equivalent
and such f satisfies f(z) = B(z,z) + A(z) + f(0), for each x € E;, where B :
E, x By — FE5 is symmetric biadditive, and A : By — FEs is additive. In the
1960s, S. Gahler [3] introduced the concept of 2-normed spaces.

Definition 1.1. Let X be a linear space over R with dim X > 1 and let
I, ] : X x X — R be a function satisfying the following properties:

(1) ||z, yl| = 0 if and only if x and y are linearly dependent,
2) =yl = lly. =,

3) llaz,yl[ = lall|lz, y,

() llz,y + 2l < llz,yll + [l 2|

for each x,y,z € X and a € R. Then the function ||-,-|| is called a 2-norm on X
and (X, ||-,-||) is called a 2-normed space.
We introduce a basic property of 2-normed spaces as follows. Let (X, ||-,-]|) be

a linear 2-normed space, x € X and ||z,y| = 0 for each y € X. Suppose x # 0,
since dim X > 1, choose y € X such that {x,y} is linearly independent so we have
|z, y|| # 0, which is a contradiction. Therefore, we have the following lemma.

Lemma 1.2. Let (X,|-,-||) be a 2-normed space. If x € X and ||z,y| = 0, for
each y € X, then x = 0.

Let (X, ]-,-]|) be a 2-normed space. For z,z € X, let p.(x) = ||z, 2|, z € X.
Then for each z € X, p, is a real-valued function on X such that p,(z) = ||z, || > 0,
p=(ax) = |af||z, z|| = |alp-(z) and
pz(z+y) = llz+y, 2| = |z, x4yl < ||z, 2l +|z, yll = llz, 2l + [y, 2[| = p=(2)+p=(y),
for each o € R and all z,y € X. Thus p, is a a semi-norm for each z € X. For
z € X, let ||z, z| =0, for each z € X. By Lemma[l.2} # =0. Thus for 0 # z € X,
there is z € X such that p,(x) = ||z, z|| # 0. Hence the family {p.(z) : z € X}
is a separating family of semi-norms. It will give us locally convex topology on X
which makes X to be a locally convex topological vector space.
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Definition 1.3. A sequence {x,} in a 2-normed space X is called a 2-Cauchy
sequence if

lim ||y — @, z|| =0
m,n— oo

for each z € X.

Definition 1.4. A sequence {x,} in a 2-normed space X is called a 2-convergent
sequence if there is an x € X such that

lim ||z, —z,y|| =0
n—oo
for each y € X. If {x,} converges to x, we write lim,,_,~ x, = .

Definition 1.5. We say that a 2-normed space (X, ||-,-||) s a 2-Banach space if
every 2-Cauchy sequence in X is 2-convergent in X.

By using () and (4) of Definition [I.T]one can see that ||-, - is continuous in each
component. More precisely for a convergent sequence {z,} in a 2-normed space X,

lim ||@,,y| = H lim xn,yH

n—oQ n—oo

for each y € X.

2. Stability of a functional equation for functions f : (X,|-||) — (X, |,

Throughout this section, consider X a real normed linear space. We also consider

that there is a 2-norm on X which makes (X, ||-, -||) a 2-Banach space. For a function
f : (Xa H ’ ||) — (X7 ||a||)a define Df XXX — X by
Dy(z,y) = f(x+ay) + af(x —y) — f(z —ay) + af (z +y) (2.1)

for each z,y € X, a # —1,0, 1.
Theorem 2.1. Lete >0, 0<p <2, r>0and f : X — X be a mapping
satisfying

1Df(@,y), 2l < e(llz]|” + lyl")II=]" (2.2)
for each x,y,z € X. Then there exists a unique quadratic mapping Q : X — X

which satisfies (1.3) and

+ f(— rlaf’ +2lal +1
|E2EIED ) - 00 <ellelp o B H2AL (2
for each z,z € X.
Proof. Let fi : X — X be a function defined by
fi(®) = S1f(@) + F(=a)] - F(0) (2.4)

2

for each x € X. Then f1(0) = 0, fi(z) = fi(—xz), for each x € X. Also for
z,y € X,

1Dg, (x,y), 2| = [ 1(z +ay) + afi(z —y) — filz — ay) — afi(z +y), 2|
< e(lll” + [lyl)1=1" (2.5)
for each z € X. Letting y = x in , we get
[f1((a+1)z) = fi((a = D)z) — afi(22), z[| < 2el|[[]|z]]" (2.6)
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for each z € X. Replacing = by ay in (2.5)), we get

111(2ay) + afi((a — 1)y) — afi((a+ 1)y), 2| < eflal” + 1[[y[|"|]=]]" (2.7)
for each z € X. Replacing y by z in (2.7), we get

1f1(2a2) + afi((a — D)z) — afi((a + 1)), 2| < ellal” + 1[Jz[[P[]=]]"  (2.8)

for each z € X. Multiplying |a| on both sides of (2.6) and adding to (2.8]), for
z e X, we get

1f1(2az) — a® f1(22), 2| < 2lalellz][P||2|" + e[lal” + 12| [P[]2]]"  (2.9)
for each z € X. Replacing x by g in 1) we get

fi(ax) 2.27P¢ . 27P ,
|# - fi@ =] < ==l lel +ergllal + UllPl=r - (210)

for each z € X. Replacing = by az in (2.10]), we get

2.27P¢lal’

lal

27 2p p P r
—llal™ +[al"]|lz|["[|2]]" (2.11)
|al

|2

20|

||z [[Pl]z]]" +e

for each z € X. By ([2.10)) and (2.11)), for x € X, we get

[2€2) - o).

Hfl(;jw) B flc(;x),zu N Hfl((;m)

IN

- fl(I),Z

2-27P¢ |lal? 2P opy 1
< 1+ 25 [l2llPl1=l + S [ (1 + [al?) + (lal” + af)—5 ] llal 111
|a |al |al |al

for each z,z € X. For x € X, by using mathematical induction on n in (2.12), we
get

fi(a™x) H 2.27P¢ 1- \a|(p_2)"
SN ) < P r— 2L
| % = @ 4]| = == lelPlel e
_ —2)n —2)n
1—]a|®2" o (1~ |a|"2™)

e fePll=Ir |
E—5||T z
P T e

(2.12)
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for each z € X. For x € X, m,n € N, we get

fila™z)  fi(a"z) 1 g fa(@™ "a"x)
H am g2n ’ZH_M?" a2(m—n) _fl(anx)’ZH
1 2.27%¢ nt
< el |7l Y ol P
|al lal =0
m—n—1

1 e27? o . oy oyt
+WW” x|?[]2| Z [|a|®=27 4 |qP=23+]

|a|(p 2) (1 ‘a|(p*2)(m*n))

2.27P¢g .
= ———Ilz|["|[=]|
|al 1—
9-p _ |a|(p 2n(1 |a|p 2)("1*71))
+e—=||z||P||z ’[( )
el =

|a‘(p—2)n+p(1 - ‘a|(P—2)(m—n))
+( - )]
1—|aP™?

jaf”™

") f1(an$)
a2n

as m,n — 0o, each z € X. Therefore {f1 } is a 2- Cauchy sequence in X, for

fl(fl x)

A —o

each » € X, for each € X. Since X is a 2-Banach space, {5} 2-converges,

for eachxeX Define Q : X — X as

Q(z) := lim L(a”x)

n—soo  @2"

for each z € X. Also, by (2.12), we have for z € X,

lal” + 2la| +1

2.13
22(|al* — [a]”) 219

1Q(x) = fi(x), 2|l < ell=||||=]]"

for each z € X. Therefore for x € X,
f@) + f(=2) jal” + 2|a + 1
—r Q) - O,zHﬁsx” 2| —
|55 (@) = 10,3 < ellalllall 3™ o
for each z € X. Now for z,y € X,

lim fIIDfl(a x,a"y), z||

n— o0 2"

1Dq(z,y), 2|l

IN

. 1 n,.||p T, ||P s
Jim =2 {la"a][” + lla™y[1P]]]=]]

. —2)n r
nh_?éo'a'(p " 2llP + [[ylIP]]]2]]
=0
Therefore for z,y € X, ||Dg(z,y), 2| = 0, for each z € X. Therefore Dg(z,y) =0,

for each x,y € X. Therefore Q is a quadratic. Suppose Q' is another quadratic
function satisfying (2.3) and (1.3). Since @ and Q' are quadratic, for z € X,
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Q(a™z) = a®>"Q(x), Q'(a"x) = a®"Q’'(x). For each n and for z € X,
1 n n
Q) = Q'(2), 2ll = 7 1Qa"x) = Q'(a"2), 2]

< g lIQ(a") — fu(a™e), 2] + Ly (a"2) — Q'(a™2), =]
lal” + la] + 1

2 (Jaf* ~ o]

lal” + la] +1

2 (Jaf* ~ o]

Thus for z € X, ||Q(z) — Q'(z), 2] — 0 as n — oo, for each z € X. Therefore
|Q(z)—Q'(x),z|| =0, for each z € X. Therefore Q(z) = Q'(x), foreachz € X. O

2
< —ellaa|?lj2I]

—2 .
= 2]a| ®~ D"l |x||P||2]|"

Theorem 2.2. Lete > 0,7 > 0,p > 2 and f : X — X be a mapping satisfying
D¢ (@, y), 2|l < e(llz]|” + [lyl”)ll=[]" (2.14)
for each xz,y,z € X. Then there exists a unique quadratic mapping @ : X — X

which satisfies (1.3]) and

flz) + f(==) H |a” +2[a] +1
RO T o) - < el|z||P ||z AT Aal T 2 2.1
[ Q@) = fO) 4| S el = Gy ey (2419)
for each x,z € X.
Proof. Proof is similar to that of the proof of the Theorem [2:1] O

Theorem 2.3. Let ¢ > 0,7 > 0,0 < p < 1l and f : X — X be a mapping
satisfying

1D (x,y), 2l < e(llzl” + [lyl[*)II=]" (2.16)
for each x,y,z € X. Then there exists a unique additive mapping A : X — X

satisfying (1.3) and

H f(x) —Qf(—af) (2.17)

ellz|P [l=]I"
— A(x),z‘ < ——
2(lal — [a[?)

for each z,z € X.
Proof. Let fo : X — X be a function defined by

Fale) = 31 (@) ~ f(=2)]
for each € X. Then f2(0) =0, fo(—2z) = — fo(x) and for z,y € X
1D, (z,9), 2l = [ fo(@ + ay) + afe(z —y) — fo(z — ay) — afo(z +y), 2|
< e(l[][” + [yl (2.18)

for each z € X. Putting x = 0 in , for y € Y, we get,

12f2(ay) — 2af2(y), z|| < ellyl[P[|=[|"
for each z € X. Therefore for y € X,

| f2(ay) = afa(y), 2ll < Syl Izl (2.19)
for each z € X. Replacing y by x in , we get

[f2(az) — afa(x), 2] < %IIJ?II”IIZH’" (2.20)
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for each z € X. Therefore for x € X,

fa(az) H »
— " 2.21
| =5 - _2| el P11 (2:21)
for each z € X. Replacing x by azx in , we get
fa(a?x)
|25 fala), 2| < 5olal ol P12 (2:22)
a 2| |
for each z € X. Now by (2.21)) and (2.22)), for z € X, we get
f2(a SC) |a‘| r
|| ~ fa(e), 2l < g1+ TPl
for each z € X. By using induction on n, for x € X,
foamz) H ) _ |a|(1771)n
— Ti 2.2
| % = 2tz < gl e (2:23)
for each z € X. For m,n € N, bym for z € X,
fa(a™z)  fa(a"2) f2(a™Mamz) n
H ar a7 H Jal™ ” a(m ) ~ fola z),z”
(p—1)(m—n)
= glIP (p-1)n 1 |a|
<5 |\|m|| 12I"la *
for each z € X. Therefore for z € X, ’ ) fQ(a x),zH — 0 as m,n — oo.
an

Therefore {fQ(a Jc)} is a 2-Cauchy sequence in X, for each z € X. Since X is a
2-Banach space, {fZ(;l:x)} 2-converges, for each z € X. Define A: X — X as
A(z) = lim fo(a"z)

n—o00 am

for each x € X. Then for x € X, A(0) =0, A(—z) = —A(x). Also by (2.23)), for
xz e X, we get

f(z) = f(==) elle][Pll=]"

e | x),z‘ < ———5

17 2= 3ol o)

for each z € X. Now for z,y € X.

IDa(e,9). 2] = lim — Dy (a"a,a"y), 2]

n~>oo|a,‘

. 1
lim —zeflla”z[|” + [la"y|["]|[=]]"
n—oo|al

IN

. —1
= lim [a|®~O"[|[a]|? + [lyl7)l|=)"

for each z € X. Therefore for z,y € X, |Da(z,y),z|| — 0 as n — oo, for each
z € X. Therefore Dy(x,y) = 0, for each x,y € X. Uniqueness of A is as in the
proof of the Theorem O

Theorem 2.4. Lete > 0,7 >0,p>1 and f: X — X be a mapping satisfying
1Df(@,y), 2l < e(llz]|” + lyl")I=]" (2.24)
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for each x,y,z in X. Then there exists a unique additive mapping A : X — X

which satisfies (1.3]) and

_ _ p r
LSy ) < ol el 05
2 2(|af? — |al)
for each x,z € X.
Proof. Proof is similar to that of the proof of the Theorem [2.3] a

Corollary 2.5. Let e >0, 0 <p <1, r>0and f : X — X be a mapping
satisfying

1Df(@,y), 2l < e(llz]|” + lyl")II=]" (2.26)
for each x,y,z € X. Then there exists unique additive mapping A : X — X and
unique quadratic mapping Q : X — X which satisfy (1.3) and

lal” +2|a| + 1 1

1)~ Aw) = Q)= F0), 21 < ellal eIl | ™ s+ 5o

(2.27)

for each z,z € X.

Corollary 2.6. Let £ >0, r >0, p> 2 and f : X — X be a mapping which
satisfies

1Ds(x,y), Il < e(llzl” + [lyl[*)II=]" (2.28)
for each x,y,z € X. Then there exist unique additive mapping A : X — X and
unique quadratic mapping Q : X — X which satisfy (1.3) and the inequality

lal” + 2|a| + 1 1
2¢(|al? —lal) ~ 2(la] —[al”)

1/ (2) = Q(x) = A(z) = £(0), 2[| < ell|["[[I]" (2.29)

for each x,z € X.

3. Conclusion

We have proved the generalized Hyers-Ulam stability of the additive quadratic
type functional equation

fle+ay)+af(z—y)=flz—ay) +af(z+y)
for any integer @ with a # —1,0,1 in 2-Banach space. We hope that this research
work is a further improvement in the field of functional equations.
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