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BEST PROXIMITY POINT THEOREMS FOR MAIA-TYPE
CONTRACTION MAPPINGS

V. SANKAR RAJ, K. ANISHA

ABSTRACT. The Maia fixed point theorem is one of the interesting general-
izations of the well-known Banach contraction principle. In this manuscript,
we introduce two notions called mixed UC—property and mixed P—property
of a pair (A, B) of nonempty subsets of a set X endowed with two metrics.
We present two best proximity point theorems which generalize the Maia fixed
point theorem.

1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space and A be a nonempty subset of X. A mapping
T : A — X is a contraction mapping if there is a constant k € [0,1) such that
d(T¢,Tn) < kd(¢,n), for all (,n € A. A point ( € A is a fized point of T if
T(¢ = (. The well-known Banach contraction principle states that if T: A — Ais a
contraction self-mapping and A is a complete subset of X, then T has a unique fixed
point in A and for any (o € A, the iterated sequence {(, }, where ¢, = T'(;,—1, for all
n € N, converges to the unique fixed point. Due to its elementary proof technique
and numerous applications in various fields of Mathematics, Banach contraction
principle attracts many researchers to obtain various generalizations and extensions
of it. For more interesting and important generalizations of Banach contraction
principle, one may refer [9] [15].

Maia [I0] fixed point theorem is one of the interesting generalizations of Banach
contraction principle. It states that

Theorem 1.1 (Maia Fixed Point Theorem). [I0] Let X be a nonempty set together
with two metrics d and § and T : X — X be a mapping which satisfies the following:

(1) d(z,y) < d(x,y), for all z,y € X,
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(2) X is complete with respect to d,

(3) T is continuous with respect to d,

(4) There is a k € [0,1) such that §(T(x),T(y)) < kd(z,y), for all z,y € X.
Then T has a unique fized point in X.

It is worth mentioning that the fourth condition in Maia’s fixed point theorem can
be replaced by Kannan contraction or Meir-Keeler contraction condition. If § = d
in Theorem then Maia’s fixed point theorem reduces to Banach contraction
principle. More interesting generalizations and applications of Maia’s fixed point
theorem can be found in [T} 2] B [4, [6l [7, [8, LT, 12} [13]

On the other hand, let us consider two nonempty subsets A, B of a metric space
X and a mapping T : A — B. If AN B = ), then there is no ( € A such that
T¢ = ¢. In such case, we try to find ¢ € A such that the error d(¢,T¢) is minimum
in some sense. Let D(A, B) := inf{d(a,b) : a € A, b € B}. A point ¢ € A satisfying
d(¢(,T¢) = D(A, B) is known as best proximity point of T in A. If A = B, then
the best proximity points are nothing but the fixed points of T' in A. In this sense,
best proximity points are considered as a generalized fixed points of a mapping T

In this manuscript, we establish two generalizations of Maia fixed point theorem
in best proximity point setting. In section 3, we consider two nonempty subsets A
and B of a uniformly convex Banach space and a cyclic mapping T': AUB — AUB.
We introduce a notion called mixed UC-Property and establish sufficient conditions
for the existence of a best proximity point of T, if T satisfy cyclic contraction
conditions with respect to || - || and 4. It is worth mentioning that if A = B, then
Maia’s fixed point theorem is obtained as a corollary to our main theorem (Theorem
52).

Next, we consider a nonempty set X with two metrics d, § and a mapping T :
A — B. Note that the iterated sequence of T' is not well-defined since T' is not a
self mapping. In section 4, we introduce a notion called mixed P—property and
discuss sufficient conditions to ensure the existence of a best proximity point of a
contraction nonself mapping 7. Again, if we take A = B, then Theorem [£.3|reduces
to the Maia fixed point theorem.

2. DEFINITIONS AND NOTATIONS

In this section, we state some known definitions and results which we use in
subsequent sections.

Let X be a nonempty set together with two metrics d and §. Consider two
nonempty subsets A and B of X. We fix the following notations.

D(A, B) := inf{d(a,b) : a € A, b € B}

A(A, B) :=inf{d(a,b) :a € A, b € B}
Al = {¢ € A:d(¢,n) = D(A, B) for some 1) € B}
Bl :={ne B:d(,n) = D(A, B) for some ¢ € A}

The pair (Ad, BE) is said to be the proximinal pair associated with the pair (A, B)
with respect to the metric d. In [5], Eldred and Veeramani introduced the following
notion called cyclic contraction mapping.
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Definition 2.1. [5] Let A, B be nonempty subsets of a metric space X. A mapping
T:AUB — AU B is said to be cyclic contraction if there is a constant k € [0,1)
such that

(1) T(A) C B and T(B) C A;

(2) d(Tz,Ty) < kd(z,y) + (1 — k)D(A,B), for allz € A andy € B.

It is worth mentioning that a cyclic contraction mapping need not be continuous.
In [5], Eldred and Veeramani established the following two lemmas and used to
obtain best proximity points for cyclic contraction mappings in uniformly convex
Banach space setting.

Lemma 2.1. [5] Let A, B be nonempty closed convex subsets of a uniformly convex
Banach space and D(A,B) = inf{|la —b|| : a € A, b € B}. Let {z,} and {y,} be
sequences in A and {z,} be a sequence in B such that

(1) [|zn — zall = D(A, B),

(2) For every e > 0, there is an Ny € N such that, for all m > n > Ny,

lym — 2all < D(A, B) +=.

Then, for every € > 0, there is an Ni € N such that ||z, — ym| < e, for all
m >n > Nj.

Lemma 2.2. [5] Let A, B be nonempty closed convex subsets of a uniformly convex
Banach space and D(A, B) = inf{|la —b|| : a € A, b € B}. Let {x,} and {y,} be
sequences in A and {z,} be a sequence in B such that

(1) llzn = zall = D(A, B),

(2) Hyn - Zn” - D(A’B)
Then, ||xn — yn| — 0.

Later, in [I6], the above lemma is coined as a new definition called UC'—property
which is given below.

Definition 2.2. (UC-Property)[16] Let A and B be nonempty subsets of a metric
space (X,d). Then (A, B) is said to have UC—property if whenever {z,} and {yn}
are sequences in A and {z,} is a sequence in B such that |z, — z,|| = D(A, B)
and ||yn — zn|| = D(A, B), then ||z, — ynl| = 0

In this paper, we introduce a notion called mixed UC'—Property to establish a
best proximity point theorem for Maia-Type cyclic contraction mapping.

In recent years, the following geometric notion called P—property plays a vital
role in proving the existence of best proximity points of non-self mappings.

Definition 2.3. [I4] A pair (A, B) of nonempty subsets of a metric space (X,d) is
said to have P—property if and only if d(x1,x2) = d(y1,y2) for any 1,22 € A and
y1,y2 € B with d(z1,y1) = D(A, B) and d(x2,y2) = D(A, B).

In this article, we introduce a new notion called mixed P—property (Definition
4.6)), which generalizes the idea of P—property. We use mixed P—property to
obtain unique best proximity point for a nonself contraction mapping involving two
metrics.

3. MAIA-TYPE CyCLIC CONTRACTION

Now, we define a new class of mapping called generalized cyclic contraction with
respect to two metrics.



4 V. SANKAR RAJ, K. ANISHA EJMAA-2024/12(2)

Definition 3.4. Let X be a nonempty set together with two metrics d,d such that
d(¢,m) < 0(¢,m), for all {,n € X. Let A, B be nonempty subsets of X and let
D(A,B) := inf{d({,n) : ( € A,n € B}. A mappingT : AUB — AUB is a
generalized cyclic contraction mapping with respect to d and § if there is a constant
k €[0,1) such that

(1) T(4) € B, T(B) C A

(2) 8(T¢, Tn) < ké(¢,n) + (1 — k)D(A, B), for all ¢ € A,n € B.

When d = 4, then the above definition reduces to Eldred’s cyclic contraction
mapping given in Definition When A = B, then the above definition reduces
to the usual d—contraction. Now, we introduce a notion called mixed UC-Property
as follows:

Definition 3.5. Let X be a nonempty set together with two metrics d,é such that
d(¢,m) < 0(¢,m), for all ¢,n € X. Let A, B be nonempty subsets of X and let
D(A,B) := inf{d(¢,n) : ¢ € A,n € B}. We say that the pair (A, B) has mized
UC-Property with respect to d and 0 if for every sequence {(,}, {nn} in A and {z,}
in B with 6(Cp, 2n) — D(A, B) and §(np, zn) — D(A, B), then 6(¢p,nn) — 0.

If d = §, then the above definition reduces to the usual UC—Property given in
Definition Now, let us prove the main result of this section.

Theorem 3.2. Let A and B be nonempty closed convex subsets of a uniformly
convex Banach space X and T : AUB — AUB be a cyclic mapping. Suppose there
is a metric function § : X x X — R satisfying the following conditions :

(1) HC - 77” < 6((777)} fO’f’ all Cﬂ? € X7

(2) T is a generalized cyclic contraction with respect to || - || and 9,

(3) T is continuous with respect to || - ||,

(4) the pair (A, B) satisfies mized UC-property with respect to || - || and .
Then T has a best proximity point in A with respect to || - ||.

Proof. Let (o € A and put (, = T(,_1, for all n € N. Since T is a generalized
cyclic contraction with respect to || - || and §, there is a k € [0, 1) satisfying

8(Cns Cng1) < k™6(Co,C1) + (1 — E™)D(A, B), for all n € N.

From the inequality D(A, B) < [|(n — Ca1ll < 6(Gns Cnt1), we have 6(Cn, Gug1) —
D(A, B) and hence ||(,, — Cnt1]| = D(A, B). Particularly, 6(Can, T'¢an) — D(A, B)
and §(T?(ap, T¢2n) — D(A, B). By mixed UC-Property, we conclude &(Cap, T%Con) —
0. In similar manner, we have 6(Cant1, T*Cony1) — 0.

Now, we claim that {(2,,} is a Cauchy sequence in A. In view of Lemma [2.1] it is
sufficient to show that for each € > 0, there is an N € N such that ||(am — T'onl| <
D(A,B) +¢, for all n,m > N.

If not, then there is an ¢ > 0 and for all k € N, there are mj > ny > k satisfying
The my can be chosen such that it is the least integer greater than nj satisfying
. Then,

D(A’ B) + € S | C2mk - T<2Tbk || S 6((2mk7T<2nk)
< 3(Camys Co(mu—1)) + 0(Co(mp -1y T'2ny,)
< 5(<2mka<'2(mk—1)) + D(Aa B) +e.
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Since §(Camy s C2(my—1)) — 0, we have §(Cam,, T'¢2n;,) — D(A, B) + €. Then,

6(Camus TCany,) < 6(Camys Ca(myt1)) T 0(Co(mpt 1) TC2(np+1))
+0(TCony+1): TC2ny,)
< 6(Camys T?Camy, ) + K20(Camy» Tany) + (1 — k*)D(A, B)
+ 6(T*Cany 41> Canpt1)

By taking limits on both sides, we arrived the inequality
D(A,B) +¢ <k’ + D(A, B),

which leads to a contradiction to the fact & < 1.

Hence, for each € > 0, there exist N € N such that ||(2;m — T'Con|| < D(A, B) +¢,
for all n,m > N. By Lemma [2.1] {(2,} is a Cauchy sequence with respect to || - ||.
Since A is complete, there exists (* € A such that (3, — ¢*. Also, the continuity
of T with respect to || - ||, we have T'(s,, — T'C*. Now,

D(A, B) <[|¢* = T¢||
<IC* = Canll + lI€2n — TConll + [ TCon — TCT|| = D(A, B).

Hence, ||¢* — T¢*|| = D(A, B). That is, T has a best proximity point in A with
respect to the norm. O

We could not show the uniqueness of best proximity point in above result. Note
that if A = B, then the above theorem reduces to Maia fixed point theorem in
uniformly convex Banach space setting.

4. MAIA-TYPE NONSELF CONTRACTION MAPPING

In this section, we introduce a notion called mixed P—property and provide
sufficient conditions for the existence of best proximity points for a Maia-Type
nonself contraction mapping.

Definition 4.6 (mixed P—property). Let X be a nonempty set together with two
metrics d and 6. Let A, B be two nonempty subsets of X and D(A, B) is the
distance between A and B with respect to d. Then the pair (A, B) is said to have
mized P—property with respect to d and § if and only if §((1,(2) = 6(m, n2), for any
C1,C € A and n1,m2 € B satisfying d((1,m) = D(A, B) and d((2,m2) = D(A, B).

If we take d = § in Definition [£.6] then it reduces to the usual
P—property given in Definition [2.3

Definition 4.7. [17] Consider R* with a function § : R? x R? — R defined as
follows:

0 ((z,y), (u,v)) == { ly —vl, ifr=u

|z —u| + |y| + |v], otherwise.
Then § is a metric on R2, known as river metric.

Now, we give an example of two metrics d and § in R? and a pair (A, B) of subsets
of R? which satisfies P—property with d but fails to have mixed P—property.



6 V. SANKAR RAJ, K. ANISHA EJMAA-2024/12(2)

Example 4.1. Let A = {(x,2) : 1 <2 <3} and B={(z,1) : 1 <z < 3} be two
nonempty subsets of R%. Let d ((x y) (u v)) |z —ul + |y —v|, and § is the river
metric on R%. Then d ((z,y), (u,v)) < §((z,y), (u,v)), for all (z,y), (u,v) € R2.
Then, it is easy to see that the pair (A, B) has P—property with respect to d but
fails to have mized P—property with respect to d and §.

Now, we use the mixed P—property to establish the following best proximity
point theorem.

Theorem 4.3. Let X be a nonempty set together with two metrics d and § such
that d(¢,n) < 6(¢,n), for all ¢,n € X. Let A, B be two nonempty subsets of X
such that Ag is nonempty and the pair (A, B) satisfies mived P—property. Let
T : A — B be a mapping satisfying T(A3) C BE. Suppose that

(1) A is complete with respect to d,

(2) T is continuous with respect to d,
(3) there exist k € [0,1) such that §(T¢, Tn) < kd§((,n), for all {,n € A.

Then T has a unique best proximity point in A with respect to d.

Proof. Let {, € Ad. Since T¢y € BY, there is (; € A& such that d((1,T¢y) =
D(A, B). Since T¢; € B{, there is (2 € Ad such that d((2,T¢1) = D(A, B). By
repeating the process, we obtain a sequence {(,} in A¢ satisfying the equality
d(Cn, TCo—1) = D(A, B), for all n € N. Seeing that d((,,T(,—1) = D(A, B) and
d(Cnt1, TCn) = D(A, B), by mixed P—property, we have §(Cny Cnt1) = 0(TCn—1,TCn)-

Thus, §(Cny Cnt1) = 0(TCn-1,TCn) < k6(Cn—1,Cn), for all n € N. Now, it is easy
to see that 0(Cp, Cur1) < k™6(Co,¢1) and hence, for any n < m,

n

1-k

0(€p,¢1) = 0, as n — o0

(CnaCm) g 5 Cnva Z CjaCj+1

Hence {(,} is Cauchy with respect to d. Since A is complete, there is (* € A such
that ¢, — ¢*. Since T is continuous with respect to d, d(T¢,,T¢*) — 0. Then
D(A,B) <d(¢*,T¢") <d(C*,Cn) + d(Cny TCr1) + d(TGr—1,TC") = D(A, B).

Hence d(¢*,T¢*) = D(A, B).

Suppose that there is n* € A such that ¢* # n* and d(n*,Tn*) = D(A, B). Then
by mixed P—property, 6(¢*,n*) = 6(T¢*, Tn*) < §(¢*,n*), a contradiction. Hence
the best proximity point is unique. ([

When A = B, the above theorem reduces to the Maia’s fixed point theorem
(Theorem [1.1). The following example shows the condition that X is complete
with respect to d can not be relaxed.

Example 4.2. Let X = C[0,1] be the set of all continuous real-valued functions
defined on [0,1]. Consider the following subsets of X.

:{fEC[O,l]:f(t):t,ifte {o;] and%ﬁf(t)gt,ifte {;1]}

B:= {gEC[O,l]:g(t):;,iftE [0,;} and%ﬁg(t)gt,ifte B,l}}
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Consider the two metrics,

d(f.g) = / F(8) — g(t)ldt,
5(f.9) = sup{|f(t) — g(t)] : £ € [0.1]}.

Clearly, d(f,q) < 6(f,q), for all f,g € X and X is not complete with respect to
d. It is easy to see that A, B are nonempty subsets of A, B respectively and
D(A, B) = 4, the area of triangle whose vertices are (0,0), (0,3) and (3, 3).

Let T : A — B be a mapping defined by

1 . 1
oo - |3 ifte 03]
(1)) HO L3 e L),

It is easy to see that T is continuous with respect to d and it satisfies 6(T f1,T f2) <
16(f1, f2), for all f1, fo € A. But there is no f € A such that d(f,Tf) = § =
D(A, B). That is, T has no best proximity points in A with respect to d.
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