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Introduction

Rough set theory was originally proposed by Pawlak [1, 2] for dealing with uncertain
knowledge in information systems. Using the concepts of lower and upper approxima-
tion in rough set theory, knowledge hidden in information systems may be unraveled
and expressed in the form of decision rules. So far, rough set theory has been success-
fully applied in fields such as machine learning and knowledge discovery [3, 4], data
mining [5, 6], decision-making support and analysis [7-9], process control [10, 11], ex-
pert system [12], and pattern recognition [13]. Kuratowski [14] and Vaidyanathaswamy
[15] introduced and investigated the concept of ideals in topological spaces. In 1990,
Jankovic and Hamlett [16] investigated further properties of ideal topological spaces.
In this paper, the notions of j-ideal lower and j-ideal upper approximations where
je€ia, S, P,y, B, Ag} as a generalization of approximation by Pawlak via j-ideal open sets
are introduced and studied. Some of their basic properties with the aid of examples are
investigated. Moreover, the relationships between these approximations are presented.

Preliminaries
Throughout this paper, (X, 7) (or simply X) represent topological spaces on which no
separation axioms are assumed unless otherwise mentioned. For a subset A of X, cl(A),
int(A), and A denote the closure of A, the interior of A and the complement of A,
respectively. Let us recall the following definitions, which are useful in the sequel.

Definition 2.1 A subset A of a topological space (X, 7) is called:

(1) Preopen [17] if A C int(cl(A)) and preclosed if cl(int(A)) c A.

(2) Semi-open [18] if A € cl(int(A)) and semi-closed if int(cl(A)) CA.

(3) b-open [19] y-open [20] if AC cl(int(A)) v int(cl(A)).
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(4) Semi-preopen [21] (=B-open [22]) if A < cl(int(cl(4))) and semi-preclosed
(=B-closed) if int(cl(int(A))) c A.

(5) a-open [23] if A C int(cl(int(A))) and «a-closed if cl(int(cl(A))) < A.

The class of all preopen (resp. semi-open, y-open, semi-preopen, and a-open) sets in
a topological space (X, 7) is denoted by PO(X) (resp. SO(X), yO(X), SPO(X), and aO(X)).
All of these classes are larger than 7 and closed under arbitrary unions. The class of all
preclosed (resp. semi-closed, y-closed, semi-preclosed, and oa-closed) sets in a
topological space (X, 7) is denoted by PC(X) (resp. SO(X), yC(X), SPC(X), and aC(X)).

Definition 2.2 Let A be a subset of a topological space (X, 7). A subset Ag(A) is
defined as follows [24]: Ag(A) = N{G:AC G, GeBOX)}. The complement of Ag(A)-set
is called vg(A)-set.

Definition 2.3 Let (X, 7) be a topological space and A CX. A subset A is called Ag-set
[24] if A = Ag(A). The family of all Ag-set and vg-set are denoted by AzO(X) and vzC(X),
respectively.

Definition 2.4 [16] An ideal I on a topological space (X, 7) is a non-empty collection
of subsets of X which satisfies the following two conditions:

(i) If A € Iand BCA, then B € [ (heredity).
(i) fA€Iand BE [,then A B € [ (finite additivity).

An ideal topological space (X, 7) with an ideal I on X is denoted by (X, 7, I).

Definition 2.5 For a subset A € X, A*([, 7) = {x € X: Gn A ¢ I for each neighborhood G
of «} is called the local function of A with respect to [ and 7 [14]. We simply write A’
instead of A*(I, 7) in case there is no chance for confusion.

For every ideal topological space (X, r,1), there exists a topology r'({), finer than t,
generated by the base B(I,7)={G-i:Ger,icl }[16]. Additionally, clI'(A)=AUA"
defines a Kuratowski closure operator for r'().

Definition 2.6 A subset A of an ideal topological space (X, 7, ) is said to be:

(i) pre-I-open [25] if A Cint(cl*(A)).

(ii) semi-I-open [26] if A C cl*(int(A)).

(iii) a-I-open [26] if A C int(cl(int(A))).

(iv) y-I-open [27] if A € cl'(int(A)) u int(cl’(A)).

(v) B-I-open [26] if A C cl(int(cl’(A))).

Motivation for rough set theory has come from the need to represent subsets of a universe
in terms of equivalence classes of a partition of that universe. The partition characterizing a
topological space is called approximation space, where the set X is called the universe and R
is an equivalence relation [28, 29]. The equivalence classes of R are also known as the gran-
ules or elementary sets or blocks. We shall use R, to denote the equivalence class containing
x€X and X/R to denote the set of all elementary sets of R. In the approximation space
K= (X, R), the lower (resp. upper) approximation of a subset A of X is given by

R(A) = {xeX : R,CA} (resp. R(A) = {xeX : R,nA=@} where R, = {x € X: xRy}

Pawlak noted [30] that the approximation space with equivalence relation R defines a
uniquely topological space (X, r) where 7 is the family of all clopen sets in (X, r) and X/
R is a base of 7. Moreover, the lower (resp. upper) approximation of any subset A of X
is exactly the interior (resp. closure) of A.



Nawar Journal of the Egyptian Mathematical Society (2020) 28:5

If R is a general binary relation, then the approximation space K= (X, R) defines a
uniquely topological space (X, 7x), where 7x is the topology associated to K (i.e., 7 is
the family of all open sets in (X, 7x) and S = {xR : xX} is a subbase of 7, where xR = {
yeX:xRyj) 31, 32].

Definition 2.7 [31] Let K= (X, R) be an approximation space with general binary re-
lation R and 7 be a topology associated to K. The triple x = (X, R, 7x) is called a topolo-
gized approximation space.

Definition 2.8 [31] Let x = (X, R, 7x) be a topologized approximation space and A C
X. The lower, upper approximations, boundary, positive and negative regions, and
accuracy of the approximation of A are defined respectively as follows:

R, (A) = u{Gerg : GCA} = int(A), where int(A) represents the interior of A.

R, (A) = n{Fery® : ACF} = cl(A), where cl(A) represents the closure of A.
Bre(A) = Reg(4)-R,, ().

POS,, (4) = R, (A).

NEG,, (A) = X-R, (A).

R, ()

R, (4)
Definition 2.9 [33] Let x = (X, R, 7x) be a topologized approximation space and A C

|, where |R;, (A)|#0.

Mo (A) =

X. The Ag-lower, Ag—upper approximations, Ag—boundary, Ag—positive and Ag—negative
regions, and Ag—accuracy of the approximation of A are defined respectively by:
R, (A) = u{GengO(X) : GEA}, Ryy(A) = n{FenpC(X) : ACF}

R,
Buy(A) = Ry (A)-R,  (4).
POS,, (4) = R, (A).
NEG,,(A) = X-R,,(A).

R, (4)

R, @)

1, (A) = | 2 |, where |Ry, (4)]0.

Agl—open sets and its properties
In this section, the collection of Agl-open sets in ideal topological spaces is introduced.
The relationships and characterizations of the collection of Agl-open sets are discussed.

Definition 3.1 Let A be a subset of an ideal topological space (X, r,1). A subset
AgI(A) is defined as follows: Agl(A) = n{G:ACG,GepIOX)}. The complement of
Agl(A)-set is called vzI(A)-set.

Definition 3.2 Let (X, r,/) be an ideal topological space and ACX. A subset A is
called Agl-set if A = Agl(A). The family of all Agl-sets and Vgl-sets is denoted by AzIO(X)
and VgIC(X).

Some of fundamental properties of Agl/-sets will be shown in the next proposition.

Proposition 3.1 If A, B, and A,(a€T) are subsets of an ideal topological space
(X, 7, 1), then the following properties hold:

() Acagl(A) cag(A)
(i) Agl(@) = @ and Agl(X) =X

Page 3 of 11
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(iii) If A € B, then Agl(A) S Agl(B)
(iv) Agl(AgI(A)) = AgI(A)

(v) If A € BIO(X), then A = Agl(B)
(Vi) Aﬂ[(aLGJF Aa) = aLeJl" /\ﬁ[(Aa)
(Vii)A‘BI(aQF Aa) c an" /\ﬁI(Aa)

Proof: We proof only (vi) and the rest of the proof follows directly from Definition
3.1

(viii) Suppose x¢ Y NsI(A,), then xé Y NsI(A) for each o € T.

Therefore, for each a €T, there exists G, € SIO(X) such that x ¢ G, and A, C G,. Thus,
Y. (A,)c Ur(G“) and Ur(Ga)eﬁIO(X ) which does not contain x. This implies that x¢Ap

I( Y. Ag) . Consequently, Agl( Y. Ag)C Y. Agl(Ag) . Obviously, Y. NI (Ag)Snpl( Y. Ay).

Hence,

/\/31 (agl" A“> = aLe)l" /\ﬁI(Aa).

Remark 3.1 In (vii) of Proposition 3.1, the equality does not necessarily hold as
shown by the following example.

Example 3.1 Let U = {a, b, ¢, d, e} be a universe, I = {@, {a}, {c}, {a, c}},

and

R=A{(a,a),(a,e),(bc), (b, ad),(ce),(d a),(de),(ee) be a binary relation on U. If
A ={c} and B = {d}, then Agl(A) = {c, d}, Apl(B) = {d}, and AgIl(ANB) = Q.

Proposition 3.2 Let (X,7,I) be an ideal topological space. Then, the following
statements hold:

(i) @, X are Apl-sets.

(ii) Agl(A) is Agl-set, for any set A of X.

(iii) Every 8 — I- open is Apl-set.

(iv) Union of Agl-sets is Agl-set.

(v) Intersection of Apl-sets is Agl-set.

Proof. Follows directly from Proposition 3.1 and Definition 3.2.

Proposition 3.3 Let (X, 7,I) be an ideal topological space and A be Apl-set where
A CBC Apl(A). Then, B is Apl-set.

Proof. Let A be Agl-set. Then, Agl(A) = A and since A € B C Agl(A). Hence, B = Agl(A)
and so Agl(B) = Agl(Agl(A)) = Apl(A) = B.

Remark 3.2 In an ideal topological space (X, 1, I), the following implications hold

Fig. 1.

-

open — a-I-open — semi-I-open

pre-I-open — y-I-open — B-I-open —> Ag-I-open

Fig. 1 The relationships between ideal near open sets
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None of these implications are reversible as shown in the next example.
Example 3.2 In Example 3.1,

(i) The set A =1{b,c,d, e} is a-I-open and it is not open.

(i) The set A = {b, e} is semi-I-open and it is not a-I-open.
(iii) The set A = {a, d, e} is pre-I-open and it is not a-I-open.
(iv) The set A = {a, b, ¢} is y-I-open and it is not pre-I-open.
(v) The set A = {

(vi) The set A = {b, d} is B-I-open and it is not y-I-open.
(vii)The set A = {

a,b,d, e} is y-I-open and it is not semi-I-open.
b} is Ag-I-open and it is not B-I-open.

j-ideal approximation spaces

In this section, we introduce and investigate the concepts of j-ideal lower and j-ideal
upper approximations for any subset, where je{a,S,P,y, 3, Ag}. Some properties of
these approximations will be studied and show that Ag-ideal is the best approximation
among the others.

Definition 4.1 Let x = (X, R, 7x) be a topologized approximation space, I be an ideal
on X, AcX and Vje{a,S,P,y,f5, ng}. The j-I-lower, j-I-upper approximations, j-I-
boundary, j-I-positive and j-I-negative regions, and j-I-accuracy of the approximation of
A are defined respectively by:

R;(A) = W{GEJIO(X) : GEA},R;(A) = n{ FEIC(X) : AcF}

Bji(A) = Ry (A)-R;(A).
POS;(A) = R;/(A).
NEG;;(A) = X-Ry(A).
R, (4)

le (4)
Example 4.1 In Example 3.1, we construct Table 1 to show that j/-accuracy measure

N (A) = |22 where [Ry(4)]#0.

for any nonempty subset A of X. We get the best of these methods by using Agl in
constructing the approximations of sets, since the boundary regions in this case are
decreased (or canceled) by increasing the lower approximation and decreasing the
upper approximation.

The important properties of j-I-lower and j-I-upper approximations are presented in
the following proposition.

Proposition 4.1 Let x = (X, R, 7x) be a topologized approximation space, I be an ideal
on X, A, Bc X and Vj e {a, S, P, y, 3, Ag}. Then, the following properties hold:

(i)
R (A)cACR; (B)

(ii) Bﬂ(@) = Rj(@) = @ and B/](X) =Ry(X) =X
(iii) If A € B, then R;;(A)<R;(B) and Rii(A)<R;(B)

(iv)
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Table 1 ji—accuracy measure for any nonempty subset A of X

AcX NalA) Ns(A) NeA) A NeA) Mgt (A)
{a} 0 0 0 0 0 0
{} 0 0 0 0 0 1
e 0 0 0 0 0 0
{d} 0 0 13 12 12 12
@ 13 12 13 12 12 12
{a, b} 0 0 0 0 0 12
{a, ¢ 0 0 0 0 0 0
{a,d 0 0 1/4 13 13 13
{a,e} 2/3 1 2/3 1 1 1
g 0 0 0 0 0 12
b,d 0 0 13 13 2/3 2/3
{b,e} 13 2/3 13 2/3 2/3 2/3
cd 12 1 2/3 1 1 1
e 1/5 1/5 1/4 1/4 13 13
{d e} 1/5 1/5 2/5 2/5 2/5 12
{a,b,d 0 0 0 0 0 13
{a,b,d} 0 0 1/4 1/4 12 12
{a,b,é 23 1 23 1 1 1
a.cd 12 2/3 12 2/3 2/3 2/3
{a,c ¢ 2/5 2/5 12 12 2/3 2/3
{a,d e 2/5 2/5 3/5 3/5 3/5 3/4
b,c d 12 1 2/3 1 1 1
{b,c ¢ 1/5 2/5 1/4 12 12 12
{b,d,e 1/5 2/5 3/5 3/5 3/5 3/5
{.d e 3/5 3/5 3/5 3/5 3/5 3/4
{a,b,¢,d) 12 3/4 12 3/4 3/4 3/4
{a,b,c e 2/5 3/5 12 3/4 3/4 3/4
{a,b,d e 2/5 3/5 4/5 4/5 4/5 4/5
{a,c,d e} 4/5 4/5 4/5 4/5 4/5 1
{b,c,d,e} 4/5 4/5 4/5 4/5 4/5 4/5

U 1 1 1 1 1 1

Ry (A)uR; (B)SR;;(AuB)

v

Ri;(A)uR;(B)SR;(AuB)
(vi)

R (AnB)CR;;(A)nR;;(B)
(vii)

Rjf(AnB)<R; (A)nR; (B)

(viii)
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R;(A%)=(Ry(4))"

(i)
R (49)= (R ()
(x)

Ry (Ry(4)) =Ry (4)

(xii)
B/] (Bﬂ (A)) CRr (Bﬂ (A))
(xiii)

Ej] (le (A)) gle (Rﬂ (A))

Proof: By using the properties of j-I-interior and j-I-closure, the proof is obvious.
Remark 4.1 In the case of j e {a, Ag}, the properties (v) and (vi) can be replaced by
the following properties, respectively:

(i)

Rj;(A)uR;(B) = Ry (AuB)
(i)
R;;(AnB) = R;;(A)nR;(B)

Remark 4.2 Example 3.1 shows that the inclusion in Proposition 4.1 parts (i), (iv),
(vii), (xii), and (xiii) cannot be replaced by equality relation:

(1) For part (i), if A = {a}, then R, ;(A) = & and hence AZR, ;(A). Also, if A = {d},
then R,;(A) = {c,d}, and hence, R,,/(A)ZA.

(2) For part (iv), if A = {a} and B= {¢}, then R, ;(A) = &, R, ;(B) = {e}, and R, ;
= {a,e}.

(3) For part (vii), if A = {e} and B = {a, b}, then R,,;(A) = {a, e}, Ry, (B) = {a,b}, and
R,;/(AnB) = @.

(4) For part (xii), if A = {e}, then R, ;(R, ;(A)) = {e} and RAﬂI(EAﬂI(A)) = {a, e}, and
therefore, Ry (R, 1 (4)) £R,,1(R,,1(4))

(5) For part (xii), if A = {c}, then Ry;;(Ry,1(A)) = {c} and R, ;(Ry,1(A)) = @ and so
Ryt (Rup(A))ER, 1 (R (A)).

(AuB)

Page 7 of 11
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Definition 4.2 Let x = (X, R, 7x) be a topologized approximation space, I be an ideal
on X, and Vj € {a, S, P, y, B, Ag}. The subset A C X is called:

(i) Totally j-I-definable (j-I-exact), if R;(A) = Ry(A)=A.
(i) Internally j-/-definable, if A = R;;(A), A=R;(A).

(iii) Externally j-I-definable, if A=R;;(A), A = Rjy(A).
(iv)j-I-undefinable (j-I-rough), if A=R;;(A), A=Rj(A).

Example 4.2 In Example 3.1, the sets {6}, {a, e}, {¢,d}, {a, b, e}, {b,c,d} and {a,c, d, €}
are totally Agl-exact and other sets are Agl-rough. Also, the sets {d}, {e}, {b, d}, {b, e}, {d,
e}, {a,d, e}, {b,d, e}, {c,d, e}, {a,b,d, e}, and {b,c,d, e} are internally Agl-definable. And
also, the sets {a}, {c}, {a, b}, {a,c}, {b,c}, {a, b, ¢}, {a,c, d}, {a,c, e}, {a,b,c d}, and {a, b, c,
e} are externally Ag/-definable.

Definition 4.3 Let x = (X, R, 7x) be a topologized approximation space, I be an ideal
onX,and A, BCX. Forall je{a,S,P,y, B, A, A is:

(i) j-I-roughly bottom included in B(AijB),_ iff Bﬂ(z_‘l)gﬁﬂ (B)
(ii) j-I-roughly top included in B(AgﬂB), iff Ri;(A)<R;(B)
(iii) j-I-roughly included in B (A < ;I B),iff (Af}.IB) and (A%l,IB)

Definition 4.4 Let x = (X, R, 7x) be a topologized approximation space, I be an ideal
onX,and A, BCX. Forall je{a, S, P,y, B, Ag}, A is:

(i) j-I-roughly bottom equals B(AijB)l iff R/ (A) = R;(B)

(ii) j-I-roughly top equals B(A=;B), iff Ri/(A) = Rj;(B)

(iii) j-I-roughly equals B(A~;B), iff (AéﬂB) and (A=;B)

The following examples illustrate Definitions 4.3 at j = Ag

Example 4.3 In Example 3.1, if A={e}, B={a,e}, C={a, b}, and D={b, e}, then A is
Apl-roughly bottom included in B and C is Agl-roughly top included in D.

The next example illustrates Definition 4.4 at j = Ag

Example 4.4 In Example 3.1, if A={d}, B={a,d}, C={c, e}, and D={a,c, ¢}, then A is
Apl-roughly bottom equals B and C is Agl-roughly top equals D.

Chemical applications
This introduced an applied example in chemistry by applying the j-I-approximation
spaces to illustrate the concepts in a friendly way.

Example 5.1 Let X = {x;, x5, x3, x4, x5} be five amino acids (AAs). The (AAs) are de-
scribed in terms of five attributes: a, = PIE, a, = SAC = surface area, a3 = MR = mo-
lecular refractivity, a4, = LAM = the side-chain polarity and a5 = Vol = molecular
volume [34]. Table 2 shows all quantitative attributes of five AAs.

Now, we consider five reflexive relations on X defined as follow:

Ry = { (x,-,x,')eX X X = xi(ar)-x;(ar) < %, i,jk=1,2 ...,5}
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Table 2 Quantitative attributes of five amino acids

a a, as [N as
X 0.23 254.2 2.126 - 0.02 822
X2 - 048 3036 2.994 - 124 1123
X3 - 061 287.9 2994 - 1.08 103.7
X4 045 2829 2933 -0.11 99.1
Xs - 01 3350 3458 -0.19 1275

where oy represents the standard deviation of the quantitative attributes ay, k = 1, 2,
3, 4, 5. The right neighborhoods for all elements of X = {x, x5, x3, x4, ¥5}with respect to
the relations Ry k = 1, 2, 3, 4, 5 are shown in Table 3.

We find the intersection of all right neighborhoods of all elements k = 1, 2, 3, 4, 5 as
the following:

5 5 5
xR = s (#1Rk) = {x1, %4}, %2R = ol (w2Ry) = {x2, 5}, 43R = s (3Ric) = {2, 43,

Xa, X5}, xR = /El (%aRy) = {x4}, and x5R = 151 (w5Rx) = {x5}.Consider {x;R, x,R, x3R,

x4R, x5R} as a base for a topology r on X, then we have 7=1{X, ¢, {x4}, {xs5}, {x1, x4},
{ %2, %5}, { %4, %5}, {1, X4 X5}, {0, X4y X5}, {1, X2, Xa, X5}, {X2, X3, %a, X5}

Let I={¢,{x1}, {x3}, {x1, x3}, { %1, x4}, {21, %3, x4}} be an ideal on X. Then, in Table 4,
the j-I-accuracy measure for any nonempty subset A of X are calculated.

In Table 4, the accuracy measures are calculated by using the current approxi-
mations in Definition 4.1. For any concept A € X (collection of amino acids), this
concept is determined by int..(A) and cl.()(A) which defines its ideal bound-
ary. The ideal accuracy increases by the decreases of the ideal boundary region.
Clearly, the ideal accuracy measure by using the suggested class of Agl-open sets
in general is greater than the ideal accuracy measure by using any ideal near
open sets.

Conclusions

The essential goal of the rough set approach is to improve the approximation problem
based on minimizing the boundary region and increase the accuracy measure. In this
paper, new types of sets via ideals are investigated and some of their properties are
studied. Also, the notions of j-ideal lower and j-ideal upper approximations for any sub-
set where j € {a, S, P, y, B, Ag} are introduced. Furthermore, some properties of these ap-
proximations are studied and show that the Ag-ideal is the best approximation among

Table 3 Right neighborhoods of five reflexive relations

K X/ﬁ} XkRz XkRg XkR4 XkRS

X1 X7, X4} X X {x1, X4, X5} X

X5 X { x5, X5} { X2, X3, X4, X5} X { X2, X5}

X3 X {x2, X3, Xg X5} {x2, X3, X4, Xs} X {X2, X3, X4, Xs}
X4 {xa} {X2, X3, Xa, X5} {X0, X3, X4, X5} 1, X4, X5} {X2, X3, X4, Xs}

X5 X7, X4, X5} {xs} {xs} {x1, X4, X5} {xs}
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Table 4 Comparison of the j--accuracy measures

AcX NalA) Ns/A) ) Ny(A) Ne/A) Mgt (A)
xa} 0 0 0 0 0 0
o} 0 0 0 0 0 0
X3} 0 0 0 0 0 1
xa} 13 1/2 13 1/2 1/2 1/2
{xs} 13 1/2 13 1/2 1/2 1/2
1, X2} 0 0 0 0 0 0
{x7, x3} 0 0 0 0 0 172
{x1, xa} 2/3 1 2/3 1 1 1
{xy, X5} 1/4 1/3 1/4 1/3 1/3 1/3
{2 X3} 0 0 0 0 0 1/2
{0, Xa} 1/4 1/3 1/4 1/3 1/3 1/3
X2, X5} 2/3 1 2/3 1 1 1
{x3, Xa} 13 2/3 13 2/3 2/3 2/3
{x3, X} 13 2/3 13 2/3 2/3 2/3
X4, X5} 2/5 2/5 2/5 2/5 2/5 1/2
{x1, X, X3} 0 0 0 0 0 1/3
X7, X0, Xa} 1/2 2/3 12 2/3 2/3 2/3
{x1, X, Xs} 12 2/3 12 2/3 2/3 2/3
{X1, X3, X4} 2/3 1 2/3 1 1 1
{x1, X3, Xs} 1/4 1/2 1/4 1/2 1/2 1/2
{X1, X4, Xs} 3/5 3/5 3/5 3/5 3/5 3/4
X5, X3, X4} 1/4 1/2 1/4 1/2 1/2 1/2
{X2, X3, Xs} 2/3 1 2/3 1 1 1
{X2, X4, X5} 3/5 3/5 3/5 3/5 3/5 3/4
{X3, X4, Xs} 3/5 3/5 3/5 3/5 3/5 3/5
X1, X2, X3, Xa} 12 3/4 12 3/4 3/4 3/4
{X1, X2, X3, Xs} 12 3/4 12 3/4 3/4 3/4
{X1, X2, X4y Xs} 4/5 4/5 4/5 4/5 4/5 1
{X1, X3, X4, Xs} 4/5 4/5 4/5 4/5 4/5 4/5
(X2, X3, X4, Xs} 4/5 4/5 4/5 4/5 4/5 4/5
U 1 1 1 1 1 1

the others. Finally, a chemical application which may give a solution for real-life
problems will be discussed.

Future work
The following points will be studied in the future:

1. We define the notion 65-open sets in ideal topological spaces as a generalization of
j-ideal topological spaces where j € {a, S, P, y, 5, g}

2. We introduce and investigate the concepts of §5-ideal lower and 9B-ideal upper
approximations for any subset.

3. New applications of these new approximations in various real-life fields.
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