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1. Introduction Some initial works on double sequence spaces are found in

Bromwich [1]. Later on, they were investigated by Hardy [2],

Throughout w, 7 and A denote the classes of all, gai and Moricz [3], Moricz and Rhoades [4], Basarir and Solankan
analytic scalar valued single sequences, respectively. [5], Tripathy [6], Turkmenoglu [7], and many others.

We write w? for the set of all complex sequences (Xu), We procure the following sets of double sequences:

where m,n € N, the set of positive integers. Then, w? is a linear

. . o Mo (8) :={ (X)) €W? 1514 X |™ < 00
space under the coordinate wise addition and scalar (1) = { (o) P e Xom t}’
multiplication. C,(1):= {(x,,m) ew?ip— 1My 100 | Xon — =1 forsomele C},
eOp([) = {(-xmn) € Wz p— limm.n~>oo |xmn|'um = 1 }7
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where ¢ = (t,,) is the sequence of strictly positive reals #,, for
all mne N and p-—lim,, .. denotes the limit in the
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m,n € N; M, (1), C,(1), Cop(t), Lu(t), Cpy(t) and Cypy () reduce to
the sets M, C,, Cy,, L, Cp, and Cyp,, respectively. Now, we may
summarize the knowledge given in some document related to
the double sequence spaces. G6khan and Colak [8,9] have
proved that M, () and €,(¢), Cy,(¢) are complete paranormed
spaces of double sequences and gave the a—, f—,y— duals of
the spaces M, (f) and C,(¢). Quite recently, in her PhD thesis,
Zelter [10] has essentially studied both the theory of topo-
logical double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [11] and Tripathy
[12] have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation
between statistical convergent and strongly Cesaro summable
double sequences. Altay and Basar [13] have defined the spaces
BS,BS(1),C8,, C8,, CS, and BV of double sequences consist-
ing of all double series whose sequence of partial sums are in
the spaces M,, M, (), C,, €y, C, and L, respectively, and also
examined some properties of those sequence spaces and deter-
mined the o— duals of the spaces BS, BV, CS;, and the f(})—
duals of the spaces €Sy, and CS§, of double series. Basar and
Sever [14] have introduced the Banach space L, of double
sequences corresponding to the well-known space ¢, of single
sequences and examined some properties of the space L,.
Quite recently Subramanian and Misra [15] have studied the
space x5 (p, ¢, u) of double sequences and gave some inclusion
relations.

The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [16] as
an extension of the definition of strongly Cesaro summable
sequences. Cannor [17] further extended this definition to a
definition of strong 4— summability with respect to a modulus
where 4 = (a,) is a nonnegative regular matrix and estab-
lished some connections between strong A— summability,
strong A— summability with respect to a modulus, and 4— sta-
tistical convergence. In [18] the notion of convergence of dou-
ble sequences was presented by A. Pringsheim. Also, in [19-21]
the four dimensional matrix transformation (4x),, =
S > dl X, was studied extensively by Robison and
Hamilton.

We need the following inequality in the sequel of the paper.
For a,b, > 0 and 0 < p < 1, we have

(a+b) <+ 1. (L.1)
The double series Zmn 1 Xmn 18 called convergent if and only if
the double sequence (s,,) is convergent, where

Sun = i xy(m,n € N).

A sequence x = (x,,) is said to be double analytic if
sup,, | Xmm|"™" < 0. The vector space of all double analytic
sequences will be denoted by A%, A sequence x = (X,,,) is called
double gai sequence if ((n + n)! | X, )"/
The double gai sequences will be denoted by y>. Let
¢ = {all finite sequences}.

Consider a double sequence x = (x;;). The (m,n)th section
xlml of the sequence is defined by xI™ = 37" x;3; for all
m,n € N; where J; denotes the double sequence whose only
(,ﬂ in the (i,/)"

An FK-space(or a metric space)X is said to have AK prop-
erty if (J,,) is a Schauder basis for X. Or equivalently

[m.n]

— 0asm,n — oo.

non zero term is a

place for each i,j € N.

X — X.

An FDK-space is a double sequence space endowed with a
complete metrizable; locally convex topology under which the
coordinate mappings x = (x;) — (Xu)(m,n € N) are also
continuous.

Let M and ® are mutually complementary modulus func-
tions. Then, we have:

(1) Forall u,y > 0,
uy < M(u) + ®(y), (Younglsinequality) [See [22]]. (1.2)
(i) Forallu > 0,
un(u) = M(u) + B(n(u). (1.3)
(iii)) Forallu > 0,and 0 < A < 1,
M(Ju) < 2M(u). (1.4)

Lindenstrauss and Tzafriri [23] used the idea of Orlicz func-
tion to construct Orlicz sequence space

ly = {x cw: ZM(%) < 00, for some p > 0}.

k=1

The space ¢, with the norm

el = inf{p >0: ‘f;M(M) < 1},
=1 p

becomes a Banach space which is called an Orlicz sequence
space. For M(r) = #(1 < p < c0), the spaces ¢, coincide with
the classical sequence space £,.

A sequence f= (f,,) of modulus function is called a
Musielak-modulus function. A sequence g = (g,,,) defined by

gmn( ) = Sup{""“ (mn)(u) tu = 0},}1’!,7’[ = 1727~- .

is called the complementary function of a Musielak-modulus
function f. For a given Musielak modulus function f, the
Musielak-modulus sequence space , is defined as follows

1/m+n

tr={x e w hml) """ = 0 as mn — oo},

where I is a convex modular defined by

j :z :p 1/m+n
mn |’Cmn

m=1 n=

X = (Xm) € 7.

We consider #; equipped with the Luxemburg metric

ﬂxy)wwm{nv<§:§:f <AWIMH>>:<1}

m=l1n
If X is a sequence space, we give the following definitions:

(i) X' = the continuous dual of X;
(i) X*= {a = (@) 1 Dopynet | AunXmn | < 00, for each x EX};

(i) X* = {a = () : Z;ﬁn:]am,,xmn is convergent, for each
x €X};

(iv) X7 = {a = (@) : sup,, = 1| Zx;filamnx,,,,, |< oo, for
eachx € X},

(v) let X be an FK — space D ¢;thenX” = {f(Sm) :
fexh
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‘1/m+n

(vi) X° = {a = (mn) * SUP,py | G Xoun < o0, for each

x €X};

X, X* X' are called o— (or Kothe — Toeplitz)dual of X,
B — (or generalized — Kothe — Toeplitz)dual of X,y — dual of
X, 0 — dual of Xrespectively. X* is defined by Gupta and
Pradhan [24]. Tt is clear that X* C X* and X* C X7, but
X? ¢ X’ does not hold, since the sequence of partial sums of
a double convergent series need not to be bounded.

The notion of difference sequence spaces (for single
sequences) was introduced by Kizmaz as follows

Z(A) ={x=(xx) ew: (Axx) € Z}

for Z = ¢, ¢y and £, where Ax;, = x; — x4 for all k € N.

Here ¢, ¢y and ¢, denote the classes of convergent, null and
bounded scalar valued single sequences respectively. The
difference sequence space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by Basar
and Altay and in the case 0 < p <1 by Altay and Basar.
The spaces ¢(4),¢o(4),¢-(4) and by, are Banach spaces
normed by

(1) H(dl (x“,O), e 7d"(xm1-,m2 ----- My 0N el ) 0))||p =0 if and

only if d;(x1,0),...
0) are linearly dependent,

(i) [[(d1(x11,0)s s Doy s,y secins oy o s O
is invariant under permutation,

(lll) ” (O(d[ (xl 1 0)7 s 7dmlMzr---,mp-ﬁl-,'12>---qu (xml1"12,---,"1,,"1Jﬂzw-‘m ) 0)) Hp
=|a|[|(di(x11,0),... 7dn(xml.mzw..mp,n1,nz<,...,nq70))”,;70‘ eR

(iv) dp(X11,10)s (¥12:12) -5 oy s,y 2o yrm.mz.,.um,.m.nz.‘.,,n,&)) =
(dx(xmxlz ~~~~~ Xty ooy iy 12, m,)er dy(V115V 1050005
Sfor 1< p<oo; (or)

(V) d((xllay11)7 (x127y12)7 DR (‘x”‘hmz‘--»:mr‘”l-,’72-,--->nv7

1/
Vanwsapi s ) )

ym1,mz,...‘m,v.nl,ng‘...,n,\)) ‘= sup {dX(x117x127 e
Xmy,my,.ymy iy i, ns)7 dY (yll yV12s -+ o yml,mz ..... My N7 ..l )}’
for X115, X125« - - axml,mz,,.,,m,,m.}12.,.,‘)1v S X7y11 7y12’ LR}

, . € Y is called the p— product metric of
the Cartesian product of my,my,... ,m. ny,ny, ..., 0
metric spaces is the p— norm of the m x n-vector of
the norms of the m,my,...,m, ny,ny,...,n; subspaces.

yml‘mg ..... Ty 11 5,1

A trivial example of p product metric of
my,my, ..., m., ny,ny,..., n; metric space is the p norm space
is X = R equipped with the following Euclidean metric in the
product space is the p norm:

(1 (x11,0), -, (X oy iy ene s O)) | p = SUP (|t (it 1yt 13 cecin, Ky e i s o))
dll(xl] s 0) d12<x12~,0) dln(xl,m.uz.”..m,0)
) (le s 0) dzz(xu, 0) dy (Xz,m Ty 3 0)

= sup

it (X115 0) oz (X2, 0)

X

x1| 4 supiz|Axe| and [[x[],,

00 1/p
— (Z"k'”) , (1< p<oo).
k=1

Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces defined by

Z(A) = {X = (xmn) S W2 : (Ax”m) € Z}

2.2 e
Where Z =41 4 and A-an - (xmn - xmn+l) - (Xm+ln_
xm+ln+l) = Xpm — Xom+1 — Xm+1n + Xm+1n+1 for 3.11 m,n S N

2. Definition and preliminaries

Let mn(= 2) be an integer. A function
X:(MxN)x (MxN)x---x(MxN). (MxN)mxn—
factors) — R(C) is called a real complex mn— sequence, where
N, R and C denote the sets of natural numbers and complex
numbers respectively. Let my,my, ... ,m. n,ny, ..., ng €N
and X be a real vector space of dimension w, where m,m;,
co MmNy, .., ne < W A real valued function d,(xyy, ..

i)

on X satisfying the following four conditions:

oy yomy -y o, Xy ey o 0)

where  x; = (xy,. ..
my,mp,...,m..

If every Cauchy sequence in X converges to some L € X,
then X is said to be complete with respect to the p— metric.
Any complete p— metric space is said to be p— Banach metric
space.

By a lacunary sequence 0 = (m,n,), where mony =0, we
shall mean an increasing sequence of non-negative integers
with h,, = m.n; —m,_n,_; — oo as r,s — oo. The intervals
determined by 0 will be denoted by I, = (m,_n,_;, m,ny).

Let F = (f,,,) be a mn— sequence of moduli musielak such
that lim,_ g+ sup,,,f,.,(u) = 0. Throughout this paper > — con-
vergence of p— metric of mn— sequence of musielak modulus
function determinated by F will be denoted by f,, € F for
every m,n € N.

The purpose of this paper was to introduce and study a
concept of lacunary strong Xim_— convergence of p— metric
with respect to a mn— sequence of moduli musielak.

We now introduce the generalizations of lacunary strongly
714, — convergence of p— metric with respect a mn— sequence
of musielak modulus function and investigate some inclusion
relations.

Let A4 of the

A" = <a}:”"'“’,:”g”"“;”"(uv)) of complex numbers. We write for
JEEEEEUTAS RIS

S Ximm..n) €R" for each i=1,2,...,

nmn

denote a  sequence matrices
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any  sequence = A5 () =2 2o

m, + ny, ..., n&)' ‘ xm| ..... MR ...y

and wv. We

X = (xmn)7y(/(uv)
e (aZ",t:::’/:”z:’.'.:::zf"(uv)) (G

it exits for each i

,,,,,

denote the sequence of four dimensional infinite matrices of
complex numbers and X be locally convex Hausdorff topo-
logical linear space whose topology is determined by a set of
continuous semi norms #n and (X, |(d(x11,0),d(x12,0),

) d(xml.,mg,...,m,.,lnl,nz#,,,,n.\-,l 5 O) ) Hp) be a p*metl‘ic space,

q= (ql»j) be double analytic sequence of strictly positive real

numbers. By w?(p — X) we denote the space of all sequences
defined over

I
(X7 H (d(xll ) 0)7 d(x127 0)’ ceey d(xﬂmmz ~~~~~ My 10,5 ) 0)) Hp) .
In the present paper we define the following sequence spaces:

[/A/”v* H Yll le -~~~d(\ml/11 s ,n,Jz;,....n\]>)Hﬂ]
:ﬂ(llnm{[f,-/( %(x), (d(x11,0),d(x1,0), ...,

a )
d(xm‘,,, s O,)] = €}) =0, where N;(x)

LSS (o )]

S i€l jelyg

..,mr+nl,...,ns)

uniformly in uy

u
|: i‘;'}\ﬂ,”( ('xllv )7 (x1270)7' d(xm N My 1] )12,.,..}1&,170))””]
= ,U(Supm{Vav(HNZ(x)a(d(X1170)7d(X12,0),-.-,

- 1f) o

11 ..‘1
1 1 ---1
where ¢ =
1 1 ---1

The main aim of this paper was to introduce the idea of
summability of double lacunary sequence spaces in p— metric
spaces using a two valued measure. We also make an effort to
study pu—of lacunary double sequences with respect to a
sequence of moduli Musielak in p— metric spaces and two
valued measure u. We also plan to study some topological
properties and inclusion relation between these spaces.

3. Main results

Proposition 3.1. Let u be a two valued measure, [Xi%,ﬂ
0
(d(x“,O), d(X127 0)7 e d(x’"l<mz,~~,mr71n1,"zw-, -1, 0)) HP]H and

[Ail;’}vxyu( (’CH? )7 (x1270)a"'7
ns-1,0))|,)* are linear spaces.

d(-xm], my,...,My_1n,N2,...,

Proof. It is routine verification. Therefore the proof is omitted.
O

3.1. The inclusion relation between

[t 111,0), (12,0 Ay mm, g 12O
and

n
(A2 11, 0), d(x12,0), . A, s 1O

Theorem 3.2. Let p be a two valued measure and A be a mn—
sequence the  four  dimensional  infinite  matrices

A" = ( o /:”Zl'“[(uv)> of complex numbers and F = (m”)

be a mn— sequence of moduli musielak. If x = (Xu,) lacunary
strong A,,— convergent of order o« to zero then x = (Xpy,)
lacunary strong A,,— convergent of order o to zero with respect
to mn— sequence of moduli musielak, (i.e.)

i
[Xiq/:?ﬂ7 ”( (xll> )7 (X]z, 0)7 s 7d(xm].m:....,m,,lnl,nz...,,n\,l 70))”1;]

I
[iqfnw [l(d(x11,0), ("1270)7-~~»d(x'man.....mrqm‘nz..---n\f;70))”1;] .

Proof. Let F= (f] ) be a mn— sequence of moduli musielak

and put supfj, (1) = T. Let x = () € [0, 1(dlxn,0),

d(x12,0), ..., d(Xpm iy o I70))Hp} and €>0. We

choose 0 <8< 1 such that /7 (u) <e for every u with

0 < u < 6(i,j € N). We can write

[ . 0),
= |:XA3’7W7 H(d(X[],OLd(XQ,O),...

241
+ [ 6,0,

n
d(x1210)7 ce 7d(xm|,mz ..... M1 1l | 70))”1,]

1
s, im0

n
(‘C1270)a"'7d(xm| L IRN /PR TN SO 170))”17] 5

where the first part is over <
definition of Musielak modulus /7, for every ij, we have

¢ and second part is over > . By

[7;[1/'7\/77 |(d(X11 ) 0)1 d(x127 0)7 ey d(x)m SN e 11D g 0)) ||1,
<et o+ (2107)" 2,

u
d(xml,}113‘“.,»1,.,]111.nz,.“.n\.,l ’ 0)) ||p:| .

|(d(x11,0),d(x1270), ey

Therefore
¥ = (%) € [ 1 (d(x11,0), d(x12,0), ..
s Ts—15 ))Hp} 0

d(xp,,

My, ..., M,_1N1,N,...

Theorem 3.3. Let p be a two valued measure and A be a mn—
sequence of the four dimensional infinite matrices
A" = (“Z’,l,ilil'/:’fr.]..'f:”"‘ (uv)) of complex numbers, q = (6]1;/) be a
mn— sequence of positive real numbers with 0 < infq; = H,
< supq; = Hy > oo and F = (f’,im) be a mn— sequence of moduli

Musielak. If lin1,,,Hmin_)‘i,-’/}’l(w) > 0, then

Ny
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I
{Xiq/;’\]aﬂ ” (d(-xl 1 50)7d(x1270)7 ce 7d(-xml‘m2 ..... My |1 12 eyl ] 50)) ||p:|

i
[7124%“7 H (d(xll 70) ) d(xlz ) 0)7 e 7d(-xm| D e {1 1 g | 70)) ||p} .

Proof. If lim,, .inf,”) > 0, then there exists a number

U ouv
B > 0 such that f;(uv) = Pu for all u > 0 and i,j € N. Let

X=(Xpyy. ooy MY, )

€ [ 1 11,0),d(12,0). . A s O
Clearly
[t N(611,0), dx12,0) oS, s O, |
> B[ (311,00, 0)s ool o, s O |
Therefore

X=Xy ...,myny ... 0y)

g1 #
S |:)C,24//\;7;7 H (d(xll 70)7d(xl270)7 “ee 7d(xm| L2 YOO 1 Y DN SOU T N 70)) Hpi| .

Using Theorem 3.3, the proof is complete. [J

We now give an example to show that
[ dx11,0),dx12,0),.

# [ 1(d(xi1,0),d(x12,0),...

d(x,,,l N ey T

u
O]

u
d(Xm] SN e 1] D g 70)) ||p:|

in the case when = 0. Consider 4 = I, unit matrix, (x) =

1/my cojmptny ,.ng

((ml7"'7ml‘+nl7-~-7ns)!|xm1 ..... meny, ceey N |) s

_ P P U () —

q; =1 for every i,jeN and (X)) =
l"‘m o ‘ J((my eyt ey u,\-)(t+l)(/+l)) .

(I(Vﬂl ’...lm Jr‘n ..... )!)l/m] ,,,,, mptny ...ns (lm/ 2 15 x> O) n the case

f > 0. Now we define x; = i, if i,j = m,n, for some r,s > 1
and x; = 0 otherwise. Then we have,

2 #
yAq/'/]\/M H (d(xll ) 0)7 d(x127 0)7 ey d(xmlan..l.,}n,.,]nl,nz,.l,.ng,l ) 0)) ||p:|

—lasrs— oo

and so

X= (xm T ey nt)

# [0 1(dCxin,0),d(x12,0), ..

3.2. The inclusion relation between

’ K
{7/2;;1]\[17 H ( (xH: ) (x127 0)7 ey d(xmll,m;....,m,,,lnl,n;,.l,.nx,l7 0)) ||p:|
and

U
[y 1 @x12,0), d(512,0), . A, g1 O]

In this section we introduce natural relationship between p be
a two valued measure lacunary A" — statistical convergence of
order o and u be a two valued measure lacunary strong

A" — convergence of order o with respect to mn— sequence
of moduli Musielak.

Definition 3.4. Let u be a two valued measure and 6 be a
lacunary mn—  sequence. Then a sequence
x = (X .mm..n,) is said to be u— lacunary statistically
convergent of order o to a number zero if for every
€> 0, ,u(llm,HOO *| Ko(e) l) =0, where | Ky(e) | denotes the
number of elements in

mn—

Kofe) = p({iij € L ((m...
[E— 0|>'/'”' ----- e > eb) =0,

The set of all lacunary statistical convergent of order o of mn—
sequences is denoted by (S})".
Let u be a two

valued measure and

AV = (a”" ,:"él’“’ e (uv)) be an four dimensional infinite

matrix of complex numbers. Then a mn— sequence

convergent of order o to a number zero if for every
€ >0, u(limys—.ohy” | KAg(€) |) =0, where | KAg(e) | denotes
the number of elements in

KAG(G) = [.l({l,] €l ((ml7 RN (7 S T 7}’1;)! l Xmy,...,m,
iy, g — 0O |)l/mismetneats 5 4y — 0 The set of all lacu-
nary A— statistical convergent of order « of mn— sequences is

denoted by (S5(4))".

Definition 3.5. Let x be a two valued measure and A4 be a mn—
sequence of the four dimensional infinite matrices

uv __ My .. ,Mpny,.
4 *(kl ..... Kl sl (”V))

of complex numbers and let

q= (ql-i) be a mn— sequence of positive real numbers with
0 <infq; = Hy < supq; = H, < oo. Then a mn— sequence
X = (Xpm,,.mm...n,) 18 said to be u— lacunary 4" — statistically
convergent of order o to a number zero if for every
€ >0, u(limy_.oh | KAg,(€) |) = 0, where | KAy, (e) | denotes
the number of elements in

KAy, (e) = u({i,j € Ly : (my,...,m, +ny,... 0!

The set of all u—
of mn— sequences is denoted by (Sj(4,n))".
The following theorems give the relations between
u— lacunary A“'— statistical convergence of order o and
— lacunary strong 4""— convergence of order « with respect
to a mn— sequence of moduli Musielak.

lacunary A4, — statistical convergent of order o

Theorem 3.6. Let p be a two valued measure and F =
mn— sequence of moduli Musielak. Then

(i) be a

’ I3
{yiq/;lvﬂ‘ |(d(.X1 1 70) ) d(-XIZa 0)’ cee 7d(xml Y e | ] 1 T | ,0)) ||p:|

u
g {XAYIS‘; ) H (d(xll 70) ) d(-x127 0)7 oo ,d(me LTI L BT S S NI 0)) ||p:|
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if and only if p(limy_...f;(u)) > 0, (u>0).

Proof. Let ¢ > 0 and
X = (xml,...,n1rn1,4.,,nv)
S [Xi%"ﬁ’ H (d(-xll ,0),6[(}612,0), (X} ad(-xml,mz,..,,m,.,lnl,nz,.,.,n,sq 70)) H[;:|

u

If p(limy.oof;(u)) >0, (u>0), then there exists a number
d > 0 such that f;(¢) > d for u > ¢ and i,j € N. Let

u
[Xi‘;yyl\/;, ” (d(X“ ) 0)7 d(-x127 0)7 DY d(xml,mz,“.,m,.,lnl.nz,...ﬁn\-,l ) 0)) ||pj|
> b d" KAy, (e).

It follows that

[ M1, 0), (612, 0), o Xy O |

Conversely, suppose that pu(lim;_..f;(u)) >0 does not
hold, then there is a number ¢>0 such that
p(limy—of; (1)) = 0. We can select a lacunary mn— sequence
0= (my,.. .,ng) such that f;(r) <27 for any
i>my,...,m.j>ny,...,n. Let A =1 unit matrix, define
the mn— sequence x by putting x; = ¢ if

,mny, ..

my, My, ... ,Mp_ N, Ny, Ne ] < 17.]
<ml7m27~'~7mrnl7n2,-~-7nS+m17m27--~7mr71n17n27~-~7n.\'71
2
and x; =0 if
my, My, ..., NNy, ..o A+ M, My, ..o N1, N, i
2

< l7J<m17m27'"7m)‘n17n27--~7ns-

We have
X=Xy ooy, ooy)

B
€ [li‘%’v;v ” (d(xll 70)7d(x1250)7 oo 7d(xml,)1127.,.,)11,.,1711,nz,..,,ns,l 70)) ”[,:I
but

In
X ¢ [Zins';«;a H (d(xll ) 0),0’()612,0) IR ] d(xml LSO T B YO O N >O)) Hp:| . O

Theorem 3.7. Let p be a two valued measure and F = (f,J) be a
mn— sequence of moduli Musielak. Then

y "
[Xil/;,v?’)? || (d(xl 15 0)7d(x127 0)7 cee 7d(xm|7"12‘--->mr-|"| NI/ ] ’0)) ||p:|

n
> [ e11,0),312,0), .ok, s -0

if and only if u(sup,sup,f;(u)) < oc.

Proof. Let

i
xXe |:X,24719Z7 H (d(xll 70)7d(x1270)7 see 7d(xm| L YR M W I M 70)) ”p .

Suppose that h(u) = sup;f;(u) and h = sup,h(u). Since

Ji(w) < hfor all i,j and u > 0, we have for all u,v,

I
[Xiﬂs;v [(d(x11,0), d(x12,0), - . ., d(Xom, iy, 11 s 0))||p]
<RI | KAgy(e) | + | h(e)™.

It follows from ¢ — 0 that

X e [Xi%v;v H (d(xll ’ 0)7 d(-x127 0)3 e 7d('xml~m2~«~-,mr—l"l~”2w~-‘a”s—l ’0)) Hp]

"

Conversely, suppose that u(sup,sup,f;(u)) = co. Then we
have O<uy < - <thp_yyg <l <---, such that
Jonm, (ttrg) = hy for r,s = 1. Let A = I, unit matrix, define the
mn— sequence x by putting x;=u, if i,j=mmn,...,
mmny,...,n, for some r,s=1,2,... and x; =0 otherwise.
Then we have

n
RS |:X124’ZS‘;7 | (d(xll 70)7d(x1270)7 oo ad(xml1"721-»-1'",;1”1,”z,---"lkl 70)) ||p]

but

X ¢ [Xi‘;’;\/(’;7 ” (d(-xll ,0),d(X12, 0), LRRE] d(xm] N e M ] ] 70)) ||[,}

"

O
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