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Abstract New Hilbert-type discrete inequalities are presented by using new techniques in proof. By
specializing the weight coefficient functions in the hypothesis and the parameters, we obtain many
special cases which include, in particular, the discrete inequality derived by Hilbert and Hardy.
Many improvements and generalizations of known results are given in this paper.
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1. Introduction

The Hilbert’s double series inequality is given as follows: (see

[1,2]).
Let p>1q>11+1—1 and  a,,,
0 <> dh < oo, and0<z b < oo, then we have

>

m=1n

n=1

ey () ()

where n/sin(n/p) is the best possible constant.

(1.1)
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Many inequalities, in general and different versions of the
Hilbert inequality, in particular play a major role in mathemat-
ical analysis and applications. In recent years, considerable
attention has been given to various extensions and improve-
ments of the Hilbert inequality (1.1) (see Refs. [3-10]). The main
purpose of this paper is to obtain some extensions of (1.1).

2. The main results

First, we introduce some lemmas.

Lemma 2.1. For p> 1,0 > 0,>21 and a > 0 such that

})+$: 1, define the weight coefficient function w;(m) as

Sfollows:

wi(m) = i; (@)27 (2.1)
! o o (a+m*nf) \n/ " ’

Then we get

wi(m) < la/f I IB( ! Y ! ) (2.2)
Y B’ o) '

where B(a,b) is the Beta function for a > 0 and b > 0.
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Proof. From (2.1), we have

.. 1 0 :
my; 1 1 m\“
" p +’”“"” (n) Sa /0 (1 +—””}'ﬁ)’ (J’) @

I

a u/’ - du

-1
=5 melB

Using the change of variable u =
and 0 < u < oo.

Substituting u and dy in the right hand side of the above
inequality, we get

1 [* 1 m i\ 1(1%14%_161
m) < — | T 53 ——=—
<G |, v ) 5w

1
1 a i Y

— _agF i E 5 du-
B o (1+u)

It follows from [9] and i + ‘1; =1, that

1 1. ppps 1 1
wi(m) < —av 'm B(—,y - _),
B Bp’" Bp

Hence the lemma is proved. [

By a similar manner we can prove the following lemma.

Lemma 2.2. For p>1,a> ,q,ﬁ 0 and a > 0 such that

1 R L— 1, define the weight coefficient

wo(n) as:
o 1 n\»
w2 =3 oy () (23)
Then we get
1 1 sa 1 1
wa(n) < S B (— y— —> (2.4)
& xq oq

Theorem 2.3. If « >
1 »te 1=1{a,} and {b,,}

B> and (p > 1), such that
0, satlsfy that

L pppa
0<Zm”ﬂn a”<ooand0<2n Z b"<oc

m=1 n=1

1
S b, slg=be=D+bp=p-1) (1 1 1 \7/1 1 1\\*
7< %Ppq — B —, )= —-Bl—.yv——
;;(HW”") ‘ ) <ﬁ 7 /fp)> <9< <aq ! w))
1 1
(me I al’> (Zn*"li”’bﬁg) . (2.5)
=l

Proof. Using Holder’s inequality, we have

3 D Bl
<(§im( )J>; ( S o ()y
(5 (S @) (5 (S ))

n:l m l

Mx

(2.6)

By (2.1), (2.3) and (2.6), we get

>y af”,;q;’n,, (Za"m )(ib‘n’m(n))- 27

m=1 n=1

Substituting by (2.2) and (2.4) in (2.7), we obtain

1

e am n y Br—p—= 1 1 ’
a/’ — a/f]r m » B ,Y —

ZZ (a -+ mnb)’ (Z " (/51’ ! ﬁp>>

m=1 n=1 m

1

g 1 1 !

(S ()
oq oq

—0—171 we have

Slnce

ii by, gty ) (l B< 1 1 ))llf
<a i Z Ly ——
i~ (a+ mnP) B \pp / Bp

1
l 1 Z Bp—p—2 Z ag—o—p
<&B<<x_q’y ocq)) ( " a”) ( " b")

This completes the proof. [

Remark 2.1.
1. Let p = ¢ = 2 in (2.5), then we have

X b, INY? s 1 1 1 1 :
A (=) dw (B=sy—= | B[y ——
22 Tt nenty <aﬁ> “or ( (2/3” 25) <2a’ 2«))

1

I — 2

E ' /fa nEh | .
m= n=1

2. Let y = 1in (2.5). Then we get

~ oo alg—pa—1)+Bp—ap—1)

"\ ayb na P b=z g\’
EE m;’ﬁg . Eml‘ﬂa” Enwbz,
—{= a+m*n AV . —
m=1n= [fsmﬁ osin n=

(2.9)
which is a new Hilbert-type inequality.
3. Let o = f§ = 1in (2.9), then we obtain
1 1
00 00 T[(ll"/ 2, 7 0 17%/ ; q
;Z +mn o <Zm &, ;n b . (2.10)

4. Let a = 1in (2.9), then we have

1 1
0o 00

S P/ o i
b, < 7 = fooper = e
= 1 m ’ am n ! n -

o T
i L+ (ﬁsm ) (asinﬁ)q el =1

S.Letoa=p=1in (2.11),

1 1
o0 00 ay, P 00 s q
ZZ 1 + mn (;m z > (;nl ubZ) .

6. Let @ = 4 in (2.10), then we get

(2.11)
then we find

1 1
a,,b ndra 2 2
D> B B i, ) (Yot )
4+ mn " sinZ
p \um=1 n=1
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7.Leto = f =1,a =11in (2.8), then we have

X anb, ﬁl"(y — %)
S O (S ) ($).

m

oi—

(2.12)

8. Let y = 2 in (2.12), then we find

5 els) ()

m=1

Lemma 24. For o > 0,4 > ,p,y>0 and p > 1 such that
' b L—1, define the wezght coefficient w;(m) as follows:

=~ 1 m\ g
wi(m) = ;‘m (;) . (2.13)
Then we get
1 prpra—n 1 1
wiim)<-m #®» B —,y——. 2.14
< ) (214

Proof. From (2.13), we have

=St O <o [ gy G

then we have dy = L 'du and 0 < u < oo.

Let u = m,, Fm

Hence

1—2

1 /°° 1 (m" B\ ..,
< m — | —miur du
m* Jo  (L4+u) \ 4z B

11

11|

1 X yF B

— Zpr ——du
B o (1+u)

Using definition of Beta function and % +é =1, we have

1 popraap 1 1
wi(m)<-m #® B —,y——).
) < (m B

Hence the lemma is proved. O

wi(m)

Lemma 2.5. For > 0,0 > lq,y>0 and p > 1 such that

pl+$: Lp>1,qg> 1,11}+ L—=1, define the weight coefficient
Wy (n) as:
w —i;(?); (2.15)
200 = 2 Gty ‘
Then we get
1 sgoipapr 1 1
wa(n) < —n i B(—,v ——), (2.16)
o oq og

where B(a,b) is the Beta function, a > 0 and b > 0.

Proof. The proof is similar to the proof of Lemma 2.4, so it is
omitted. [

1 > 1 . 1,1
and f§ = o such that ste= 1,

4
00
0< Zmzl

Theorem 2.6. If (p > 1),a >
>0, satisfy  that

and  f(x) =0, g(y)

Bp=p+a—apyp aq—o+p—afyq

P 9 .
m - wah <ooand <y m @ bl < oo

Then for (y > 0)

am n 1\7 /1 ‘]7 1 1 "l 1 . 1 q
lel: m +nl)! <E> <&> <B<ﬁp7}7ﬂp>> <B<@”7@>>

1 L
00 P 00 q
Blp—oyp—1)+a alg—Prg—1)+p
Bl P 7
X (2 m am) (2 noow b"> .(217)

m=1 n=1

-

Proof. Put the left hand side of the inequality (2.17) in the
form:

NN SN

m=1n=1 m=1 n=1 mo( + nﬂ m* + n

Applying Holder’s inequality to get the right hand side of the
above inequality as follows:

St (St ()

m=1n=1 m=1n=1

<szo<+nﬂ ()) (ia<im(g>>>

m=1 n=1 n=1

(S ()

(2.18)

By (2.13), (2.1

R
(m* + nf)’

m=1 n=1

5) and (2.18), we get

(Za”w] )(Zb wa(n ) (2.19)

Substituting (2.14) and (2.16) of Lemmas 2.4 and 2.5 in (2.19),
we obtain

1

= apb, X1 ey <1 l) !
—— < a—-m m B )Y — o=

Sy et @:ﬁ )

1 1

o % anb, N7 /1\¢ 1 1 i . | 1
S5 2 G0 (o) 6 2)

1

1 1
0 e\ (SN wtepens |
X Zl’l’l " a, Zn 9«/ by
m n
m=1 n=1

This completes the proof. [

Now, we discuss some special values for the parameters
inequality (2.17) in order to obtain some known inequalities
as special cases from our result.

Remark 2.2.

1. Let p = ¢ = 2 in (2.17), then we get

S5« () (G 5)) (oG 2))

m=1 n=1
1

1
0 2/~ 2
[f\xth/!,- ) 1+/) 1/5’ b
X m ¥ a, E n -
m=1 n=1
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2. Let o = f = 11in (2.17), then we obtain

S < (D) (D)

m=1 n=1

1
(Zml 'a”) (inl"b,‘j) .
m= n=1

3. Let p = ¢ = 2 in (2.20), then we get

Sy« (o) () (S0

= /“ (Zm )(inlzf)

(2.21)

(2.20)

4. Let y = 1 in (2.21), then we have

o s L. 3
5 e(e) (2

m=1 n=1

which is Hilbert’s double series inequality.
5. Lety = 2 in (2.21), then we have

S5 b () (5500)
=1 n=1

n=1 ’n+ m

6. Let o = f = 2in (2.17), then we have

1 1
S by 1 1 1\’ 1 1\\?
YN s <5 (Bl — o B(— y——
L= (m* +n?) 2( (2p ! 217))( (2q ! 261))

7. Let p = ¢ = 2 in (2.22), then we have

$3 et (s(l- ) () (S0).

m=1 n= ]
(2.23)

o

8. Let y = 11in (2.23), then we get

Liw A\
DY mf";",ﬂ (Zm' 2) (;wﬁ) .

m=1 n=1

9. Let o = f = pin (2.17), then we have
S ()3
oy (mr )T\ '

1 1
1 P o0 q
x| B ) —— m1 gl n'pt |

(2.24)

10. Let p = ¢ = 2 in (2.24), then we find

i 1
o Ll,,, n 1 1 " 2 o) Lo 2
St < ()G (£ ) (57 4)

(2.25)

11. Let y = 1 in (2.25), then we have

1 1
7/ % 2
llm n 1- y 2 l—pp2
ZZ : Zm w) 2 ) -
mt + nf‘ usin & =

2u \m=

12. Let y = 1 in (2.17), then we get

1

am n Y Br— /H; x/fp r
ZZ m* + n/‘ 5 Z
1 n—= . T 14
m= fsin ) (2 sinZ

o0 oot 5
ag—a+f-afq
20 AR
n=1

13. Let « = 1 in (2.17), then we have
1 1 1
2K «a 1\’ 1 1.\ 1 1\
b (Y (sl LY (g ﬂyﬁ))
;Z m+nf)’ (ﬁ) ( (/317 ﬁp)) ( < q
1
« (f:m/f,; /f /i,H»l m) (an+/i iq 1 )q'
m=1

(2.26)

14. Let p = ¢ = 2 in (2.26), then we get

1 1 1

S () (o) (oGo-3)

1 1

o0 boapl 2 o0 2
—2py+ B2+ /i+l
2 2
X m ¥ a, E n > b, |. (227)
m=1 n=1

15. Let y = 1 in (2.27), then we have

1
- by 0
2} — ,:+nﬂ\( (me ) ( 3 /‘bZ) .
m=ln ﬁsmﬁ) n

16. Let f = 2 in (2.28), then we have

St (Sme) (5.

m=1 n= 2)Z

o=

(2.28)

ol—

By introducing some parameters, a new form of Hardy—
Hilbert’s inequality is given as follows:

Theorem 2.7. If a, b, ¢ >0, 0<a<pqg, 0<p<gr
0 <y <prand (p>1), such that l+l+l: 1. Also, if 0 <
Smt T ah < 00,0 < chng%*ﬁ)‘bq <oo and 0< Y T

cf <oo. Then, for any },>max{i+——f —+——f —+———}

qry prio

00 o0 o0

1 L

j :2 :j : apnbyc, < a%*’l‘ﬁ' ! b%%i" !
joS 11 1

st =1 (anr® + b +ct’")/ pbryc uaBYCe

1
11\ 7 1
et 11,11 111 1\Y
« (B ___,z__+_)3(_____+x,_>>
(aaﬁib*) < </3 q’ B oar) \gr By Ty
1
(L Dyt )
Y opr Y opr roy o o
x(3(LL,AJ+i>3<piii+x,l>>f
o« pg w pg q BB

1
) P x 8.8
Zt+Z—al _p Tta —Pi g
E A E
X mp a, bl

n=1

(2.29)

v K
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Proof. Apply Holder’s inequality to estimate the right hand
side of the above inequality as follows:

00 00 00

DI PRI

m=1 n=1 t=1 (am“ + bnﬁ =+ L'f’")/-

oo 00 00

1
am®\ »"
ZZZ am*+bn/}+cl/) (bn )

m=1 n=1 t=1
ot (WY (e)E
(am + b + )T N (ame 4 bl ey N
NN a, am*\ ’
NN b’ " 7
NN ct’ I ;

_ Sl/l’Tl/qu/r‘

(2.30)
Such that here

S= am* "a —..
; ;:21; am? + b + cr)”

Since anlf(n) < Jo f(y)dy, then

SO [ )

o (am* + b’ e o (amr + by + er)

1
P G
1 / o (um"i('t‘f) d
= . =dy.
(am* + ct’*‘)“’# 0 ( > ‘

1 + am"+<t

ﬂ)’i

By putting u=_27—. then we find dy=j ()™
(ﬂm +ct’ )du and 0 <u < 0. Then

o By 1 oo AL
0 (amr by rerY Bbb(amr+cr) i Jo (1+u)

From definition of Beta function, we get

py 1 111
() rdy = B(***)L**‘F*).

o0
/0 (am*+ by + ct?’)/" ﬁb%(am“ —+ ct"v’)”i*% B q’’ B ogr

Therefore, we have

1 (l 1 I 1\ L= 1
(-t /1”+—) (S —— L
ﬁ Boa Boar)io ;(ama—kct ok o

Now,

oo o0 1

E T 1 </ P 1dZ
Y ] N\Atr—g

=1 (am* + cr)" " 0 (am* + czv) T

11
o0 Y

- / (e
0 (l +am°‘)’+q: /i

czV

Using the change in variables u=e" dr =
o Ly e

_l(ﬂufl), am’ =2

7\ ¢ c

Hence

1.1 1,5
o0 1 F—;Jr——/ 0o oAl
am ue 7
/ L dZ = ( ) 7 / P du
0o (am* 4 czr) T e o (14u)"a

Using definition of Beta function, we have

o 1 Pt 111 1
/ S k)
0 (ax* +cz) } yei

Then
AU I 1
= Blp-—A-5+—|B 7‘7777
Bbiye \B qr' B qr) \qr
Similarly, we can write 7" and R as follows:
1,1 4
pitit 1 1 1 | ) L e ‘
aaycr \7V  Pr Yy opr rooy o o) “

o1 11 1 1 1 1
rR=S" B<—7—,/1f7+—>B<—7—77+A,7>Zz?+ﬁ’”‘c{.
ad bt \%  Pq « pg) \pg o BB/

m=1 n=1

e 1 | ,
. N Ll N7 /11 ,\Na /Ll o\ T
E E E _ ambuer a/ﬁ — P A
I i
— (am* +bn/f+ct [fb/‘ mé}-ﬁ otali/ilﬁ
1

1

L 1

00 00 00 IR AL LAY

E § E ambnc; g 1" ”ﬂ‘l? I\P Zﬁ*TT q c“‘/f/; T
(”m1+bnli+(ﬁ)ﬁ I'(2) 1 1 1 [

oa? fbP

x r(%)r(i—piq)r([}q—i—;wu

X
3I
gk
3
e
¥
e
i
v
gt
N
2=
T
‘§
®
=
\_/
/_\
Fj
QL
°:
~__—
<

This completes the proof. [
Remark 2.3.

1. Setting p = ¢ = r = 3 in (2.29), we get



On some generalizations of the Hilbert—Hardy type discrete inequalities

335

i i .
E E E _ ambper < 1 (1/”4r - prtat cﬁ/{ A
(am?+bnP+err)”  T(2) 1 11 T

m=1 n=1 r=1 ﬁb” oazyet m%ﬂhﬁ

1

e 3/
% (Zm%Jr%na’}n) (Z /f+/f /f)b3> <Zt1+ﬁ}4 3) ) 2 32)
m=1

n=1

2. Leta = f =7y =11n (2.29), then we get

(2.33)

3.Fora=b=c
inequality:

amb,c
Zzzmmit

m=1n=1 t=

1 in (2.33), one has the following

1

ln(qrﬁ(prﬁ(pq)f

(5] () 2]

4. Let A = 11in (2.29), then we get

1 1 1
Ll NP /11 \Na /Ll \ 7
E E § _ ambaci a' bt Rl
am*+bnP et < L% 11 1L
1

1 il 1= BbPyc aaryc’ oa? fbP

1 1 1 1
x(B(ﬁ—a,l—w—;)

1 1 1
DRI <L)ﬂ(¢)q<i>"
(m* +n/‘+t By Y uf

m=1n=

6. Substituting 4 = 1 in (2.34), then we obtain,

00 00 00

by
Zzzm"a ln/:’+ 2

m=1n=1 1=1

1 1 1
IN/INe/1N°/ /1 1 1 1\ /1 1 1 . 1\\*
<(=—) (=) (=) (B 77—,177+—)B<—777—+17—>>
(ﬁy> (w) (tﬂf)( (ﬁ g’ B qr) \gr B v Ty
11 11 111 1\\¢
x(B(-——1——+—|B[————>+1,~
y pryopr oy oo a
(Ll Dyl Lt )
« pqg o pq g o BB
1
(Znéw > (Z[#ﬁ ,C't>'
n=1

% P
aa o
5y
X E mb a,
m=1

7. Let o = f = 11n (2.29), then we get

1 1
SR 1\ 7 1\ @ N
E E Z anbye, o [ o7 sl W =AY

(am+bn+ct?)* = }7}‘(% 1 ab

ayc’

00 ]I_) 00
17 p 1= Lt (=2 .
(i) (Som) (Se0)

(2.35)
8. For 2 = 2,y = 2 in (2.35), we have

oo l
_ ambye, 1,’ 12, 12 11
a» b cer(B(1-L11 L1411
ZZZ (am+bn+e2)’ qr? +zp qr+2 2

m=1n=1 t=1

X<B<%fﬁﬁ%+#>3(m+w)>( (1-41+4)8(5))

1
00 [ x i/ g
1
E p —pe -
X m- 7am E n-zb! E a .
m=1 n=1 =1
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