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1. Introduction

In order to extract useful information hidden in voluminous
data, many methods in addition to classical logic have been
proposed. These include fuzzy set theory [2], rough set theory
[3], computing with words [4-7] and computational theory for
linguistic dynamic systems [8]. Rough set theory, proposed by
Pawlak in the early 1980s [3.9], is a mathematical tool to deal
with uncertainty and incomplete information. Since then we
have witnessed a systematic, world-wide growth of interest in
rough set theory [10-26] and its applications [27-34].

Nowadays, it turns out that this approach is of fundamen-
tal importance to artificial intelligence and cognitive sciences,
especially in the areas of data mining, machine learning, deci-
sion analysis, knowledge management, expert systems, and
pattern recognition. Rough set theory bears on the assumption
that some elements of a universe may be indiscernible in view
of the available information about the elements. Thus, the
indiscernibility relation is the starting point of rough set the-
ory. Such a relation was first described by equivalence relation
in the way that two elements are related by the relation if and
only if they are indiscernible from each other. In this frame-
work, a rough set is a formal approximation of a subset of
the universe in terms of a pair of unions of equivalence classes
which give the lower and upper approximations of the subset.
However, the requirement of equivalence relation as the indis-
cernibility relation is too restrictive for many applications. In
other words, many practical data sets cannot be handled well
by classical rough sets. In light of this, equivalence relation
has been generalized to characteristic relation [35-37] similar-
ity relation [38], tolerance relation [39-42], and even arbitrary
binary relation [43-49] in some extensions of the classical
rough sets. Another approach is the relaxation of the partition
arising from equivalence relation to a covering. The covering
of a universe is used to construct the lower and upper approx-
imations of any subset of the universe [11,15,19,25,50]. In the
literature, several different types of covering-based rough sets
have been proposed and investigated; see, for example,
[1,23,26,51-54] and the bibliographies therein. It is well-known
that coverings are a fundamental concept in topological spaces
and play an important role in the study of topological proper-
ties. This motivates the research of covering rough sets from
the topology point of view. Some initial attempts have already
been made along the way. For example, Zhu and Wang exam-
ined the topological properties of the lower and upper approx-
imation operations for covering generalized rough sets in
[34,55]. Wu et al. combined the notion of topological spaces
into rough sets and then discussed the properties of topological
rough spaces [56]. In [1], neighborhoods, another elementary
concept in topology, have been used to define an upper
approximation; some properties of approximation operations
for this type of covering rough sets have been explored as well
[1,24,52,57].

So, we can say that there are two directions (see Fig. 1.1) for
generalizing rough set theory one of them is replacing the
equivalence relation by an arbitrary binary relation such as
Yao [58]; the other direction is replacing the partition arising
from the equivalence relation to cover the universe such as
Zakowski [45], Pomykala [28] and Willim Zhu [1]. But most
of them had failed to achieve all the properties of original rough
set theory and thus they put some conditions and restrictions.

Pawlak rough set model Generalized rough set model

G — [relation]

(element based definition)

equivalence relation
(element based definition)

()
G — [covering| = [covering|
(granule based definition) (granule based definition)
g 4
G—
(subsystem based definition) (subsystem based definition)
Figure 1.1  [59]: Schematic diagram of different formulations of

approximation operators.

In the present paper, we introduce a framework for gener-
alizing the two directions. In fact, we introduce the generalized
covering approximation space ‘G, — CAS” as a generalization
to rough set theory and covering approximation space. More-
over, in our approaches G, — CAS, four different approxima-
tions that satisfy all properties of original rough set theory
without any conditions or restrictions are constructed.

Most real life situations need some sort of approximation
to fit mathematical models. The beauty of using topology in
approximation is achieved via obtaining approximation for
qualitative concepts (i.e. subsets) without coding or using
assumption. General topology is the appropriated mathemati-
cal model for every collection connected by relations. Rela-
tions were used in the construction of topological structures
in several fields such as, structural analysis [60], general view
of space time [61], biochemistry [62], biology [63], and rough
set theory [3.9]. Recently, some topological concepts such as
subbase, neighborhood and separation axioms have been
applied to study covering-based rough sets. However, the
topological space on covering-based rough sets and the corre-
sponding topological properties on the topological covering-
based rough space are not studied. This paper studies some
of these problems. We introduce new method to generate
different general topologies from any neighborhood space.
The provided method can be considered an easy method to
generate different topologies directly from the binary relation
without using subbase or base. The used technique is useful
in rough context or in covering-based rough sets since the con-
cepts and the properties of generated topologies can be applied
in rough set theory and covering-based rough set theory. We
believe that the using of this method is easier in application
field and it is useful for applying many topological concepts
in future studies. This research not only can form the theoret-
ical basis for further applications of topology on covering-
based rough sets but also lead to the development of the rough
set theory and artificial intelligence.

2. Basic concepts

In this section, we introduce the fundamental concepts which
used through this paper.
Definition 2.1. ““Binary Relation” [64]

Let 4 and B be sets, then a “binary relation” R from A to B
(or between 4 and B) is a subset of a Cartesian product 4 x B,



On generalizing covering approximation space

537

namely the set of ordered pairs (a,b) € R such that a € 4
and b € B.

The binary relation R can be from the set 4 to itself, and
then we say that R is a binary relation on A. Moreover, if Ris a
binary relation from 4 to B (or from the set to itself) we say
that a € A4 is related to b € B if (a,b) € R, sometimes written
aRb.

Definition 2.2. “Inverse Relation” [64]

Let R be a relation from A to B. Then
R' = {(b,a)|(a,b) € R} is a relation from B tod and it is
called the inverse of the relation R.

Definition 2.3. [64] A binary relation R on a set 4 is:
(i) Serial if for every a € 4,3b € A, aRb.

(i1) Reflexive if for every a € 4, aRa.
(iii) Symmetric if for every a,b € 4,if aRb = bRa.

(iv) Transitive if for every a,b,c € A,if aRb and bRc
= aRc.

(v) Equivalence if it is reflexive, symmetric and transitive
relation.

Definition 2.4 [65]. Let U be any set, and R be any binary rela-
tion on U. Then the “after set” (resp.‘fore set”) of the element
xeU is the class xR={ye U: xRy} (rtesp. Rx={y¢€
U: yRx}).

Definition 2.5 [66]. A topological space is the pair (U,t) con-
sisting of a set U and family 7 of subsets of U satisfying the fol-
lowing conditions:

(T1) ) €tand U € 1.
(T2) 7 is closed under finite intersection.
(T3) 7 is closed under arbitrary union.

The pair (U,t) is called “space”, the elements of U are
called “points” of the space, the subsets of U that belonging to
7 are called “open’ sets in the space and the complement of the
subsets of U belonging to t are called “closed” sets in the
space; the family t of open subsets of U is also called a
“topology” for U.

Definition 2.6. ““Pawlak Approximation Space™ [3.9]

Let U be a finite set, the universe of discourse, and R be an
equivalence relation on U, called an indiscernibility relation.
The pair A = (U, R) is called Pawlak approximation space.
The relation R will generate a partition U/R = {[x]R : x € U}
on U, where [x]R is the equivalence class with respect to R
containing Xx.

For any X C U the upper approximation Apr(X) and the
lower approximation Apr(X) of a subset X are defined
respectively as follows [3,9]:

Apr(X) =n{YCU/R: YNX # 0} and
Apr(X) =U{YCU/R: YC X}.

Let () be the empty set, X is the complement of X in U, we
have the following properties of the Pawlak’s rough sets [3,9]:

(L1) Apr(X) = [Apr(X°)]* (U1) 4Apr(X) = [Apr(X°)]*
(L2) Apr(U) = U. (U2) dpr(U) = U.
(L3) 4pr(XNY) = (U3) Apr(XU Y) =
Apr(X) N Apr(Y) Apr(X) U Apr(Y).
(L4) Apr(XU Y) 2 (U4) Apr(Xn'Y)C
Apr(X)U Apr(Y). Apr(X) N Apr(Y).
(L5) If X C Y, then (US) If XC Y, then
Apr(X) C A/Jr( Y) Apr(X) CApr(Y)
(L6) Apr(D ) (U6) Apr(0) =0
(L7) Apr(X) (U7) X C Apr(X)
(L8) Apr (Apr(X)) Apr(X). (U8) Apr(Apr(X)) = Apr(X)
(L9) Apr(Apr(X)) = Apr(X). (U9) Apr(Apr(X)) = Apr(X)

Definition 2.7. “Covering” [1]

Let U be a domain of discourse, C = {Ci|k € K} a family of
subsets of U. If none subsets in C is empty, and UgcxC = U,
then C is called a covering of U. The pair (U,C) is called a
“covering approximation space” if C is a covering of U.

It follows from the above definition that any partition of U
is certainly a covering of U. For convenience, the members of a
general covering (not necessarily a partition) are also called
elementary sets, and any union of elementary sets is called a
definable set. In the literature, there are several kinds of rough
sets induced by a covering [1,11,15,19,23,25,26,50,53].

For our purpose, we only recall the covering rough sets
based on the following concept of neighborhoods [1].

Definition 2.8 [1]. Let (U,C) be a “covering approximation
space”. For any x € U, we define the neighborhood of xas fol-
lows: N(x) = N{K € C|x € K}.

Definition 2.9 [1]. Let (U,C) be a covering approximation
space. For any X € U, the lower approximation of X is defined
as: X, = U{K|K €C and KC X}

And the upper approximation of X is defined as:
X' =X, U{Nx)|x e X - X.}.

Remark 2.1. It is clear that, we can give another representa-
tion of the upper approximation as follows:

X =U{N(x)|x € X}.
The above representation was proved in [1].

The following proposition introduces the fundamental
properties of the above approximations that were proved in [1].

Proposition 2.1 [1]. Let (U,C)a be a covering approximation
space. Then for any X,YCU, the lower (resp. the upper)
approximation of X have the following properties:

(i) U =U.

(i) (X.), =X..

(i) 0, = 0" = 0.

(iv) (X9 =x".

(v) X.CXCX".

(Vi) XCY=X,CY..
(vi) (XUY) =X*"UY".
(viil) X C Y = X* CY*.
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Remark 2.2. The following properties do not hold generally:

O (XnNnY),=X.NnY,
(i) (=(X.)), = —(X.)
(iii) (=X), =—(X)".
(iv) (—X)" = —(x.).
V) (=) =—-(x)

The following example illustrates this remark.

Example 2.1. Let (U,C) be a covering approximation space
where U = {a, b, c,d} and

K, ={a,b},K, ={a,b,c}, Kz = {c¢,d} such that C ={K|,
K>, K3}.

Now consider X = {a,b,c} and Y = {¢,d}. Thus we get

XNnY=A{c}, so(XNnY),=0.But X, =Xand Y, =Y,so
X.NnY.#0.

Also (—X)* = ({d})" = {c.d} # X..

By similar way we have: —(X), = {d}, so (—X.), =0
this implies (—X,), # — (X)

* **

3. Generalized covering approximation space

In this section, we introduce the new generalized covering
approximation space “‘G,— covering approximation space”
G, — CAS as a generalization for covering approximation
space by using binary relation. Moreover, we give some new
notions of neighborhoods. In addition, four different pairs of
dual approximation operators are investigated and their prop-
erties being discussed. Comparisons between our approaches
and some of others approaches are discussed. Many examples
and counter examples are provided.

Definition 3.1. Let U # () be a finite set and R be a binary
relation on U. Then, we can define two different coverings for
U induced from the binary relation R as follows:

(i) Right Covering (briefly, r-cover): C, = {xR:Vx € U
and U = UycpxR}.

(ii) Left Covering (briefly, /-cover): C;={Rx:Vx e U
and U = U,cyRx}.

Definition 3.2. Let U # () be a finite set, R be a binary relation
on U and C, be n-cover of U associated to R, where n € {r,[} .
Then the triple (U, R,C,) is called ““G,— Covering approxima-
tion space” (briefly, G, — CAS).

Lemma 3.1. Let U be any set and R (resp.R™") is a serial rela-
tion on U. Then we get:U = U,cyRx (resp. U= U,cyxR).

Proof. Let R be a serial relation on U, then
for every x € U,3y € U,xRy. Thus for each x € U,3y € U,
such that y € xR and this implies U = U,cyRx.

By similar way, we can show that if R™! is a serial relation
on U, then U = UyepyxR. O

From the above lemma, we can notice that: If R (resp. R ™)
is a serial relation on U, then Rx (resp. XR) represents a left
covering (resp. right covering) of U.

Remark 3.1. If R is a serial relation on U, then xR need not be
right covering of U as the following example illustrates.

Example 3.1. Let U = {a,b, c,d} and R be serial relation on U
where,

R ={(a,a),(b,a),(b,c),(c,c),(d,a)}. Thus we get

aR = {a},bR ={a,c},cR ={c} and dR ={a}. Also,
Ra={a,b,d},Rb=0,Rc={b,c} and Rd=0. It is clear
that: U # UycyxR, but U = UycyRx.

The following definition is very interesting since it intro-
duces different types of neighborhoods (generated from any
binary relation) which represent the basic notions in our
approaches.

Definition 3.3. Suppose that the triple (U, R,C,) is G, — CAS.
For every element x € U, we can define four different
neighborhoods N;(x), as follows: For each j € {r,/,i,u}

(i) r-neighborhood: N,(x) = N{K € C,|x € K}.
(ii) I-neighborhood: N,(x) = N{K € C/|x € K}.
(iii) i-neighborhood: N;(x) = N,(x) N Ny(x).
(iv) u-neighborhood: N,(x) = N,(x) U N;(x).

Remark 3.2. In the G, — CAS, (U,R,C,), if R is an equiva-
lence relation on U, thus both of the right and left cover of
U have become a partition on U and thus they are equivalent
to equivalence classes of the relation R. In addition, all j-
neighborhoods of x, N;(x) for every j € {r,/,i,u}, are identical
to equivalence classes of x, that is: N;(x) = [x],Vj € {r, i, u}.
Accordingly, in this case, G, — CAS, (U, R,C,) has become
Pawlak approximation space. Thus we can say that Pawlak
approach represents a special case of our approaches. Hence
G, — CAS represents a generalization to Pawlak approxima-
tion space.

Lemma 3.2. Let the triple (U, R,C,) be G, — CAS. Thus, for
each j € {r,1,i,u}:(())N;(x) # 0,Yx € U.(ii)x € N;(x),Vx € U.

Proof. From Definitions 3.1 and 3.3,
Vx € U, there exists at least y € U such that x € yR and
x€Ry. Thus N;(x)#0,Vxe U. Similarly, x € N;(x),
vxe U. O

Lemma 3.3. Let the triple (U, R,C,) be G, — CAS. Thus, for
each j € {r,1,i,u} if x € N;(y), then N;(x) C N;(y).

Proof. (i) If x € N,(y),then N,(x) C N,(y) :

Firstly, from Definitions 3.1 and 3.3, if x € N,(y) then x
belongs to every after set that contains y.

Now, let z € N,(x), then z belongs to every after set that
contains x which means that z belongs to every after set that
contains y. Thus z € N,(y) and then N,(x) C N,(y).
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((ll) If x € Ni(y), then N;(x) C Ny(y):
in(i).
(#if) If x € N;(y), then N;(x) C Ni(y) :

Firstly, if x € N;(y), then x € N,(y) and x € Ny(p). Thus by
using (i) and (ii), we get

By similar way as

N,(x)CN,(y) and
Ni(x) S Ni(y).

(iv) If x € Ny(), then N,(x) C N,(y): By similar way as in
(iif). O

Ni(x)C N)(y) which implies

Lemma 3.4. Let the triple (U, R,C,) be G, — CAS. Thus, for
each je{r,lu,i}: Nj(x) represent different coverings of
UVxeU.

Proof. From Lemma 3.3,x € Nj(x),Vx € U. Then
U= U,uNj(x), Yje{r,Lui} and hence N;(x) represent
coverings of U,Vx € U.

The following proposition introduces the relationships

between different types of the j-neighborhoods.

Proposition 3.1. Let the triple (U, R,C,) be G, —
for each x € U:

CAS. Then,

(i) Ni(x) TN, (x) CN,(x).
(i) Ni(x) SN (x) TN, (x).

Proof. From Definition 3.3, the proof is obvious. [

The following definition is very interesting since it intro-
duces new approximation operators as a generalization to
Pawlak approximations.

Definition 3.4. Suppose the triple (U, R,C,) be G, — CAS. For
each je€ {r,/;i,u} and AC U, the j-lower and the j-upper
approximations of 4 are defined respectively as follows:

R;i(A) = {x € A|N;(x) C A} and
Ri(A) = {x € UN;(x)n 4 # 0}

Definition 3.5. Suppose the triple (U, R,C,) be G, — CAS and
ACU. Thus, for each je {r,/ i,u}, the subset 4 is called
“j-exact” set if R;(4) =TR;(4) = A. Otherwise, A is called
“j-rough set™.

Definition 3.6. Suppose the triple (U, R,C,) be G, — CAS. For
each je€ {r,[,i,u} and 4 C U, the j-boundary, j-positive and
J-negative regions of A4 are defined respectively as follows:

Bi(4) = R,(A) — R;(A4)
POS;(A) = R;(A) and
NEG)(A) = U — R;(4)

Definition 3.7. Suppose the triple (U, R,C,) be G, — CAS. For
eachj € {r,/,i,u} and A C U, the j-accuracy of the approxima-
tions of A4 is defined as follows:

(A
0;(4) = @EA;

cardinality of A.

denotes the

where |R;(A4)| #0 and |A|

Remarks 3.3 From the above definitions, we notice that:

(i) Obviously, 0 < 0;(4) < 1, for every A C U.
(i) A is j-exact set 1f 0;(4) =1 and B;(4) = 0. Otherwise, it
is j-rough set.

The following proposition introduces the fundamental
properties of j-approximations.
Proposition 3.2. Let the triple (U, R,C,) be G, — CAS and
A,BC U. Then

(1) R;(4) CACTR,(4).

(2) R,(U) =R,(U) = U.

(3) Ry (0) = R,(0) = 0.

4 IfACB then R;(4) CR;(B), R;(4) CR;(B).

(5) R;(4) = [R;(4°)]", where 4° is the complement of A.

(6) R;(4) = [R,;(A9)]°, where 4° is the complement of A.

(T) Ry(Ry(4)) = Ry(4) and R, (R (4)) = R;(4).

(8) R;(4 N B) = R;(4) N R;(B) and ~ R;(AUB) =
R;(4) UR;(B).

(9) Ry(4)UR,(B) CR,(AUB) and R;(ANB)CTR, (4) "R;(B).

Proof. First, from Definition 3.4, the proof of (1), (2) and (3)
is obvious.

(4) Let ACB,x € Rj(4). Then x € 4 and N,(x) C 4, which
means that x € B and N,(x) CB. Thus, x € R;(B) and

this implies R,;(4) CR;(B). By the same way,
R;(4) CR;(B).
() [Ry(49)] = [{x € UIN,(x) n4° = 0}]° = {x € U|N,(x)N

A7 = 0} = {x € AIN,(x) C 4} = R;(4).

(6) By similar way , as in (5).

(7) First, it is clear that R;(R;(4)) CR;(4). Now, let
x € R;(A). Then x € 4 and N,(x) CA4. We must prove
that x € R;(4) and N,;(x) CR;(4) as follows: Let
z € Ny(x), then N,(z) CN,(x), (By Lemma 3.3), which
implies N;(z) CA. Thus z € R;(4) and this means that
N;(x) CR;(4). Hence, R;(4)CR;(R;(4)) and then
Rj(R;(4)) = R;(4).

(8) By similar way,as in (7).

(9) Letx € (R;(4) NR;(B)), then x € R;(4) and x € R;(B).
Thus x € 4,N,(x )CA4 and xe€B, N;(x)CB which
means that x€ANB, N;(x)C(4NB). Then x¢€
R;i(ANB) and this implies R;(4) NR;(B) CR;(4NB).
Now, let x € R;(4NB), then x € (ANB) and N;(x) C
(ANB). Thus x € A,N;(x)CA4 and x € B,N,;(x)CB
which implies x € R;(4) and xe&R;(B). Then,
x€R;/(A)NR;B) and thus, R, (4NB)CR;A4)N
R;(B). Hence, R;(4NB)=R,;(4)NR,(B). Similarly,
R;(AUB)=TR;(4 )UR( ).

(10) Since ACAUB and BC 4 UB. Then R;(4) C R;(4UB)
and R;(B)CRj(AUB) and thus R;(4)UR (
R;(AUB). Similarly, R;(4NB) CR;(4) NR;(B

In the above proposition, the converse of the property (10)
is not true in general as the following example illustrates.
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Table 3.1 Comparison between our approaches and some of the others approaches. A sign (x) indicates that property is satisfied.

Property
of Pawlak [3.9]

Yao [58] and others [67-71,75-77.79]

Covering
[1,57,59,72-74]

gﬂ - CA S

(L1)
(L2)
(L3)
(L4)
(LS)
(L6)
(L7)
(L8)
(L9)
un *
(U2)

(U3) *
(U4) *
(U5) *
(U6)

U7

(U8)

(U9

L

* % X %

*

* X K% X
*OX X K X X X K X X X K X X X X ¥ ¥

Example 3.3. Let the triple (U,R,C,) be G, — CAS, where
U={a,b,c,de} and R ={(a,a),l(ad),b,a),(b,c),(cc),
(d,e),(e,b),(e,d)}. Then we get N,(a) = {a}, N.(b) = {b,d},
N,(¢) ={c},N,(d) ={d} and N,(e) = {e}. We will give the

j-approximations in the case of j=r and the other cases
similarly:
Now, let X={a,b,c} and Y={c,d}. Then

XuY=A{ab,c,d},XnY={c} and thus R,(X)={a,c},
R(Y) = {c,d}, R(XUY)={ab,cd, RA(X)={ab,c},
Y)={b,c,d} and R, (XNY)={c}. Clearly, R.(XUY)

Ri(
# R,(X) UR,(Y) and R,(X N Y) # R, (X) "R, (X).

Remark 3.3. Proposition 3.2 is very interesting because it illus-
trates that our approaches G, — CAS represent the actual gen-
eralizations for Pawlak approximation space, specifically for
covering-based models. Moreover, it can be considered as a
one of differences between our approaches and the others gen-
eralizations such as (see: [1,57,59,67-79]). Although many
authors have introduced many sorts to generalize Pawlak
approximation space, but most of them had failed to achieve
all properties of the original rough set theory. In our
approaches most of these properties which has never been real-
ized, is achieved. So, we can say that our approaches represent
the actual generalization of Pawlak approximation space [3,9]
and the other generalizations in [1,57,59.67-79].

Table 3.1 shows a comparison between our approaches and
some of others generalizations.

The following example illustrates the comparison between
our approaches and Yao’s method [58].

Example 3.3. Let the triple (U,R,C,) be G, — CAS, where
U={a,b,c,d} and
R= {(a7a)7 (a7b)7 (b,()), (b7d)7 (C7a)7 (d‘a)} Then we can get:

aR ={a,b},bR = {c,d},cR = {a} and dR = {a}. Also,
Ra ={a,c,d},Rb = {a},

Rc¢={b} and Rd = {b} and this implies N.(a) = {a},
N'(b) = {a7 b}7 Nr((,') = {C7 ‘1}7 Nf(d) = {6'7 d}7 Nl(a) = {a}7
Ni(b) = {b}, Ni(c) = {a,c,d}, Ni(d) = {a,c,d},

dN,,(a) ={a},N,(b)={a,b},N,(c)={a,c,d},N,(d)={a,c,d}
an

Ni(a) = {a}, Ni(b) = {b}, Ni(¢c) = {¢, d}, Ni(d) = {c,d}.

Yao [58] defines the approximations of any subset X C U as
follows:

apr(X) = {x € U: xR C X} and apr(X)
={xeU:xRNX#0}.

The following table shows the differences between Yao
approach and our approaches “G, — CAS™:

From Table 3.2, we can notice that:

(i) apr (X) € X ¢ apr(X), for example the subsets {c,d}
and {b,c,d} but in our approaches R;(X) C X CR,(X) for
any XC U.

(#i) In Yao’s approach, all subsets in U are rough (except
U), but in our approaches G, — CAS, there are many subsets
are j-exacts such as the shaded sets in above table. Moreover,
the boundary region was reduced and became smaller than
Yao approach. Hence, we can say that our approaches are
more accurate than Yao approach.

4. The relationships between different types of the G, — CAS

The present section is devoted to introduce comparisons
between different types of the G, — CAS. In addition, the best
approach is provided with best accuracy.

The following results, introduce the relationships
between the j-approximations, j-accuracy and j-boundary
respectively.

Proposition 4.1.
Let the triple (U, R,C,) be G, — CAS and A C U. Then
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Table 3.2 Comparisons between of Yao approach and our approaches.

Yao approach G, — CAS
D N ey |ar| 20 | 2w | 2@ | 72w | 20 | 7.0 | 200 | 700)
@ | tcdt |acd] @ |k} | @ |facd| @ u @ | @
{b} o | @ ) (b} (b} {b} ) By | ® | B
{c} (4] {b} (0] {c,d} (0] {c,d} (0] {c,d} (0] {c,d}
{d} (4] {b} (0] {c,d} (0] {c,d} (4] {c,d} (0] {c,d}

{a,b} | {a,c,d}| {a,c,d}] {a b} {a, b} {a, b} U {a, b} U {a, b} {a, b}

fac) | cdy | U {a} U @ |ecd| @ u @ |facd

fad}) | {ed} | U {a} U @ |acd| @ U @ |facd

{b,c} (4] {a, b} (4] {b,c,d} {b} {b,c,d} (4] {b,c,d} {b} {b,c,d}

{b,d} (4] {a, b} (4] {b,c,d} {b} {b,c,d} (0} {b,c,d} {b} {b,c,d}

et | ® | ® | e} | o} ) et | o | ed | @ | ca)

{a,b,c}| {a,c,d} U {a, b} U {a, b} U {a, b} U {a, b} U

{a,b,d}} {a,c,d} U {a, b} U {a, b} U {a, b} U {a, b} U

{a,c,d}| {b,c,d} U {a,c,d} U {a,c,d} | {a,c d}] {a,c d} U {a,c,d} | {a,c,d}

{b,c,d}] {b} {a, b} {c,d} | {b,c,d}| {b,c,d} | {bc,d} (4] {b,c,d}| {b,c,d} | {b,c,d}

U U U U U U U U U U U
) ) ) ) ) ) ) ) ) ) )

(i) Ru(4) CR,(4) CRi(4). N,(a)={a,c},N,(b)={b},N,(c) ={c},N,(d) ={d},Ni(a) =
(i) Ru(4) CRi(A) CRi(A). {a}, Ni(b) ={b},Ni(c) ={b,c},Ni(d) ={d},Ny(a) ={a,c},N,(b)
(i) R;(4) CR,(4) CR,(A). ={b},Nu(c) ={b,c},Nu(d)={d} and Ni(a)={a},Ni(b)={b},
(iv) Ro(A) C RAA) C R (4) Ni(c)={c},Ni(d)={d}. Now, let A={c,d}. Then we get

Proof. (i) Let x € R,(A), then x € 4 and N,(x) C A. Thus
x € 4 and N,(x) C 4 and this implies

x € R,(A4). Hence, R, (A) CR,(A). Also, if x € R,(A) then
x € A and N,(x) C A which means that x € 4 and N;(x) C 4.
Hence, x € R;(A) and then R,(4) CR;(A).

(i) By similar way as in (7).

(iif) & (iv) By the duality of approximations. [J

The converse of the above results is not true in general as
the following example illustrates.
Example 4.1. Let the triple (U, R,C,) be G, — CAS, where
U={a,b,c,d} and

R ={(a,d), (b,b), (b,c),(c,b),(d,a),(d,c)}. Then we can
get:

Ru(A4) ={d},but R,(4) ={c,d}.
Ro(B) = {d},but Ri(B) — {a,d}.
R.(D)=0,but R)(D)={a}.

Also, if B={a,d} then
Similarly, if D={a}then

Also, Ry(A4)={b,c,dy and TR,(4)={b,c,d}, but
Ri(4) = {c,d}.
Similarly, R;(B) = {a,d} but R,(B)={a,c,d} and

R.(B) = {a,c,d}.

Corollary 4.1. Let the triple (U, R,C,) be G, — CASand AC U .
Then(i) Bi(4) C B.(A4) C B,(A).(ii) Bi(4) CB(A) CB,(A).

Proof. By using Proposition 4.1, the proof is obvious. [J

Corollary 4.2. Let the triple (U,R,C,) be G, — CAS and AC U.
Then(i) 6,(A) < ,(4) < 6,(A).(ii) 3.,(4) < 9,(4) < d;(A4).

Proof. By using Propositions 4.1 and 4.2, the proof is obvious.
a
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The converse of the above results is not true in general as
shown in Example 4.1.

Proposition 4.2. Let the triple (U,R,C,) be G, — CAS and
A C U. Then the following statements are true in general:

(i) A is u-exact = A is r-exact = A is i-exact.
(ii) A is u-exact = A is l-exact = A is i-exact.

Proof. (i) Let A is u-exact, then B,(4) = 0. By using Corollary
4.1, we get B,(4) =0 and this implies A is r-exact. Also
B;(A) = 0, which means that 4 is i-exact.

(#i) By similar way, as in (7). O

The converse of the above proposition is not true in
general, as the following example illustrates.

Example 4.2. In Example 4.1, the subset {a} is i-exact but it is
r-rough, /-rough and u-rough.

Remark 4.1. From the above results, we can notice that:

There are four different methods to approximate the sets.
The best of these methods is that given by using j=1i in
constructing the approximations of sets, since the boundary
regions in this case are decreased or canceled by increasing the
lower approximation and decreasing the upper approximation,
that is for each 4 C U, B;j(A4) C Bj(A),Vj = r, [, u. Accordingly,
this will play an important role for removing the vagueness
(uncertainty) of rough sets. Moreover, this method is
more accurate than others types, since for any subset
ACU,0/(A) < 0:/(A) and Vj = r,[,u. Thus, this approach will
help to extract and discovery the hidden information in data
that were collected from real-life applications and hence it is
very useful in decision making.

5. Topologies induced from neighborhoods

Recently, the general topology has become an appropriate
frame for every collection connected by relations. It should
be noted that generating of topology by relations and the
representation of topological concepts via relations will nar-
row the gap between topologists and those who are inter-
ested in applications of topology in their fields. In the
present section, we introduce new method to generate differ-
ent topologies by using the notion of neighborhood. By
using this technique, we generate different topologies from
binary relation and then we generate different four topolo-
gies from G, — CAS. The relationships between these topol-
ogies are discussed. Many examples and counter examples
to indicate the connections between these topologies are
provided.

The following theorem is very interesting since it gives new
method to generate general topology using the concept of
neighborhood. Moreover, the used technique does not depend
on the form of neighborhood. This technique opens the way
for more topological applications on covering-based rough
models.

Theorem 5.1. Suppose that U # () be any finite set, if for each
p € U, there exists a neighborhood N (p) such that N (p) C U.
Then the collection

1={ACU|Vp € A,N(p) C A} is a topology on U.

Proof. (T1) Clearly, U and @ belong to 7.

(T2) Let {4i|k € K} be a family of elements in 7 and let
P € UgexAy. Then there exists ko € K such that p € 4;,.
Thus N (p) C 4y, and this implies NV (p) C Uex4i. Hence

UkekAx € 1.
(T3) Let A;,4, € tand p€ 4, NA4,. Then p€ 4, and p € 4,
which implies N (p)CA4, and N(p)C4,. Thus

N(p)C 41 N4, and then 4 N4 € 1;. Accordingly 7 is
a topology on U. [

By using the above theorem, we can generate four different
topologies from G, — CAS as the following corollary
illustrates.

Corollary 5.1. Let the triple (U, R,C,) be G, — CAS. Then the
topologies associated with G, — CAS are given by the following

Samilies:t; = {A C U|Vp € A, N;(p) C A}, for eachj € {r,l,u,i}.

The following example is given to generate general topol-
ogy from covering approximation space as follows.

Example 5.1. Let (U,C) be a covering approximation space,
where U = {a,b,c,d} and C = {{a},{a,b},{b,c},{d}}. Then
the neighborhoods of the elements of U are given, (by using
Definition 2.8 [1]), as follows: N(a) = {a}, N(b) = {b},
N(c) = {b,c} and N(d) = {d}. By using Proposition 5.1, the
associated topology of (U,C) is given by the class:

T= {U7 ®7 {a}’ {b}7 {d}7 {a7 b}’ {a7 d}7 {b7 C}7 {b7 d}7 {a7 b7 C}’
{a,b,d},{b,c,d}}.

The following example is given to generate different topol-
ogies from the G, — CAS as follows.

Example 5.2. Let the triple (U, R,C,) be G, — CAS, where
U=1{a,b,c,d} and

R ={(a,a),(a,b),(b,c),(b,d),(c,a),(d,a)}. Then we can
get:

Nr(a) = {a}vN/‘(b) = {a7 b}7Ni‘(c) = {C, d}’ N'(d) = {C, d}v

Nl(a) = {a}le(b) = {b}le(C) = {a,C,d},N/(d) = {a,c,d},

le,(a):{a}7Nu(b):{a,b},Nu(c):{mc,d},Nu(d) ={a,c,d}
an

Ni(a) = {a}, Ni(b) = {b}, Ni(c) = {c,d}, Ni(d) = {c,d}.

Then, the topologies associated with (U, R,C;) are given by
the classes:

T = {U7 07 {a}7 {a7 b}7 {C7 d} {a7 ¢, d}}7 T = {U7 07 {a}7 {b}7
{a,b},{a,c,d}}, v, ={U,0,{a},{a,b},{a,c,d}} and t;=
{U,0,{a},{b},{a,b},{c,d},{a,c,d},{b,c,d}}.
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Definition 5.1. Let the triple (U, R,C,) be G, — CAS associated
with topologies 7;. Then for each je {r,/,u,i}, the subset
AC U is said to be j-open set if 4 € 7;, and the complement
of j-open set is called j-closed set. The family I'; of all j-closed
sets of G, — CAS is defined by

I ={FCU|F c}.

Definition 5.2. Let the triple (U, R,C,) be G, — CAS associated
with topologies 7;. Then for each j € {r,/ u,i}, we define the
Jj-interior and the j-closure of any subset 4 C U in the topolo-
gies 7; respectively as follows:

intj(A) = U{G € 1;]GC 4} and
ci(A) =n{H e I';|JAC H}.

It is clear that, int;(4) C A C c/;(A) for any A C U. In addition,
int;(A)(resp. cl;(A) ) is the largest j-open set contained in A
(resp. the smallest j-closed set contains A).

Proposition 5.1. Let the triple (U, R,C,) be G, — CAS associ-
ated with topologies t;. Then the j-lower approximation (resp.
the j-upper approximation) represents the j-interior (resp. the
J-closure) oft;, that is:R;(A) = {x € A|N;(x) C A} = int;(A4)
and

Ri(4) = {x € UIN;(x)N 4 # 0} = cli(4)

Proof. We shall prove the first statement and the second by
duality of the approximations:

First, let x € R;(A4). Then x € 4, N;(x) C 4 and this implies
A € 1j such that x € A. Thus, from Definition 5.2, 4 Cint;(A4)
and then x € int;(4). Hence R;(A) C int;(A).

Conversely, from Definition 5.2, since int;(4) is the largest
J-open set contained in A then Vx € int;(4), N;(x) Cint;(A)
which means that x € 4, N;(x) C 4 and then x € R;(4). Hence
intj(A) CR;(A) and accordingly R;(A4) = int;(A4). O

Corollary 5.2. Let the triple (U,R,C,) be G, — CAS associated
with topologiest;. Then for each j € {r,l,u,i}, the subset AC U
is j-open set (resp. j-closed set) if Ri(A)=A (resp.
Ri(A)=4).

Remark 5.1. According to the above results, we can introduce
another method to generate different topologies induced from
relation as follows: For each j € {r,/,u,i}, the classes

1, = {4 C U|R;(A) = A} are topologies on U.
The following propositions introduce the relationships

between the different topologies ;.

Proposition 5.2. Let the triple (U, R,C,) be G, — CAS associ-
ated with topologies t;. Then: (i) t, C 7;.(ii) 7, C 1;.

Proof. Let A€, then Vpe A N.(p)CA. Thus,
Vp € A, Ni(p) C A which implies A4 € 7;. Hence 1, C 7;. Simi-
larly, we can prove that 1, C7;. (I

Remark 5.2. Let the triple (U, R,C,) be G, — CAS associated
with topologies 7;. Then the following statements are not nec-
essarily true in general.

(i) = 1.

(it) v = 1.

Remark 5.3. Let the triple (U, R,C,) be G, — CAS associated
with topologies t;. Then 7, and 7, are not necessarily
comparable.

The following example shows Remarks 5.2 and 5.3.

Example 5.3. Let the triple (U, R,C,) be G, — CAS, where
U={a,b,c,d} and

R ={(a,d), (b,b), (b,c),(c,b),(d,a),(d,c)}. Then we can
get:

t, ={U,0,{b},{c},{d},{a,c},{b,c}, {b,d} {c,d}, {a.b,c},
{b,c,d},{a,c,d}},

7 ={U,0,{a},{b},{d},{a,b},{a,d},{b,c},{b,d},{a,b,c},
{a,b,d},{b,c,d}}, and 1, = P(U).

Proposition 5.3. Let the triple
associated with topologies ;.
(iii) 7, C 7.

(U,R,C,) be G,—CAS
Then: (i) t, Ct,.(ii) 7, C 1.

Proof. Suppose A4 €1, then Vpe A N,(p)CA. Thus,
Vp € A,N,(p) C A and N,(p) C A which implies 4 € 7, and
A €1 . Hence 7, C 7, and 7, C 1,

By using Proposition 5.2, we can get t, C 7;. [J
Remark 5.4. Let the triple (U, R,C,) be G, — CAS associated

with topologies ;. Then the following statements are not true
in general.

(i) t =15
(i) =1
(iii) T, = 1.

The following example shows Remark 5.4.

Example 5.4. Let the triple (U,R,C,) be G, — CAS, where
U={a,b,c,d} and

R = {(a,a),(a,b), (b, c), (b,d),(c,a),(d,a)}. Then we can
get:

v ={U,0,{a},{a,b},{c,d},{a,c,d}},vy = {U,0,{a},{b},
{a,b},{a,c,d}},

. ={U,0,{a},{a,b},{a,c,d}} and
{a,b},{c,d},{a,c,d},{b,c,d}}.

Remark 5.5. Let the triple (U, R,C,) be G, — CAS associated
with topologies 7;. Then the implications between different
topologies 7; can be given in the following diagram (where
the arrow — means C).

Ti = {Uv @, {a}7 {b}v
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Diagram 5.1

6. Conclusion and future works

In this paper, we have introduced G,— covering approximation
space G, — CAS as a generalization to classical rough set theory
and covering-based rough set theory using general binary rela-
tion. Accordingly, four different pairs of dual approximation
operators have been defined and their properties have been dis-
cussed. The relationships among these operators were investi-
gated. The best approximations of G, — CAS are in the case of
Jj =1, since the approximations in this case are more accurate
than the other cases j € {u,r,/}. In addition, the boundary
region is decreased by increasing the lower approximation and
decreasing the upper approximation. Moreover, we have intro-
duced comparisons between our approaches and some of the
other approaches.

Finally, considering the notion of neighborhood, we have
introduced a new method to generate general topological
spaces. Using this technique, we have generated different
topologies from any binary relation (directly from relations
without using subbase or base) which will narrow the gap
between topologists and applications.

In the future works, we will introduce many topological
applications in rough context and also many real life
applications by using the suggested structures in this

paper.
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