El-Hadidy 'Journal of the Egyptian Mathematical Society (2020) 28:2 JO urnal Of the EgypUa n
https://doi.org/10.1186/s42787-019-0054-5 M ath em at| ca | S oc | ety

Existence of cooperative search technique ®

to find a Brownian target
Mohamed Abd Allah El-Hadidy "

Correspondence: melhadidi@
science.tanta.edu.eg

'Mathematics Department, Faculty
of Science, Tanta University, Tanta,

Abstract

This article aims to study the existence of the cooperative search technique to find a

Egypt Brownian target. We have 2n cooperative searchers coordinate their search to find a
“Mathematics and Statistics Brownian target that moves on one of n disjoint real lines. Each line has two
rDae.EZEnﬂ?fercﬁge?:nﬁfcsfﬁf searchers. All of these searchers start the searching process from the origin. Rather
Arabia than finding the conditions that make the expected value of the first interviewing

time between one of the searchers and the target is finite, we compute the
approximate value of this expected value.
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Introduction

The searching problem for the lost targets that move with random movement is one of
the most important contemporary problems that the mathematicians seek to solve it in
different ways to reduce the cost of the search. One of these random movements is the
Brownian motion. In an earlier work, this problem has been discussed on the real line,
plan, and space by studying different kinds of search plans such as the linear search
plan as in El-Hadidy et al [1, 2]., El-Rayes et al. [3], and Corwin [4]. They presented
the finiteness of the search strategy which was used by founding the conditions that
make E(7) (the first interviewing time expected value for one of the searchers and the
target where 7 denote to this time) finite. In addition, they showed the existence of this
optimal search plan and El-Hadidy [1] found it.

One of the famous search techniques is the coordinated search technique. Reyniers
[5, 6] was the first one who investigated this technique on the line. This technique con-
sidered two searchers starting together at the origin of the real line with unit speed.
These searchers aimed to find the expected time for detecting a hidden target after
one of them return to the origin to tell the other. In addition, they aimed to minimize
this expected time. But, the returning time increases this expected time. Here, we will
treat this defect by not repeating the searching process on the searched parts.

In recent works, El-Hadidy and Abou-Gabal [7] presented a coordinated search tech-
nique to find a random Walk target, which moves randomly on the real line. Rather
than showing the existence of the optimal search strategy that minimizes this first
interviewing time, El-Hadidy and Abou-Gabal [7] found the conditions that make E(7)
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finite. El-Hadidy et al. [8—10] also studied this technique on the plan and space when
the target is hidden at any random point. They found the expected value of the time to
detect the target by one of the searchers. Besides that, they found the optimal search
plan that minimizes this expected value. For different kinds of search plans on the line,
plan, and space, the reader can see, El-Hadidy et al. [11-20], Kagan and Ben-Gal [21],
Guerrier and Holcman [22], Palyulin et al. [23], Radmard and Croft [24], Stone et al.
[25], and Jia et al. [26].

In this work, we use the technique which was presented in Reyniers [5, 6] and El-
Hadidy and Abou-Gabal [7] but without repeating the searching process on the
searched parts of # disjoint real lines. This technique is the generalization of the tech-
nique which was used in El-Hadidy and Alzulaibani [27]. We use n cooperative
searchers to seek a Brownian target which moves in one of the # disjoint cylinders (real
lines). This idea is supported through modern communication methods. Each line has
two searchers starting at the same time from the origin. One of these searchers goes to-
wards +co to search the right part of the real line and the other goes towards to —c to
search the left part of the real line. This will reduce E(z) (cost). Thus, we aim to show
the existence of a finite search plan and compute this expected value.

The organization of this paper appears as follows: the “Problem formulation” section
describes our search problem. We show the existence and finiteness of our search plan
in the “Existence of the finite search plan” section. The computation of E(z) appears in
“Computational expected value for 7” section. Finally, we discuss the results and future
works which were obtained in the conclusion part.

Problem formulation

We always seek for reducing the cost to detect the Brownian moving target on one of
the # real lines. To do this, we use #n cooperative searchers as in El-Hadidy et al. [1, 2,
20, 28]. But, the technique which was used in El-Hadidy et al. [1, 2, 20, 28] wasted a lot
of costs because the searching process is repeated in the same part more than once.
Our model does not waste this cost because the searchers do not repeat the searching
process by using the connection technology methods. Besides that, we calculate the ap-
proximated expected value of the Brownian target detection.

The searching framework
The space of search
The search space is the # axis of # cylinders (# real lines L, i =1, 2, .., n, see Fig. 1.

The target
Our target moves with a Brownian motion {B(t), t > 0}, where the target’s initial position
is unknown, but its probability distribution is known at time 0.

The means of search

All the searchers S, j =1, 2, .., 2n start the searching process from the origin. Each line
Ly i=1,2, .., nneeds two unit speed searchers S,;_; and S,;, where the searcher S;_,
searches in the right part and S,; in the left part of the real line. After searching succes-
sively common distances, they do not return to the origin of L, The searching process
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Brownian target

Fig. 1 The search space (n disjoint cylinders)

on L; would conduct as follows: begin at Hy; =0 and go to the right (left) as far as H Sr)

(H g;)) Then, the first one of S5;_; and S,; which meets the target will tell the other by
using the wireless communication methods. If the target is not found, then do the
above step again at the point H ﬁ)(Hg)) to search the right (left) part of H ﬁ) (H (2:)) as

far as [Hgiﬂ —H(J)](HHEL;)—H(Z;)H) and so on, see Fig. 2.

Existence of the finite search plan
In this section, we aim to get the conditions that make the search plan be finite. On
the line L; i=1, 2, .., n the two searchers S,;_; and Sy are coordinating their search

Left part : Right part
-——— . ! ——
< i
\ ) ! > o
: Hg' ) )‘ P | “ o Hy :
1 - n X
IR
P R M — ~ S —
TJ /4 2 " =7, 27 —
|
) _go . *) _ g
Brownian Hy" —Hy, H, =0 Hy - H,
target
Fig 2 The search plan without returning to the origin of S,;,_; and S,; for finding a Brownian target on L
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and following the search paths ¢, ; : R"—>R and ¢, j RT—R, respectively, to meet

the target, where
| @oj1(t1)=gojr(82) | <V | ti=ty | & | By(t1)~nj(12) | V) | ti=t2 |V 11, 12€RY, (1)

(i.e., the search paths should satisfy the Lipschitz condition), and v and ¥ are the
velocities of the searchers in the right and left part, respectively. Assuming that 8;,),
0i(—y Ai(+), and Ay are positive integer numbers greater than one. For any line, L;, i =1,

.........

and {H

which the searchers should do them as a function of 8;,), 6;_), 1), and A;_). The main

5(;)},(21_1‘:1‘2”" (see El-Rayes et al. [3]), respectively, to obtain the distances
idea of this model is all searchers do not return to the origin as in Fig. 1 that is redu-
cing E(7). Thus, we can define GEkH = Ai(+)(9i'((+)_1)» GE,;) = /1,»(,)(6{4((7)—1). This leads to
the traveled distances at the time step k, k=1, 2, ... are given by H,Sr) = C,»(‘L>(G,(<l.+> +2)
,H,((;> = Ci(‘)(G,(;) + 2), in the right and left part of L;, i = 1, 2, ..., n, respectively, where

CH) =m0 () _ 700 ©)

(Bi)+1) (0i-)+1)
quently, the search path in the right part of L;, i=1, 2, .., n can be defined as follows:

,and @, @) are rational numbers. Conse-

for any ¢ € R", if ng)_g)istng]z_l)i, we have
— (+) (+) (+)
9:(t) = (H(Zk—l)i_H(Zk—S)i) + (t_G(2k—1)i) (2)

And, in the left part for any te R", if GE;,)(_2>I.StSGE;,)()i, we have

70 = -[(H5)~H50) + (-6, ®)

Let the notations w(GE;k)il)i):B(GE;()fl)i)—Ci(H(Gg,ll)l.),@(GE;,)OZ,):B(GE;,)OI.)

+Ci(')(GE;,)<>l.), i=1,2,...,mk=1,2, ... are held. Then,

7 = inf {¢ : either one of ¢;(¢) = Zo; + B(t) or ¢;(¢) = Zo; + B(t)},i =1,2,...,n}, (4)

where Z; is a random variable which represents the target’s initial position on L;, i =1, 2,
.., n and independent with {B(z), ¢ > 0}. Also, let the search plan be represented by (¢, ¢,,
ey By D1y Py ooy P, )EDo, Where @g = {(D, D) : ¢, € D, ¢, D Vi=1,2,....,n}.

For £> 0, we have an infinite number of possible outcomes, thus the probability dens-
ity function which represents the target’s position can be described as a calendar for
the continuity of the relative frequencies of the data in a given interval. Consequently,
the probability of any certain value of the target’s position at time step k is equal to
zero. Logically, the first interviewing time event and the target’s position z; € Z; on any
line L;, i=1, 2, ..., n at time step k on [0, ] or [-co, 0] have a known probability value
greater than zero. This leads us to study our problem in a new space (probability
space). Let this probability space be (Q,Z%, y) where Q is the sample space of all ex-
pected meeting points, X is the o— algebra which represents the collection of all mutu-
ally exclusive events that show the target’s position at any time step k, and y is the
probability measure which used as a measure of an integrator factor into our
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probability space. Now, we will study the existence of the finite search plan as in the
following theorems.
Theorem 1: The combination of the search plans (¢,, ¢,, .. ,¢n,$1,52,. - $,)€Dg is

finite if the following | gﬁzef(k;fp(l//(c;gk 3) > ~2)y,(dz;) and f 2921 2P((Gly1y)
0 =

< -z;)y,(dz;) are finite for all i =1, 2, .., n, where Z ;=1
=1

Proof Since the target may be met at one of # lines, then 7,,,i =1,2,...,n “the first
interviewing time between one of the searchers Sy;_1, j=1, 2, ..., 2n in the right parts of
all lines L;, i=1, 2, ..., n and the Brownian target” and r¢ ,i=1,2,...,n “the first inter-

viewing time between one of the searchers Sy, j=1, 2, .., 27 in the left parts and the
Brownian target” of all lines L;, i =1, 2, .., n are mutually exhaustive events. Then, for
any k>0, we have

P(r >1t) :P(T¢l >torty >tor..orty >tortr; >torry; >tor..orrs >t)
1(P(T¢‘ > t) +P<r51 > t))
= (P(rq,‘ > t) +P(r5l > t))

=Tcs

-

Then, we obtain

(+) (=)
oo G(lk—l)r G(U(,U,

E(T):/P(r>t)dt£ Y i /P(r¢L>t)dt+ / P(r5’>t)dt

1=1 k=1
0 (+) (-)
Guk 3)i G(zA 2)i

KG 2%-1)i G(;k 3) )P 79, > G 21< 3) )) (szi G(Zk 2) ) (T@ > GE;z-z)t)]

(
[ice) (251 -025) P (70, > G5 o)) + i (624)-627) P (75, > Glalay )|
)

=

IN
.
S&MX

(5)

T

=1
n

Z 0P (5, > 0) + digay i (624)-1) Ze” 2P (10, > Gyl sy)

=
+1i90i) (75, > 0) + hi 6, (65,1 k; P (15> Gl o))

Also, at time step k on the line L;, i =1, 2, ..., n, we have

P15, > Gl )< | (24 B(G ) > HU 20 = 2)vi(dz) k21

0\8

By using the above notation y(G, ) =B(G}, ,)-C{" (G}, 3).) we can get

¥(Gly) ) > -z (El-Hadidy et al. [1, 2]), then P(z, > G,/ ,) )< [P(y (Gl sy) > ~2)yi(dz),
0

and by using the another notation ‘/D(GE‘,Z)Y):B(GE;}()I.)+Ci<’>(G(;,Z)i), we get

0
P(rg > Gl )< LP(I//( (2% 2)1) < -z;)y,(dz;). Consequently,

E(T)_i|:gi+Ai l(+ 61 / i(2)y(dz) + i 67 (9?(7)*1) /Li(zt)}’[(dzi):|,
where g;= (1i)0i) + Li)0i))P (r>0), P(r>0) is the knowing initial probability of 7
and M;(z;) = ;2(9?(’:)21)((//((;& 3) > -2z) and Li(z) = kgzeik 2P(W(Gly)yy) < -21)-
Thus, E(7) is finite if fMi(zi)yi(dz, and f Li(2)y,(dz;) are finite. The prove is
0

completed.m
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This model is the first investigation of the cooperative search technique by using 2n
searchers which reduces E(r). But the above conditions in Theorem 1 are not sufficient
to get the finite expected search time. Thus, we want to get more conditions to make
this model more applicable and effective.

Theorem 2: At any time step k the chosen search plan ®©y = {(®, D) : p.€D, p,€ ® Vi
=1,2,...,n} should satisfy [M(zx1), M2 (2k2); -, Mou(21)| < M1 (|200|), M (|282)) s ..., M,
(|zin])] and [L1(zx1), La(2k2), - Lu(zin)) < [La(|20a]), La(|zkal), ooy Lu( |2k )] where [Mi (2
), My (|zia|)s ooy My (|20a])] and  [Ly(|251]), L2 (|2k2])s ooy Lu(|2in|)]  are vectors of linear
functions.

Proof At time step k; if z;;<0 on the line L;, i=1, 2, ..., n, then [M(zx1), Ma(2x2), s

M, (z1,)] < [M;(0), M5(0), ..., M,,(0)] but for zz; >0, we get M;(0) = ;0?@_)2 (l//(Gg]z_Dl.)
0). Consequently,

[Mi(2k1), Ma(2k2), s Mn(2k)] = [M1(0) +Zeffl§P<W(ng) 1)1> ) M»(0) + Zeﬂ( ZP( (ng 1)2) 0) - M,(0)

k=2
+ Z 6232 (w(Glal 1)) <0))

IA

(6)

If the target starts its motion at time step k on the real line L;, i =1, 2, ..., n from the

random point z;; with drift 4 and variance ¢”, then on the right part of Land for ¢>

()
G(Zk 1)i

(+) (+) o () ()
P(B(t)zait)<P(B(Gly ) Gy ) = (m/ Gl Z + UG 2aGl 1)l>

where a;, i =1, 2, ..., n are constants. This leads to

> 0, we have

(+) °°
( G(Zk 1)i "*’9 1 Gt
plZz———| = / ¢ rdz = / dx< —g k-1, (7)
V21 2
o 2k 1)i k
(@G 1, . .
where k; = ——2U j =1 2 ....n. Also, in the left part of L; we can get
7/ Gl
)Gl ;s
P Z<M <1_%8G(2k2 (8)

From (7) and (8) in (6), we obtain
P (+) \+)

[M1(0), My (0), ..., M, (0)] < [292“ e § g2 e, ,292“ e 0 g < lim 1,2,
k=2

For any two random positions z;; < z;; of the target on the right part of L, we get

P(zgisB(t)szu)sP(zgisB(ng)_l)i)szU) is non-increasing with time G( ) where

2%-1)i?

t> GEZZ 1iZ max(zli‘ Z;‘),

because
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P(ZZ"SB(GE;?*UJ SZU) = P<Z21<GV ng) 1)i )Z +”ng>f1)iszli)
)

(+ (+)
Z2i /‘G(zk i le /"G(zk 1)i

(+)
0,/ G 2k1 CRVACRYa

(+) (+) (+) (+)

22i—UG, . Z9i /4G zlﬂ—uG Z1i MG

Ifﬂ<0, then = (2k-1)i >0, d ( g (2k- 1))20 ! &V <) and —4—— ( i (2k- U)SO.
)

(+) )
(+ ’dG +) ( dG +)
\/G(Zk i (Zk i 0\/6(2/«1)1' ”\/G(zk i (2k D04/ Gy

Thus, P(zy; <B(ngk) 1)i) <21:) be non-increasing,.

k k k
Assuming that [y, (k), ¥, (k), ..., ¥, (k)] = [;lyelvezlymv e ezlyen]a where {ye}e=1, -1,
2, .. » is a sequence of iid.r.vs which represents the target position at time step k on
the line L;, i=1, 2, .., #n and y~N(u - a;, 0*). Consider the following: [di1,dka, .., din)

(+) (+) (+) _ 2k+1 2k+1 2k-+1
=G (2k+1)1° G(2k+1) G(2k+1)n] - [A1(+)(91(:) _1)’A2(+>(62(I) -1), ""An(ﬂ(en(i) -1)]

and  [UL(j,j+ 1), Us(joj+ 1), Un(jij + 1)) = [;;P[—m 1) < %(k)s—ﬂ,;’;lm—o

+1) < y,(k)<-j], .. ZP[ (j+1) <y,(k)s—j]] . By choosing [du1,dm, ..., dmn] = |

max (0, %), max(O,Zﬂﬁ), .., max(0,%2)] and also for any line L;, i = 1, 2, ..., n, we choose
|zki|

ai(k) = Pl-zi; < y;(k)<0] = > P[-(j+1) < y;(n)<—j]. Thus, if k>d,, for all k=1,
=1

i=1, 2, .., n and since P(zziSB(ng)_l)i)Szu) is non-increasing with time Gt at

2k 1)i

step k, then we have a;(k) is a non-increasing also. Consequently, [M;(z«1), Ma(zk2), ...
M (zin)]~[M1(0), M2(0), ..., M,(0)] = [Z 031 ar(dr) + m Z (dkl yya(di) 5

k=1 k=1
92k+1ﬂ2(dk2) + as Z (dkz )@(dkz) Z 92k+1“n(dkn) +ay, Z (dkn -1)n )an(din)].

k=m+1

From Lemma 1 in El-Hadidy et al [1], we have [M;(zk1), Ma(zx2), -, Myy(2in)]-[M1(0) ,

M;(0), ..., M, (0)] < [kz_leffj; + o Zal(k), z egfj; + azk; as (k), .. zeﬁff + azk;l ay

241 | |zka |

(k)] <[dm + Ay (1-0,1 )Z Ur(j, ]+ 1), dma + Aoy (1-0y1)) + Zuz( Jij+ 1), dn

[Zkn

Fhn(r) (1=Ou(+ +ZU (j,j+ 1)

k k k
Since [y, (k), yy(k), ..., ¥, (k)] = [glyel’ezlyez»“-v;lyen]v and {ye}e>1,i21,2,..m then

(UL, j+ 1), Us(j,j+1),..., U,(j,j + 1)] satisfies the renewal theorem as in Feller [29].
Hence, [U1(j,j+1), Us(j,j+1),..,U,(j,j+1)] is bounded Vj by a constant. Hence,
Mi( z1)  Ma(2k2)s oo, M(21n)] < [M1(0), M2(0), ..., Mn(o)]Jr[Mth,---,Mn]Jr (M (]

za]); Ma([zsal), s My (|20 D) M1 (|28 ), Ma(|212)), -, Miu(|2ka])). By the same method,
we can show that [L; (zx1), L2(2k2), -y Ln(2kn)] < [L1(|zk1|) L2(|zk2|) ,,(\zkn|)] in the left

partsof L; i=1,2,.., n
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In addition, to the conditions in the previous theorems, we need to prove another import-
ant condition that is E | Z; | < 0. This condition confirms the existence of the finiteness.

Theorem 3: If (¢1, ¢y, s Py, P15 Poys -, P, )€Do are a combination of finite search,
then E | Zy| is finite.

Proof It is clear that E(7) < oo if (P(7 is finite) = 1. Thus, we have

P(risfinite) = P(ty, isfinite or 7y, isfinite or...or ty isfinite or 75 isfinite or 13, is finite

or... or 7y isfinite)

=0 (P(Trp, is finite) + P(T@ isﬁm’te))

i=1

n

= ;( Ty, 1sfmte —i—P(T¢7 1sfmte)>

But, we have only one of (P(7y,isfinite) = lorP(rai isfinite) =1 forall i=1, 2, .., n
If we suppose that P(z,, isfinite) —l—P(rai is finite) = 1, then we have Zy = ¢;(74,)-B(7y,
)+ @i(rai)—B(rai) = ¢,(1y,) + @(ra )-(B(ty,) + B(r$ )) with probability one and
hence, | Zo | < | 9,(ry) +Bilrz) | + | Blrg) + Blrg) | <ty + 15+ | Blrg) + Blrg)
L E | Zo | <E(tg) + E(rg) + E B(ey) | 4 | B(r) ' But | B(rg | vy | B(r
3, then E | B(T¢,)+B( ) | <E(7y, + 75
Ty,) +E(r¢i). If E(7y,) < 0 and E(r 3
E | Zy| is finite. Also, if P(7y, isfinite) —I—p(r@ isfinite) = 1 for all =i, i=1, 2, ...,

then Zy = ¢,(ry)-B(ry,) + §,(15)-B(r) = 9,(xy,) + #,(1)~(B(ry) + B(r;)) with

probability one; similarly, we get E | Zy| is finite. m

)
¢>) leadstoE|B(T¢,)|+E|B( )|<E(

) < oo, then E | B(zy,) |< ,E | B( ) |<oo and

| 575

The direct result to the realization of the previous theorems confirming a finite
search plan if E | Zy| is finite.

Computational expected value for T

From the Markovian property of the Brownian motion and its dependence on normal dis-
tribution, we can use this information to compute E(r) which depends on the probability
of meeting the target on the line L, i=1, 2, .., n at the time step k. This probability is

given by G 21< i which is depending on the probability of the meeting at the time ngk) 3

Theorem 4: The approximated value of E(7)is given by

) ) . Hgk)ﬁ)l zZi
E(r) = 21: (Ai<+>9f<+> + Xt i) (9?<+)—1) kZ; s / / {1—@((;%2?)75);%)}
= - |

(+)
d(D(G(zk—S)i_Zi) yildzi) + Xy iy + A 07 (9?<—>‘1)

(=)
0 Higaytai

36 / / O(Glot gy +2) dD(Gly)yy +2)y(dz))

k=2

—oo —oo

Page 8 of 12
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where (ng)-s)i_zi) ~ N(0, (G (2k-3)i ng 5)i )) and (G(;,)(_4>i +2z) ~

GE;}Z—‘L)i)) with the distribution functions @(GE;£_5)i—zi) and @(G (2,)( _ay; T i), respect-

ively, at time step k on the line L, i=1, 2, .., n

Proof From (5), we get

n

E(r)=) (At(+>9i(+>P (79, > 0) + i) i) (9?(+)‘1>

i=1

. 2k-2 (+)
Z 6i(+) P(T(p[ > G(Zk—B)i) +Al(,)el(,)P (T@ > 0)

k=2
2k-2 (-)
- l()( )Z@ P($>G(2k2))‘

(10)

Also, at the time step k on the right part of the line L;, i = 1, 2, ..., n, we have

P(14, > G(;k )i /P ZoL+B G(2+k> 3) ) (H(;k 3) )|Zo; zi>yi(dzi).

0
Consequently, we can find that

p(z »+B(G<+) ) >HY | (Zo :z) _p((B(G(+> ) > (H<+) z)

0i (2k-3)i (2k-3)i 1 0i i (2k-3)i (2k-3)i~“i
= 1-P(B(G{y = (His 5-2) ) (11)

Generally, for any times £, s, we have B(t) - B(s) is a normal random variable with

mean 0 and variance ¢ - s where s < t. Therefore, we can find that

2
(+)
B Clok-s5)i i
2
1 <G(T> ) )
« e (2%-3)i%(2-5)i d(G<+) '—Zi)

(see Klebaner [30]). By considering that the first meeting is not done at the time ¢

2k 5)1) then

Page 9 of 12
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P(B( (2k-3)i = (Hglj—a)i_zf)) = / P( [(B (ng)-s)i) < (Hgk)-s)i_zf)]_ [(B<ng)-5)i) < (Hgk) 5)1) Zf)]

<- (G(;IB 5)i ))Xm

(2%-5
3
( + )
we (ok-2)i S ak-5)i d(ng )

) 4
H -z (+)
(2k-3)i % Hyy

- / O(- (G352 )d(Gly ) = / [1-0(63) 521) ] 4o (65 521).

where (ng)_S)i—zi) N(0, (ng) 3)i ng)_s)l.)) and (D(GEZk) 5~%i) is the distribution
function of this variable. By a similar manner, on the left part of line L;, i=1, 2, ..., n,
one can compute the probability at time step k by

() (=) _ (=) (=)
P(ZOi +B(G(2k 2)> < H gyl Zoi = Zi) = ( (G(Zk z)) (H(zk—z)i +Zi) < 0)

(-)
H(zk 2i +zi

- / ¢ (Gggl)(_z)i + Zi) d(D(GE;/Z-Z)" + Zi) '

Since the target starts its motion on the line L;, i =1, 2, ..., n from a random point z;,

then we can assume that P (7, > 0) = P(ra > 0) = 1. In addition, the first interview-

ing time should be done on one real line by one searcher. Consequently, in (10), we
can obtain the approximate value of E(z) by

oo 21< 3)i Zi

E(r) = Z(/li(ﬂ@i(ﬂ + iy L(+)( ZOZk 2/ /
' k=2

[1-0(Gl5 =) | d0(Gl5 o2 ) yildzi) + di 61

)
H )itz

-
oo 0 (
+Ai(,)e§(_>(e$(_>_1)k§:;9§g2 / / (Gt gy +2) dD(Gly) yy +2)y,(dz)m

—co

) _

0 2i-37%
If we have X~N(0, 0®), then [d®(x) =1. This leads to 1 < [ dD(G\.~z) < 1 where

Y, ) ®
H g% ) H o35 H g% ) )
i G(zk 5)i —zl)]d(l)( —z,) 7,£ d@( 2k 5)i -zi)- J (D(G(zkfs)i_zi)d(b(G(zk,sﬁ—
z;) and HEZk 5)i~%i > 0. From the fact f(D x)d®(x) = [xdx =} <1, one can easily con-
0
(;k)s E

clude that 0 < f (D(G(zk 5)i zl)d(D( (2k 5)i~%i) < 3. This also contributes to the assert-

iveness of the existence and finiteness of our search plan where the Brownian target is
not evading the searchers.

Concluding remarks
1) The existence of a cooperative search plan with multiple searchers that used the

coordinated linear search technique to find a Brownian target on one of # real line
has been presented.
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2) The random variable Z, is used to give the target initial position.
3) We showed the finiteness of our continuous search plan by giving the conditions

that make E(7) is finite as in Theorem 1.

4) At any time step k, we showed that the chosen search plan @y = {(®, @) : ¢,€®,

¢,€ D Vi=1,2,...,n} should satisfy [M(zx1), Ma(zk2), -, My (2k)] < [M1 (|251]), M
(lzx2)s s Mu(|28a])), and [y (251), La(2k2) s o L (200)] < [La (1251 ), L2 (12421 ) o5 (|

2i|)] where [M (|zi1|), Ma(|2k2]), - Mu(|2])] and [y (|21 ]), La(|22 ), ey L (|20 ])
| are vectors of linear functions, see Theorem 2.

5) Besides proving that E | Zy | < oo in Theorem 3, we compute the approximated

value of E(7) in Theorem 4.

6) In future research, one can study the finiteness of the expected value of the first

meeting time between one of #n-cooperative searchers and n-dimensional Brownian
target and calculate this expected value.
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