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Abstract Rossler positive braids are defined and denoted by Rþm. We represented a general form of

Rossler positive braid, and its associated permutation. For the m period Rossler positive braid Rþm,

the number of crossing equals to ½2ðm� 2Þ þ ðm� 1Þ�, and the genus g ðRþmÞ ¼ ðm� 2Þ, it also has a

braid index equals to m, m > 1.
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1. Introduction

A flow is a family of maps Ut : R3 ! R3, parameterized by
t 2 R. The solutions to three dimensional systems of differen-
tial equations are flows. For a given x 2 R3, the flow sweeps
out a trajectory as t is varied. (Strictly speaking, dynamics pri-

marily deals with semiflows, where t represents time and is
restricted to be non-negative.) Knots and links arise in flows
when the trajectory returns to its starting point in a finite time,

and this is called a periodic orbit. Thus, the search for periodic
orbits of a dynamic system is equivalent to the search for knots
and links traced out by flow trajectories.

The periodic orbits that arise in the system introduced by
Rossler system [1]:

_x ¼ � yþ zð Þ;
_y ¼ xþ ay;

_z ¼ bþ z x� cð Þ;

are chaotic by continuously increasing the parameter a from

nonzero values. First an ordinary single limit cycle or ’’zero
path’’ appears, then a double looped or ’’two path’’ one, then
a spiral-type horseshoe chaos or ’’two path’’ one, then horse-

shoe chaos with a multiply folded underlying horse map.
The graphs for parameter values a ¼ b ¼ 0:2 and four dif-

ferent values of c are shown in Fig. 1.

Definition 1 [2]. The braid group Bn can be defined via the

following presentation, known as the braid presentation or
Artin presentation:
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Figure 4 Cromwell diagram of a trefoil knot.

Figure 5 The Rossler link of one path R1, two path R2, and three

path R3, respectively.

Figure 1 Zero, first, second, and third order Rossler knots.

Figure 2 Generators of Braid group ri and r�1i .
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Bn ¼
ri; i ¼ 1; 2; . . . ; n� 1 : rirj ¼ rjri if i� jj j > 1;

ririþ1ri ¼ riþ1ririþ1 if i ¼ 1; 2; . . . ; n� 2

� �
;

where ri and r�1i as in Fig. 2.

Definition 2 [3]. A braid b consisting of an ordered sequence
of the generators only, in which no inverse of any generator
occurs will be called a positive braid and denoted by Bþn .

Definition 3 [3]. A positive permutation braid is a positive

braid where each pair of its strings crosses at most once.

The set of these braids in Bn is denoted by Sþn , which was

first introduced by Elrifai in [4].
Positive permutation braids are important and very useful

in many fields, such as braid groups, knot theory, representa-

tion theory, cryptography and dynamical systems.

Definition 4 [4]. Lorenz link is a closed braid b 2 Bn for some
integer n, where in b the strands have a natural ordering from
left to right. Number them 1; 2; . . . ; n on the top and on the

bottom. These strings fall into two groups of parallel strands, a
left group of k strands and a right group of r strands,
kþ r ¼ n. The strands in the right group always pass over (not

under) those in the left group, but strands in the same group
Figure 3 Construction of Cromwell matrix
never cross one another. These braids b are called a Lorenz

braid of type ðk; r) and denoted by b k; rð Þ.

Definition 5 [5]. An n� n matrix each of whose rows and
columns has exactly two 1’s and 0’s elsewhere is called a
Cromwell matrix. By joining two 1’s in each column of a

Cromwell matrix with a vertical line segment and two 1’s in
each row with a horizontal line segment which underpasses
any vertical line segments that it crosses, we obtain its Crom-

well diagram. Conversely, given a Cromwell diagram with n
horizontal lines and n vertical lines, we place 1’s at each corner
and 0’s at other points where the lines and their extensions

cross, to construct its Cromwell matrix (see Fig. 3).

Definition 6 [5]. Cromwell showed that every link diagram is
isotopic to a diagram which is a finite union of the following
local diagrams in such a way that no more than two corners

exist in any vertical line and any horizontal line. Such a dia-
gram is called a Cromwell diagram (see Fig. 4).

Elrifai and Ahmed studied the periodic orbit which arise by
Rossler dynamical system as follows:

Definition 7 [6], Rossler Links. Begin from the inner most
trajectory and follow it until it becomes an outer path. As it

rejoins the inner trajectories it joins the next one. The crossings
are alternating and the just one is an over crossing. This
construction is shown in Fig. 5 for one path R1, two path R2,
from Cromwell diagram and its inverse.



Figure 6 R2, as a dosed three-braid.
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Figure 8 The Rossler positive braid for one path Rþ1 , two path

Rþ2 , and three path Rþ3 , respectively.Figure 7 General pattern for Rm.
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and three path R3, respectively. Let Rm, be the Rossler link of
the m path, where the order of the chaotic path is the number
of inner trajectories.
Figure 9 A General pattern form for Rþm.
Definition 8 ([6], Rossler braids). Two types of moves can be

applied, which do not change the knot type, on the diagram of
Rm, to put it into a nice form such as a closed ð2m� lÞ-braid,
which we call the Rossler braid. First turn over those arcs of
Rm, which run around the trivial loop and then remove the triv-

ial loop, see Fig. 6 for R2, as a closed three-braid (see Fig. 7).

Theorem 9 [5]. The mRossler knot Rm, has genus
mðm�1Þ

2
. For any

regular alternating diagram, the number of crossings is invariant

and equals to ðmþ 2Þðm� 1Þ. It also has braid index equals to
ð2m� 1Þ.
2. Main results

In this paper we introduced the Rossler positive braid and

denoted it by Rþm. This construction is shown in Fig. 8 for
one path Rþ1 , two path Rþ2 , and three path Rþ3 , respectively.
And Rþm, be the Rossler link of the m path.

Corollary 10. A General form of Rossler positive knot has a

braid representation
a ¼
Ym�1
i¼2

ri

Ym�2
i¼1

ri

Y1
i¼m�1

ri:

The associated permutation of Rossler positive braid Rþm is
one cycle

a ¼ 1 m m� 1 m� 2 . . . 2ð Þ:

As in Fig. 9.
Theorem 11. The m period Rossler positive braid Rþm has the
number of crossing equals to ½2ðm� 2Þ þ ðm� 1Þ�, the genus g

ðRþmÞ ¼ ðm� 2Þ. It also has braid index equals to m, m > 1.

Proof. From the definition of the associated permutation of
Rossler positive braid Rþm, and its general pattern form as in
Fig. 9, we have 2ðm� 2Þ crossing from a 2ð Þ ¼ 1, and

ðm� 1Þ crossing from a 1ð Þ ¼ m. So the number of crossing is

cðRþmÞ ¼ 2ðm� 2Þ þ ðm� 1Þ:

For any knot K;

gðKÞ ¼ ½1þ cðKÞ � sðKÞ�=2;

where sðKÞ is the number of Seifert circles, or the number of
strings, so

gðRþmÞ ¼ ½1þ 2ðm� 2Þ þ ðm� 1Þ �mÞ�=2 ¼ ðm� 2Þ:
Corollary 12.

For Rossler positive braid Rþm, the integer m is knot invariant.

For all m P 2.



Figure 10 Rþm become Lorenz braid of type ð1;m� 1) If

að2Þ ¼ 1.
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Proposition 13. If a 2ð Þ ¼ 1 as in Fig. 10, then Rþm become

Lorenz braid of type ð1;m� 1). Also it becomes positive
permutation braid.

Corollary 14. The Rossler positive braid Rþm, has Cromwell

matrix of order 3m� 3mð Þ with zero diagonal.

Example 15. Cromwell matrix for Rþ1 is
0 1 1
1 0 1
1 1 0

2
4

3
5,

Cromwell matrix for Rþ2 is

0 0 1 0 0 1
0 0 0 1 1 0
1 0 0 0 0 1
0 1 0 0 1 0
0 1 1 0 0 0
1 0 0 1 0 0

2
6666664

3
7777775
, and
Cromwell matrix for Rþ3 is

0 0 0 1 0 0 0 0 1
0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 1 0 0
1 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 1 0 0
0 0 1 1 0 0 0 0 0
0 1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0

2
6666666666664

3
7777777777775

.

In this paper we introduced the Rossler positive braid and
denoted it by Rþm, a general form of Rossler positive braid and

its associated permutation. We calculated the number of cross-
ing which equals to ½2ðm� 2Þ þ ðm� 1Þ�, the genus g
ðRþmÞ ¼ ðm� 2Þ, also its braid index equals to m, for m > 1.
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