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1. Introduction

T.S. Blyth and J.C. Varlet [1] introduced the class MS of all
M S-algebras which is a common abstraction of de Morgan
algebras and Stone algebras. T.S. Blyth and J.C. Varlet [2]
characterized the subvarieties of MS. The class MS contains
the well-known classes for examples Boolean algebras, de
Morgan algebras, Kleene algebras and Stone algebras.
Recently A. Badawy, D. Guffova and M. Haviar [3] intro-
duced and characterized the class of principal MS-algebras
by means of triples. A. Badawy [4] introduced de Morgan
filters of decomposable MS-algebras. S. El-Assar and A.
Badawy [5] introduced Homomorphisms and Subalgebras of
MS-algebras. C. Luo and Y. Zeng [6] characterized the MS-
algebras on which all congruences are in a one-to-one
correspondence with the kernel ideals. In [7] M. Sambasiva
Rao introduced the concepts of boosters and pf-filters of
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MS-algebras. Also M. Sambasiva Rao [8] introduced the
notion of e-filters of M S-algebras.

In this paper, the concept of d;-filters is introduced in prin-
cipal MS-algebras and then many properties of d;-filters are
studied. Various examples of d-filters are introduced. A char-
acterization of d; -filters of a principal M S-algebra is obtained.
Also a principal d,-filter of the form K, on a principal MS-
algebra L, for every a € L is introduced. Every principal d, -fil-
ter can be expressed as K, for some a € L. It is proved that the
class K(L) of all principal d, -filters forms a de Morgan algebra
on its own. A one-to one correspondence between the set of all
principal d; -filters of a principal M S-algebra L and the set of
all principal filters of L°° is obtained. Finally, a relationship
between d -filters and congruences on a principal M S-algebra
is investigated.

2. Preliminaries

In this section, some certain definitions and results which were
introduced in the papers [1-3,9,10] are given.

A de Morgan algebra is an algebra (L;V,A,”,0,1) of type
(2,2, 1,0, 0) where (L; V,A,0,1) is a bounded distributive lat-
tice and ~ the unary operation of involution satisfies:

1110-256X © 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
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X=x,(xVy)=XAJ,(xAy) =X V7.

An MS-algebra is an algebra (L; Vv, A,°,0, 1) of type (2, 2, 1,
0, 0) where (L;V, A,0, 1) is a bounded distributive lattice and °
the unary operation of involution satisfies:

X<X* (xAp)’=x"V)y,1°=0.

The class MS of all MS-algebras is equational. A de Mor-
gan algebra is an M S-algebra satisfying the identity, x = x*°. A
K,-algebra is an MS-algebra satisfying the additional two
identities

XAXT=X"AX", (xAX)V (V) =yV)y'.

The class S of all Stone algebras is a subclass of MS and is
characterized by the identity x A x° = 0. A Boolean algebra is
an M S-algebra satisfying the identity x V x° = 1.

Some of the basic properties of MS-algebras which were
proved in [1,10] are given in the following Theorem.

Theorem 2.1. For any two elements a, b of an MS-algebra L,
we have

1) o°=1,
2)a<b=b<a,
(3) aOOO :ao)

4) (avb) =a ND°,
5) (avb)” =a>Vb>,
(6) (anb)” =a> ND”.

Theorem 2.2. Let L be an MS-algebra. Then

(D) L ={x e L:x=x"}isade Morgan algebra and a sub-
algebra of L,

(2) D(L) = {x € L : x° = 0} is a filter of dense elements of L,

(3) B(L) ={x € L :xVx° =1} is a Boolean algebra and a
subalgebra of L*°.

For any MS-algebra L, let F(L) denote to the set of all fil-
ters of L. It is known that (F(L); A, V) is a distributive lattice,
where FAG=FNGand FVG={fAg:f€ F,geG}. Also,
[a) = {x € L:x > a} is a principal filter of L generated by a.

By a congruence on an MS-algebra (L;V,A,0) we shall
mean a lattice congruence 0 such that

(x,») € 0 implies(x°, y°) € 0

Through what follows, for an AMS-algebra L we shall
denote by V the universal congruence on L. The Cokernel of
the lattice congruence 6 on a lattice L is defined as

Coker ={x € L:(x,1) € 0}.

The following definition of a principal M S-algebra was intro-
duced in [3].

Definition 2.3 (Definition 2.1, 3). An MS-algebra (L;V, A,
0,0,1) is called a principal MS-algebra if it satisfies the
following conditions

(1) the filter D(L) is principal, i.e., there exists an element
d; € L such that D(L) = [d,);
2) x=x*A(xVd,) for any x € L.

3. Properties of d; -filters

In this Section, the concept of d; -filters is introduced in a prin-
cipal M S-algebra. Many properties and examples of d -filters
are investigated. Also, a set of equivalent conditions is derived
for a filter of a principal M S-algebra to become a d, -filter.

Definition 3.1. Let L be a principal MS-algebra with the
smallest dense element d;. A filter F of L is called a d-filter if
dL € F.

Clearly the filter [dy) is a d,-filter of L. It is observed that
[dr) is the smallest d;-filter of L and L is the greatest d,-filter
of L.

Example 3.2.

(1) Every filter of a de Morgan algebra M is a d;-filter as
dy = 1 belongs to any filter.

(2) Let L={0,x,»,z,1 :0<x<y<z<l1} be a five
element chain and x° =x,)°=2z°=0. Clearly L is a
principal MS-algebra with the smallest dense element
». We observe that the filters {y,z,1},{x,y,z,1} and L
are d;-filters of L but the filters {z, 1} and {1} are not.

Now, for every filter F of a principal M S-algebra L with the
smallest dense element d;, consider the set L(F) as follows:

L(F)={xeL:x* €F}.

We first state the following Lemma.

Lemma 3.3. Let F be a filter of a principal MS-algebra L with
the smallest dense element dy. Then L(F) is a dp-filter of L
containing F.

Proof. Firstly we prove that L(F) is a filter of L. Clearly
1 € L(F). Let x,y € L(F). Then x>, y*° € F. It follows that
(xAy)*=x°Ay°e€F. Then xAyecL(F). Again, let
x € L(F) and z € L such that z > x. Hence z*° > x*° € F.
Then z°° € F implies z € L(F). Therefore L(F) is a filter of L.
Since d;” =1 € F, then d; € L(F). So L(F) is a d,-filter of L.
Since x* > x for all x € F, then x°° € F. Hence x € L(F).
Therefore FC L(F). O

A characterization of d; -filters of a principal M S-algebra L
is given in the following Theorem.

Theorem 3.4. Let F be a filter of a principal MS-algebra L with
the smallest dense element dy.. Then F is a di-filter if and only if
L(F)=F.

Proof. Let F be a d;-filter. Then d; € F. Since xV d; > d,
then xVd, € F. Let x € L(F). Then x*° € F. Now by Defini-
tion 2.3 (2) we get

xX=x"A(xVd,)€F.

Then L(F) C F. By Lemma 3.3, FC L(F). Therefore L(F) = F.
Conversely, let L(F) = F. By the above Lemma 3.3, Fis a d;-
filter of L. OJ



d;-Filters of principal M S-algebras

465

Let F,, (L) be the class of all d,-filters of a principal MS-
algebra L. It is observed that the intersection and the supre-
mum of two d;-filters of L are again d;-filters of L. Then we
can formulate the following.

Theorem 3.5. For any principal M S-algebra L with the smallest
dense element dy, the class Fy, (L) is a sublattice of F(L) with
unit.

Now more examples of d; -filters of a principal M S-algebra
L are given in the following Lemma 3.6.

Lemma 3.6. Let F be a filter of a principal MS-algebra L with
the smallest dense element dy. Then

(1) every maximal filter L is a d;-filter,
(2) for any prime filter P of L the set {(P) = {x € L :x° ¢ P}
is a d-filter.

Proof.

(1) Let M be a maximal filter of L. Suppose d;, ¢ M. Then
MV [d,)=L.HenceaAb=0forsomeacM,becld).
Then 0 =aAb = aANd; implies a Ad; = 0. It follows
that a < a*° =a* Ad]” =0 =0, where d;° = 1. Then
0=a € M which is a contradiction. Hence d;, € M.
Therefore, M is a d;-filter of L.

(2) Since 0 =1° ¢ P, then 1 € ¢(P). Let x,y € ¢(P). Then
x° ¢ P and )° ¢ P. Since P is prime, then we get
(xAp)°=x°Vy° ¢ P.Hence x Ay € {(P). Let x € {(P)
and z € L such that z > x. Thus »°* < x°. Then x° ¢ P
implies ° ¢ P. Hence y € P. Then £(P) is a filter of L.
Since d; =0 ¢ P then d, € {(P). So, {(P) is a d,-filter
of L. O

It is not true that every d; -filter is a maximal filter. For, in
Example 3.2 (2), the filter {y,z, 1} is a d;-filter but not a max-
imal filter.

Lemma 3.7. Let L be a principal K>-algebra with the smallest
dense element dy. Then

(1) The filter LY = {xV x° :x € L} is a d,filter.
(2) Any proper filter of L which contains either x or x° for all
x € L is a d;-filter.

Proof.

(1) Since d, =d; vV d;, then d;, € LY and L" is a d,-filter
of L.

(2) Let F be a proper filter contains either x or x° for all
x€L. Let ye LY. Then y =xVx° for some x € L. By
the hypotheses we get y=xVx° € F. Then LY CF.
From (1), d; € LY. It follows that d; € F. Therefore F
is a d;-filter of L. [J

A characterization of d -filters of a principal M S-algebra L
is studied in the following Theorem.

Theorem 3.8. Let F be a proper filter of a principal M S-algebra
L with the smallest dense element dy. Then the following
conditions are equivalent.

(1) Fis a d,-filter,

(2) xVvd, €F foreachx €L,

(3) x°° € F implies x € F,

(4) Forx,ye L, x*>=)"andx € F imply y € F.

Proof.

(1)=(2) Let F be a d,-filter of L. Then d; € F. Since
xVd, =d;, €F forall xe L, then xVd; € F and
the condition (2) holds.

(2)=(3) LetxVvd, € F for all x € L. Suppose x*° € F. Since
L is principal, then x =x° A (x Vd,) € F and the
condition (3) holds.

(3)=@4) Let x,ye L and x° =)°. Suppose x € F. Then
1°° = x°° € F. So by the condition (3), we get y € F.

(4)= (1) Since d; =0=1° and 1 € F, by condition (4), we
have d; € F. Therefore Fis a d;-filter of L. (J

4. Principal d,; filters

In this section, the concept of principal d;-filters in the class of
all principal MS-algebras is studied and characterized. Also a
representation of any d; -filter of a principal M S-algebra as a
union of certain principal d; -filters is given.

For any element a of a principal MS-algebra L with the
smallest dense element d;, consider the set K, as follows:

K,={xeL:x*<a"}

In the following Theorem 4.1, some of the basic properties of
the set K, are observed.

Theorem 4.1. Let L be a principal MS-algebra with the smallest
dense element dy. Then for any two elements a, b of L we have

(1) K, is a di-filter of L containing a,
(2) K, =[a*° Ndy),

(3) Ko = Koo

4) K, =K, if and only if a® = b°.

Proof.

(1) Clearly 1 € K,. Let x,y € K,. Then x° < @° and )° < a°.
Hence (x Ay)” = x° Vy° < a°. It follows that x Ay € K,,.
Now, let x€L and z > x for some ze€ L. Then
z° < x° < a°. Thus z° € K,. Therefore K, is a d-filter
of L. Since d; =0 < a°, then K, is a d,-filter of L.

(2) Let x € K,. Then x° < a° implies x°° = a*. Hence
x=x*A(xVdy) =a*AxVd) = a” Nd;. Then
x €[a* ANdy). Then K,Cl[a ANd,) Conversely, let
x €la® ANdy). Then x = a*Ad;. Tt follows that
x°<a*°Vd, =a° as a°=a"° and d; =0. Hence
a € K, and [a*° ANd;) CK,. Therefore K, = [a®° Ad]).

(3) From the fact that x° = x°° for all x € L, we get

K,={x€eL:x’<a=a"} =K.
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(4) Let K, =K,. Since a,b € K, = K, then a° < b° and
b’ < a°. It follows that a°=5b°. Conversely, let
a°=b".ThenK,={xel:x*<a’}={xel:x*<b’}=K,. O

For the principal M S-algebra, we have the following crucial
lemma.

Theorem 4.2. Let L be a principal M S-algebra with the smallest
dense element dy . Then every principal dy -filter can be expressed
as K, for some a € L.

Proof. Let F = [a) be a d,-filter of L. We claim that F = K.

Let x € F. Then x > a. Then x* > a*° > a*° Ad; implies

x°° € [a*° Ndy) = K. Since K, is a d;-filter and x*° € K,, then

by Theorem 3.8(3), x € K,, it follows that FC K,. Conversely,

since a<d; and a<d”, then a<a”Ad;,. Hence
= [a*° AdL) C[a) = F. Therefore F = K,. O

Consider K(L) ={K,:a € L} the class of all principal
d;-filters of a principal MS-algebra L. More properties of
principal d;-filters are studied in Theorem 4.3.

Theorem 4.3. Let L be a principal MS-algebra with the smallest
dense element dy. Then for any two elements a, b of L, the
following statements are hold.

(1) a < bin L implies K, CK, in K(L),
(2) Ka/\b Ka \ Kb;
(3) Koy = K, N Ky,

4) K(L) is a bounded distributive lattice,
(5) a — K, is an epimorphism of L into K(L).

Proof.

(1) Leta < bin L. Assume x € K, then x° < b°
xe€ K, and F, CK,.
(2) By Theorem 4.1 (2), we get

Koo =[(and) Ndy) = 1[a® AND™ Ndy)
=[(a® ANdL) AN (D™ Ady)) = [a™ Ndp) V[ Ady)
=K,V K,.

< a°. Hence

(3) Using Lemma (2) and by distributivity of L we get
Kow = [(aV D) Ndy) = [(a°Vb*)ANdy)
=[(a® ANdL)V (B Ndp)) = [a*° Ndy) N [D* Ady)
=K, NK,.

(4) Clearly K| = [d;) and K, = L are the smallest and the
greatest elements of K (L) respectively. Then by (2) and
(3) we observe that (K(L),V,N,[d.),L) is a bounded lat-
tice. Using the distributivity of L, we can get

K,V (KyNK.)=(K,VKp)N(K,VK,). Therefore
K(L) is a bounded distributive.
(5) Define the mapping f: L — K(L) by f(a) =K, . Let

a,b € L. Then by (2) and (3) above and Theorem 4.1(3)
we get the following equalities.

f(a A b) Ka/\b)" = Ka°\//)° = Ka° N Kho :f(a) mf(b)’
f(a Vv b) = [(avh)O = Bgopp® = Ka° V Kb° :f(a) \/f(b),
fia) = Ko = K,

f0)=1d,) and f(1)=L

Then f is a (0,1)-lattice homomorphism. Now, for every
K, € K(L), by Theorem 4.1(3) we get f(a°) = K-~ = K,. There-
fore f'is an epimorphism. [

Consider the subset /= {a*> Ad; :a € L} of a principal
M S-algebra L with the smallest dense element d;. Now some
properties of I are given in the following.

Theorem 4.4. Let L be a principal M S-algebra with the smallest
dense element dy. Then the following statements hold

(1) I is an ideal of L,

(2) 1is a de Morgan algebra on its own,
B3)I1=r-,

4 K(L) =1

Proof.

(1) Clearly 0e€l. Let x,yel. Then x=a°Ad, and
y=b"Ad, for some abeL Hence xVy=
(@ ANdp) Vv (b ANd) = (aVb) Ad,. Tt follows that
xVyel Again, let x€l and z<x,z€L Then
x =a*° ANd,forsomea € L. Sincez =z A (zV dy), then
z=zAx=z°A(zVd)Na® Ndy = (zNa)” Nd;.
Therefore z € I and I is an ideal of L.

(2) We observe that 0 and d; are the smallest and the great-
est elements of 7 respectively. From (1), I is a bounded

distributive lattice. Define the operation =~ on I by
X =x° Ad;. Then for any x,y € M we get

XAy =(xAY)°AdL =XV )Adp = (X ANd)V (° ANdy)
=XVYy,

XVy=(xVy)° AdL=xANy ANdp = (x°Ndp) AN (Y° Ndy)
=XANY,

X=xANdp= (X" ANd)° Adp=x" Ndp as & =x7 A(xVdy)
sx<d, =x.

Therefore I is a de Morgan algebra.

(3) Define a mapping f: L — I by f(a) = a Ad;. Clearly
f(0)=0 and f(1)=d,. For all a,be L we have
a=a> and b = b*°. Now

flavb) = (Vb Ad, = (and)V (bAdy) = fla) V. f(b),
flanb) = (aAb)ndy, = (andy) N (bAd) = fla) Af(D),
fl@)=a"Nd, =a° Nd, =a> Nd, =aNdy 7_)

Then f is a homomorphism. Let f(a) =f(h). Then

aNd, =bAd, implies a=a*ANd; =b" Nd =b as
a=a"° and d;’ =1. Hence f is an injective map.
Now we prove that f is a surjective map. Let x € M.
Then x=a*Ad;, for some acL. Thus
fla*®) = a* Ndp, = x. Therefore f is an isomorphism
between two de Morgan algebras L°° and /.
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(4) Define g: 1 — K(L) by g(a*° Adp)
Then x = a*° Ad; for some a € L and y =
some b € L. Now

=K. Let x,y e M.
b*° Ad for

g(xVvy)=g((aVvb)” Nd.) = Kavpy = Kaponrr = Koo V K
=g(x) VW),

g(xAy)=g((anb)” Ndy) = Kany = Kaovr = Koo N Ky
=gl¥)n (y)

@) =g(a" N dy) = Ky = Ky = g(%)

Then g is a homomorphism. For any K, € K(L), there exists
x =a°ANdp €I such that g(a° Ad.) = K,» = K,. Hence g is
a surjective. Suppose that g(a° Ady) = g(a° Ady). Then
K, = K. By Theorem 4.1 (2), [a° Ady) = [b° A dy). It follows
that a® Ad; = b° Adp. Then g is an injective mapping. There-
fore g is an isomorphism. [J

A one-to-one correspondence between the class of all prin-
cipal d; -filters of L and the class of all principal filters of L is
obtained in the following Theorem 4.5.

Theorem 4.5. Let L be a principal MS-algebra with the smallest
dense element dy . Then there exists a one-to-one correspondence
between the class of all principal d;-filters of L and the class of
all principal filters of L°°.

Proof. Let F be a principal d;-filter generated by the element
a. One can easily prove that [a) N L™ is a filter of L*. Now
let xe€la)nL”. Then x>a and xe€L®”. Hence
x =x° = a*. Therefore a°° is the smallest element of
[@) N L*°. Then [a) N L™ is a principal filter of L* generated
by a*°. Conversely, let 4 = [a) be a principal filter of L.
Then by Theorem 4.1(1) and (2), K, is a principal d;-filter
of L. I

It is known that any filter of a finite M S-algebra is a prin-
cipal filter. From the above Theorem, the following corollary is
an immediate consequence.

Corollary 4.6. Let L be a finite principal M S-algebra. Then we
have

(1) Every d;-filter can be expressed as K, for some a € L,
(2) Fo, (L) =K(L).

Now, we can represent any d; -filter of a principal M S-alge-
bra L as a union of certain principal d-filters.

Theorem 4.7. Let F be a di-filter of a principal MS-algebra L
with the smallest dense di. Then F =

\’EF
Proof. Let yc F. Since L is principal MS-algebra,
then y=y°A(yVvd,) =y*°Ad,. Thus ye]p Ad)=

K, CU,rK:. Then FCJ, -K.. Conversely, let y € U,erKs
Then ye K., for some ze&€F. Then )°<z° 1mp11es
y°° = z*° € F. Then y*° € F implies y € F as F is a d-filter.
Thus |J..-K, C F. Therefore F = J _-K,. O

xeF xeF

5. Congruences via d; -filters

In this section, the relationship between d -filters and congru-
ences of a principal MS-algebra L is investigated.

Let L be a principal M S-algebra with the smallest dense ele-
ment d;. Define a binary relation 0, on L as follows:

(x,») € 04if and only ifx Ad, =y Ad,.

Some properties of 0, are studied in the following
Theorem 5.1.

Theorem 5.1. Let L be a principal MS-algebra with the smallest
dense element dy. Then the following statements hold

(1) 64, is a congruence on L with Cokerfy, = [d),
(2) [x]04, = [x*°]04, for all x € L,
(3) L/04, is a de Morgan algebra on its own.

Proof.

(1) It is clear that 0, is a lattice congruence on L. Let
(x,y) € 04,. Then x Ad, =y Ad,. Hence x° =x°V d; =
(xAdL)” = (yAdL)’ =y°Vvd, =) as d; =0. Hence
x°ANd, =y ANdp and (x°,)°) € 0,,. Therefore 6,, is a
congruence on L. Now we have

Cokerly, ={x e L:(x,1)el,}={xeL:xNd, =d_}
> d ) =[dp).

(2) Since x =x°° A (x Vd,) for all x € L, then we get

={xeLlL:x>

x/\dL:xOO/\(x\/dL)/\dL:x°°/\dL

Then (x, x*°) € 0,, implies [x]0,, = [x*°]0,, .

(3) It is known that the quotient set L/0,, is {[x]0,, : x € L}.
Clearly (L/04,V,N) is a bounded distributive
lattice with bounds [0]0,, and [1]0, = [d.), where
[x}HdL A b/]edL = [X/\y}HdL and [x]edL v b/]edL - [xVy]@dL.
We can define a unary operation ~ on L/0; by
[x}HdL = [XO]QdL. We [O]HdL = [1}0,& and
[1]6,, = [0]04,. We have the following equalities

observe

[ ]0111_ - [XOO]HJL = [x]et/u
[X]edL A D}}HdL [X /\y]HdL - [(X /\y) ] dp — [Y vy ]06&
= [X ]Odl. \ b}O]Odl_ = m()d/_ v mOdL'
Similarly we can prove that [x]0, V [x]0, =

deL A m@dL. Then L/6,, is a de Morgan algebra. [

The following Lemma characterizes the Cokernel d; -filters.

Lemma 5.2. Let 0 be a congruence relation on a principal MS-
algebra L with the smallest dense element dy, such that 0 = 0,4, .
Then Cokert is a di-filter of L.

Proof. It is known that Coker0 is a filter of L. Since
dL A dL = dL =1A dL, then (dL, 1) S HdL g 0. Hence
(dr,1) € 0 and d; € Coker(. Therefore Cokerf is a d-filter
of L.
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For every element « of a principal MS-algebra L, define the
relation Ok, on L as follows

(x,y) € Ok, if and only if x** Aa=y" Aa

The following Theorem reveals many basic properties of O, .

Theorem 5.3. Let L be a principal M S-algebra with the smallest
dense element dy. Then for any a € L we have the following

(1) Ok, is a lattice congruence on L with CokerOx, = K,,
(2) (x,x*°) € Ok, for allx € L,

3) Ok, =04, and O, =V,

(4) OKH = HKaoo ,

(5) L/Ok, is a de Morgan algebra on its own.

Proof.

(1) Obviously 0k, is an equivalent relation on L. Let
(x,»),(c,d) € k,.  Then x*Aa=y°Aa  and
¢ Na =d>° Aa. Then we have the following equalities

(xVe)ANa=(x*Vc©)Aa=(x"ANa) V(¢ Na)
=0"ANa)V (@ Na)= (" Vd)Na
= Vd) > Aa

and

(xAc) " Na=(x*Ac*)ANa= (x*Na) A (¢ Aa)
=0"Na) AN Na)= (" Nd)ANa
=(pAd)" Na

Consequently (xV e,y Vd),(xAc,yAd) € Og,. There-
fore Ok, is a lattice congruence relation on L. Now we
show that Coker0Ok, = K,.

CokerOg, ={x e L:(x,1)€lg}={xeL:x*Na
=1"ANa}={xeL:x*Na=a} ={xeL:x>
zat={xel:x*<a’} =K,

(2) Since x°° = x°°° for all x € L, then x*° Aa = x°°° Aa. It
follows that (x,x*°) € O, .

(3) Let (x,y)€0,;. Thus xAd,=yAd,. Then
x°ANd" =y*° ANd;” implies x*°A1=yAl. Hence
(x,y) € Ky and 6, Cbg,. Conversely, let (x,y) € K;.
Then x*° A 1=y A1 implies x*° Ad,, = y*°A,,. Then
(x°°,»°) € 0,,. By Theorem 5.1(2), (x,x°°),(»*°,») €
6,4,. Then by transitivity of 6,, we get (x,y) € 0,,. Then
Ok, C 0,4, and Ok, = 0,,. Now we observe that

Ok, ={(x,y) ELXL:xX*AN0=0=)"A0}=LxL=V.

(4) Now we proceed to show that Ok, = 0k

4%

(x7y) € OK“ < X ANa :y°° Aa = (xoo /\a)oo

0000

=0"Na)” <= x*Na® =y° Na* as a
=a" <= (x,y) € Kye.

(5) Since L is a bounded distributive lattice, then

(L/Ok,,V, A, [0]0k,,K,) is a bounded distributive

lattice. Define the unary operation ~ on L/,
by [x]0x, = [x°]0k,. Then we observe that

[X]0k, = [x*°]0k, = [x]Ok,,
[X]0x, A [0k, = [x]0k, V [¥]0x,,
: _ e

X]GK“ \Y [y]QKu = [X]OKU A L}/}HK”.

Therefore (L/0k,,V,A,—,[0]0k,,K,) is a de Morgan
algebra. [J

Let Cony(L) = {6k, :a € L*”}.
following.

Now we prove the

Theorem 5.4. Let L be a principal M S-algebra with the smallest
dense element dy . Then for any a,b € L°° we have the following

(1) a < bin L if and only if O, < Ok, in Cony (L),
(2) Ok, N Ok, = Ok,
(3) Ok, v Ok, = Ok

avb?

anb*

Proof.

(1) Let a < band (x,y) € Ok,. Then x> A b = y°> A b. Hence
X ANbANa=y°NbAa. This leads to x*° Aa =y Aa.
Then (x,y) € 0x, and 0k, COg,. Conversely, let
Ok, C Ok,. Then we have (b, 1) € Ok, C 0k,. This implies
that 5> Aa=1° Aa=a. Thus b =b>° > a.

(2) Since a,b < aV b, then by (1), Ok, C0k,, Ok,. Hence
Ok,,, C Ok, N Ok,. Conversely, let (x,y) € Ok, N Ok,. Then

(x,») € Ok,,0k,. Then we have x* Aa=)"Aa and
xX° ANb =y Ab. Now

X AN(aVvb)=(x"ANa)V (x°Ab)= (" Na)V (y*° AD)
=y* A(aVb).

Consequently (x,y) € 0k,,. Then 0k, N0k, C Ok, .
(3) It is clear that 0, is an upper bound of both 0k, and
Ok, on Cony(L). Let 6. be an upper bound of both
Ok, and Ok, on Comy (L), for some z € L*°. Then, we
obtain Ox, COx, and 0Ok, C0Ok. This result leads to
a >z and b > z, which implies a Ab > z. Hence by
(1), we have 0Ox,,, C 0k,. Thus, 0O, is the supremum of

aNb =

both 0k, and 0k, on Cony(L). O

anb

From above Theorem 4.2, the following Theorem is an
immediate consequence.

Theorem 5.5. Cony (L) forms a de Morgan algebra on its own.

Proof. From the above Theorem 4.2(2) and (3) we proved that
the infimum and the supremum of any two elements of
Cony (L) are elements of Cony(L). Then (Cony(L),N,V) is
a lattice. For every O, , Ok,, Ok, € Cony (L), We get the follow-
ing equalities.

9[(“ n (9Kb V 0[((,) = 9](“ N 9[(],/\[‘ = 0

Kuv(bA(‘) = ek(uvh)/\(uw)

= 0Ok, V Ok, = (0, NOk,) V (0, N Ok,.)

This shows that Cony(L) is a distributive lattice. Since
Ok, = 0,4, and Ok, =V are the least and the greatest elements
of Cony (L) respectively, then Cony, (L) is bounded. Now, we
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define a unary operation ~ on Con,, (L) by 5,@ = Ok,.. Then we
get the following equalities.

Ok, = Uk,
bk, N HKh = GKa\/h = GK((,vb)o = ekaw@ = eKuo v 91(170 = bk, V 0K{77
01@ N 0Kh = eKu/\h = QK((A/\b)O = 9Ku°\/h° = 0Ku° n 01(/70 = 01(“ N 9’(};'

Therefore (Cony(L),V,N,—,0,,,V) forms a de Morgan
algebra on its own. [

Finally, we conclude this paper with the following.

Theorem 5.6. Let L be a principal MS-algebra with the smallest
dense element dr. Then for any a € B(L) we have the following

(1) Ok, is a congruence on L,

(2) 0[((1 ﬂ Ql(ao = Qdu

(3) Ok, Vg, =V,

(4) L/0k, is a Boolean algebra, whenever L € S,

(5) Cong(L) = {0k, :a € B(L)} is a Boolean subalgebra of
Cony(L).

Proof.

(1) We proved in Theorem 5.3(1) that 0k, is a lattice congru-
ence on L. Now for every element a of a Boolean subal-
gebra B(L) of L, we prove that 6k, preserves the
operation o. Since B(L) is a Boolean algebra, then
aVa®=1and aAa® =0 for all a € B(L). Now we get
the following equalities

(x,p) €0k, = x> Na=y"Na= (xX*Na)Vd°
=0 Na)Va = (x*Va)A(aVa®)
=0”Va)A(ava)=x>*Va =)y°Va asaVa

— 1 = (Xoo vao)o — (yoo vao)o = xooo /\aoo :yooo /\ aoo

000 000

=X ANa=)""Naasa” =a= (x°,)°) € U,
Therefore 0, is a congruence on L.

(2) Using Theorem 5.4 (2) and a V a° = 1, we get.

Ok, N Ok, = Ok,,. =0k =0q

ava®

(3) By Theorem 5.4 (3) and aAa®° =0, we obtain the
following.

Ok, V Ok, = Ok

ana®

=0k =V

(4) By Theorem 5.3(5), for every a € L, we proved that
L/0, is a de Morgan algebra. Let L € S and a € B(L).

Then for every x€L we have xAx°=0 and

xVx° € [d,) CK,. Consequently
[x]0k, V [x°]0k, = [x V x°|0k, = K, = [1]0k,
and
[x]0k, A [x°]0k, = [x A x°]0k, = [0]0k,

Then every element of L/, has a complement. Then L/6, is
a Boolean algebra.

(5) For every a,beB(L) we have 0O Vb =
Ok,,, € Cong(L) and 6Ok, A O, =0k, € Cong(L) as
aVb,anbeB(L). Then (Con(L),V,A) is a sublattice
of Cony(L). Since 0,1 € B(L), then 0Ox,, Ok, € Cong(L).
Hence Conp(L) is a bounded distributive lattice. Now
we can define the unary operation ~ on Cong(L) by
EKM = 01(110 . Then we get EKH n OKE = OKHO N 01(“ =
Ok, = 04, and Ok, V Og, = Ok V O, = 0, = V. Then
every element of Cong(L) has a complement. Therefore
Cong(L) is a Boolean subalgebra of Cony,(L). O
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