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Hölder’s inequality;

Hardy’s inequality;

Beta and gamma functions;

Weight functions
Abstract New Hilbert-type discrete inequalities are presented by using new techniques in proof. By

specializing the weight coefficient functions in the hypothesis and the parameters, we obtain many

special cases which include, in particular, the discrete inequality derived by Hilbert and Hardy.

Many improvements and generalizations of known results are given in this paper.
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1. Introduction

The Hilbert’s double series inequality is given as follows: (see

[1,2]).
Let p > 1; q > 1; 1

p
þ 1

q
¼ 1 and am, bn > 0. If

0 <
P1

m¼1a
p
m <1, and 0 <

P1
n¼1b

q
n <1, then we have

X1
m¼1

X1
n¼1

ambn
mþ n

6
p

sin p
p

� � X1
m¼1

apm

 !1
p X1

n¼1
bqn

 !1
q

; ð1:1Þ

where p/sin(p/p) is the best possible constant.
Many inequalities, in general and different versions of the

Hilbert inequality, in particular play a major role in mathemat-
ical analysis and applications. In recent years, considerable
attention has been given to various extensions and improve-

ments of the Hilbert inequality (1.1) (see Refs. [3–10]). The main
purpose of this paper is to obtain some extensions of (1.1).

2. The main results

First, we introduce some lemmas.

Lemma 2.1. For p > 1; a P 0; b > 1
cp and a> 0 such that

1
pþ 1

q ¼ 1, define the weight coefficient function w1(m) as
follows:
w1ðmÞ ¼
X1
n¼1

1

aþmanbð Þc
m

n

� �1
q

: ð2:1Þ

Then we get

w1ðmÞ 6
1

b
a

1
bp�cm

bp�b�a
bp B

1

bp
; c� 1

bp

� �
; ð2:2Þ

where B(a,b) is the Beta function for a > 0 and b > 0.
icense.
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Proof. From (2.1), we have

w1ðmÞ ¼
X1
n¼1

1

ac 1þ manb

a

� �c m

n

� �1
q

6
1

ac

Z 1

0

1

1þ mayb

a

� �c
m

y

� �1
q

dy:

Using the change of variable u ¼ mayb

a
, we have dy ¼ 1

b
a
1
bu

1
b
�1

ma=b du
and 0 6 u <1.

Substituting u and dy in the right hand side of the above
inequality, we get

w1ðmÞ 6
1

ac

Z 1

0

1

ð1þ uÞc
m1þa

b

a
1
bu

1
b

 !1
q
1

b
a

1
bu

1
b�1

m
a
b

du

¼ 1

b
a

1
b�

1
bq�cm

1
qþ a

bq�
a
b

Z 1

0

u
1
b�

1
bq�1

ð1þ uÞc du�

It follows from [9] and 1
p
þ 1

q
¼ 1, that

w1ðmÞ 6
1

b
a

1
bp�cm

bp�b�a
bp B

1

bp
; c� 1

bp

� �
:

Hence the lemma is proved. h

By a similar manner we can prove the following lemma.

Lemma 2.2. For p > 1; a > 1
cq ; b P 0 and a > 0 such that

1
pþ 1

q ¼ 1, define the weight coefficient

w2(n) as:

w2ðnÞ ¼
X1
m¼1

1

ðaþmanbÞc
n

m

� �1
p

: ð2:3Þ

Then we get

w2ðnÞ 6
1

a
a

1
aq�cn

aq�a�b
aq B

1

aq
; c� 1

aq

� �
: ð2:4Þ

Theorem 2.3. If a > 1
cq ; b >

1
cp and (p> 1), such that

1
p
þ 1

q
¼ 1; famg and {bn} P 0, satisfy that

0 <
X1
m¼1

m
bp�b�a

bp apm <1 and 0 <
X1
n¼1

n
aq�a�b

aq bqn <1:

Then for (a,c > 0).

X1
m¼1

X1
n¼1

ambn
aþmanbð Þc6 a

a q�cbq�1ð Þþb p�cap�1ð Þ
abpq

1

b
Bð 1

bp
;c� 1

bp
Þ

� �1
p 1

a
B

1

aq
;c� 1

aq

� �� �1
q

�
X1
m¼1

m
bp�b�a

bp apm

 !1
p X1

n¼1
n

aq�a�b
aq bqn

 !1
q

: ð2:5Þ

Proof. Using Hölder’s inequality, we have

X1
m¼1

X1
n¼1

ambn
aþmanbð Þc

¼
X1
m¼1

X1
n¼1

am

aþmanbð Þ
c
p

m

n

� � 1
pq bn

aþmanbð Þ
c
q

n

m

� � 1
pq

6

X1
m¼1

X1
n¼1

apm
aþmanbð Þc

m

n

� �1
q

 !1
p

�
X1
m¼1

X1
n¼1

bqn
aþmanbð Þc

n

m

� �1
p

 !1
q

¼
X1
m¼1

apm

X1
n¼1

1

aþmanbð Þc
m

n

� �1
q

 ! !1
p X1

n¼1
bqn

X1
m¼1

1

aþmanbð Þc
n

m

� �1
p

 ! !1
q

:

ð2:6Þ
By (2.1), (2.3) and (2.6), we get

X1
m¼1

X1
n¼1

ambn
ðaþmanbÞc 6

X1
m¼1

apmw1ðmÞ
 !1

p X1
n¼1

bqnw2ðnÞ
 !1

q

� ð2:7Þ

Substituting by (2.2) and (2.4) in (2.7), we obtain

X1
m¼1

X1
n¼1

ambn
ðaþmanbÞc 6

X1
m¼1

apm
1

b
a

1
bp�cm

bp�b�a
bp B

1

bp
; c� 1

bp

� � !1
p

�
X1
n¼1

bqn
1

a
a

1
aq�cn

aq�a�b
aq B

1

aq
; c� 1

aq

� � !1
q

:

Since 1
p
þ 1

q
¼ 1, we have

X1
m¼1

X1
n¼1

ambn
ðaþmanbÞc 6 a

aðq�cbq�1Þþb p�cap�1ð Þ
abpq

1

b
B

1

bp
; c� 1

bp

� �� �1
p

1

a
B

1

aq
; c� 1

aq

� �� �1
q

�
X1
m¼1

m
bp�b�a

bp apm

 !1
p X1

n¼1
n

aq�a�b
aq bqn

 !1
q

:

This completes the proof. h

Remark 2.1.

1. Let p= q = 2 in (2.5), then we have

X1
m¼1

X1
n¼1

ambn
ðaþmanbÞc6

1

ab

� �1=2

a
a�4abcþb

4ab B
1

2b
;c� 1

2b

� �
B

1

2a
;c� 1

2a

� �� �1
2

�
X1
m¼1

m
b�a
2b a2m

 !1
2 X1

n¼1
n

a�b
2a b2n

 !1
2

:

ð2:8Þ

2. Let c = 1 in (2.5). Then we get

X1
m¼1

X1
n¼1

ambn
aþmanb

6
pa

aðq�bq�1Þþbðp�ap�1Þ
abpq

b sin p
bp

� �1
p

a sin p
aq

� �1
q

X1
m¼1

m
bp�b�a

bp apm

 !1
p X1

n¼1
n

aq�a�b
aq bqn

 !1
q

;

ð2:9Þ

which is a new Hilbert-type inequality.

3. Let a = b = 1 in (2.9), then we obtain

X1
m¼1

X1
n¼1

ambn
aþmn

6
pa

�2
pq

sin p
p

X1
m¼1

m1�2
papm

 !1
p X1

n¼1
n1�

2
qbqn

 !1
q

: ð2:10Þ

4. Let a= 1 in (2.9), then we have

X1
m¼1

X1
n¼1

ambn
1þmanb

6
p

b sin p
bp

� �1
p

a sin p
aq

� �1
q

X1
m¼1

m
bp�b�a

bp apm

 !1
p X1

n¼1
n

aq�a�b
aq bqn

 !1
q

:

ð2:11Þ

5. Let a = b = 1 in (2.11), then we find

X1
m¼1

X1
n¼1

ambn
1þmn

6
p

sin p
p

X1
m¼1

m1�2
papm

 !1
p X1

n¼1
n1�

2
qbqn

 !1
q

:

6. Let a= 4 in (2.10), then we get

X1
m¼1

X1
n¼1

ambn
4þmn

6
p4

�2
pq

sin p
p

X1
m¼1

m1�2
papm

 !1
p X1

n¼1
n1�

2
qbqn

 !1
q

:
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7. Let a = b = 1, a = 1 in (2.8), then we have

X1
m¼1

X1
n¼1

ambn
ð1þmnÞc 6

ffiffiffi
p
p

C c� 1
2

� �
CðcÞ

X1
m¼1

a2m

 !1
2 X1

n¼1
b2n

 !1
2

: ð2:12Þ

8. Let c = 2 in (2.12), then we find

X1
m¼1

X1
n¼1

ambn

ð1þmnÞ2
6

p
2

X1
m¼1

a2m

 !1
2 X1

n¼1
b2n

 !1
2

:

Lemma 2.4. For a P 0; b > 1
cp ; c > 0 and p> 1 such that

1
p
þ 1

q
¼ 1, define the weight coefficient w1(m) as follows:

w1ðmÞ ¼
X1
n¼1

1

ðma þ nbÞc
m

n

� �1
q

: ð2:13Þ

Then we get

w1ðmÞ 6
1

b
m

bp�bþa�ac
bp B

1

bp
; c� 1

bp

� �
: ð2:14Þ

Proof. From (2.13), we have

w1ðmÞ ¼
X1
n¼1

1

macð1þ nbÞc
m

n

� �1
q

6
1

mac

Z 1

0

1

1þ yb

ma

� �c
m

y

� �1
q

dy:

Let u ¼ yb

ma, then we have dy ¼ 1
bm

a
bu

1
b�1du and 0 6 u <1.

Hence

w1ðmÞ 6
1

mac

Z 1

0

1

ð1þ uÞc
m1�a

b

u
1
b

 !1
q
1

b
m

a
bu

1
b�1du

¼ 1

b
m

1
q� a

bqþ
a
b�ac

Z 1

0

u
1
b�

1
bq�1

1þ uð Þc du�

Using definition of Beta function and 1
p
þ 1

q
¼ 1, we have

w1ðmÞ 6
1

b
m

bp�bþa�abcp
bp B

1

bp
; c� 1

bp

� �
:

Hence the lemma is proved. h

Lemma 2.5. For b P 0; a > 1
cq ; c > 0 and p> 1 such that

1
p
þ 1

q
¼ 1; p > 1; q > 1; 1

p
þ 1

q
¼ 1, define the weight coefficient

w2 (n) as:

w2ðnÞ ¼
X1
m¼1

1

ðma þ nbÞc
n

m

� �1
p

: ð2:15Þ

Then we get

w2ðnÞ 6
1

a
n

aq�aþb�abcq
aq B

1

aq
; c� 1

aq

� �
; ð2:16Þ

where B(a,b) is the Beta function, a> 0 and b> 0.

Proof. The proof is similar to the proof of Lemma 2.4, so it is
omitted. h

Theorem 2.6. If ðp > 1Þ; a P 1
cq and b P 1

cp such that 1
p
þ 1

q
¼ 1,

and f(x) P 0, g(y) P 0, satisfy that 0 <
P1

m¼1

m
bp�bþa�abcp

bp apm <1 and <
P1

n¼1n
aq�aþb�abcq

aq bqn <1�
Then for (c > 0)

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc 6

1

b

� �1
p 1

a

� �1
q

B
1

bp
; c� 1

bp

� �� �1
p

B
1

aq
; c� 1

aq

� �� �1
q

�
X1
m¼1

m
bðp�acp�1Þþa

bp apm

 !1
p X1

n¼1
n

aðq�bcq�1Þþb
aq bqn

 !1
q

: ð2:17Þ

Proof. Put the left hand side of the inequality (2.17) in the
form:

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc ¼

X1
m¼1

X1
n¼1

am

ðma þ nbÞ
c
p

m

n

� � 1
pq bn

ðma þ nbÞ
c
q

n

m

� � 1
pq

:

Applying Hölder’s inequality to get the right hand side of the
above inequality as follows:

X1
m¼1

X1
n¼1

ambn
ðmaþnbÞc6

X1
m¼1

X1
n¼1

apm
ðmaþnbÞc

m

n

� �1
q

 !1
p

X1
m¼1

X1
n¼1

bqn
ðmaþnbÞc

n

m

� �1
p

 !1
q

¼
X1
m¼1

apm

X1
n¼1

1

ðmaþnbÞc
m

n

� �1
q

 ! !1
p

X1
n¼1

bqn
X1
m¼1

1

ðmaþnbÞc
n

m

� �1
p

 ! !1
q

: ð2:18Þ

By (2.13), (2.15) and (2.18), we get

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc 6

X1
m¼1

apmw1ðmÞ
 !1

p X1
n¼1

bqnw2ðnÞ
 !1

q

: ð2:19Þ

Substituting (2.14) and (2.16) of Lemmas 2.4 and 2.5 in (2.19),
we obtain

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc 6

X1
m¼1

apm
1

b
m

bp�bþa�abcp
bp B

1

bp
; c� 1

bp

� � !1
p

�
X1
n¼1

bqn
1

a
n

aq�aþb�abcq
aq B

1

aq
; c� 1

aq

� � !1
q

:

Then

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc 6

1

b

� �1
p 1

a

� �1
q

B
1

bp
; c� 1

bp

� �� �1
p

B
1

aq
; c� 1

aq

� �� �1
q

�
X1
m¼1

m
bðp�acp�1Þþa

bp apm

 !1
p X1

n¼1
n

aðq�bcq�1Þþb
aq bqn

 !1
q

:

This completes the proof. h

Now, we discuss some special values for the parameters
inequality (2.17) in order to obtain some known inequalities
as special cases from our result.

Remark 2.2.

1. Let p = q= 2 in (2.17), then we get

X1
m¼1

X1
n¼1

ambn
ðma þ nbÞc 6

1

ab

� �1
2

B
1

2b
; c� 1

2b

� �� �1
2

B
1

2a
; c� 1

2a

� �� �1
2

�
X1
m¼1

m
bþa�2abc

2b a2m

 !1
2 X1

n¼1
n

aþb�2abc
2a b2n

 !1
2

:



On some generalizations of the Hilbert–Hardy type discrete inequalities 333
2. Let a = b = 1 in (2.17), then we obtain

X1
m¼1

X1
n¼1

ambn
ðmþ nÞc 6 B

1

p
; c� 1

p

� �� �1
p

B
1

q
; c� 1

q

� �� �1
q

X1
m¼1

m1�capm

 !1
p X1

n¼1
n1�cbqn

 !1
q

: ð2:20Þ

3. Let p= q = 2 in (2.20), then we get

X1
m¼1

X1
n¼1

ambn
ðmþ nÞc 6 B

1

2
; c� 1

2

� �� � X1
m¼1

m1�ca2m

 !1
2 X1

n¼1
n1�cb2n

 !1
2

¼
ffiffiffi
p
p

C c� 1
2

� �
CðcÞ

X1
m¼1

m1�ca2m

 !1
2 X1

n¼1
n1�cb2n

 !1
2

:

ð2:21Þ

4. Let c = 1 in (2.21), then we have

X1
m¼1

X1
n¼1

ambn
mþ n

6 p
X1
m¼1

a2m

 !1
2 X1

n¼1
b2n

 !1
2

;

which is Hilbert’s double series inequality.
5. Let c = 2 in (2.21), then we have

X1
m¼1

X1
n¼1

ambn

ðmþ nÞ2
6

p
2

X1
m¼1

m�1a2m

 !1
2 X1

n¼1
n�1b2n

 !1
2

:

6. Let a = b = 2 in (2.17), then we have

X1
m¼1

X1
n¼1

ambn
ðm2 þ n2Þc 6

1

2
B

1

2p
; c� 1

2p

� �� �1
p

B
1

2q
; c� 1

2q

� �� �1
q

�
X1
m¼1

m1�2capm

 !1
p X1

n¼1
n1�2cbqn

 !1
q

:

ð2:22Þ

7. Let p= q = 2 in (2.22), then we have

X1
m¼1

X1
n¼1

ambn
ðm2þn2Þc6

1

2
B

1

4
;c�1

4

� �� � X1
m¼1

m1�2ca2m

 !1
2 X1

n¼1
n1�2cb2n

 !1
2

:

ð2:23Þ

8. Let c = 1 in (2.23), then we get

X1
m¼1

X1
n¼1

ambn
m2 þ n2ð Þ 6

pffiffiffi
2
p

X1
m¼1

m�1a2m

 !1
2 X1

n¼1
n�1b2n

 !1
2

:

9. Let a = b = l in (2.17), then we have

X1
m¼1

X1
n¼1

ambn
ðmlþnlÞc6

1

l

� �
B

1

lp
;c� 1

lp

� �� �1
p

� B
1

lq
;c� 1

lq

� �� �1
q X1

m¼1
m1�lcapm

 !1
p X1

n¼1
n1�lcbqn

 !1
q

:

ð2:24Þ
10. Let p= q = 2 in (2.24), then we find

X1
m¼1

X1
n¼1

ambn
ðmlþnlÞc6

1

l

� �
B

1

2l
;c� 1

2l

� �� � X1
m¼1

m1�lca2m

 !1
2 X1

n¼1
n1�lcb2n

 !1
2

:

ð2:25Þ
11. Let c = 1 in (2.25), then we have

X1
m¼1

X1
n¼1

ambn
ml þ nl

6
p

l sin p
2l

X1
m¼1

m1�la2m

 !1
2 X1

n¼1
n1�lb2n

 !1
2

:

12. Let c = 1 in (2.17), then we get

X1
m¼1

X1
n¼1

ambn
ma þ nb

6
p

b sin p
bp

� �1
p

a sin p
aq

� �1
q

X1
m¼1

m
bp�bþa�abp

bp apm

 !1
p

�
X1
n¼1

n
aq�aþb�abq

aq bqn

 !1
q

:

13. Let a = 1 in (2.17), then we have

X1
m¼1

X1
n¼1

ambn
ðmþ nbÞc 6

1

b

� �1
p

Bð 1
bp
; c� 1

bp
Þ

� �1
p

B
1

q
; c� 1

q

� �� �1
q

�
X1
m¼1

m
bp�b�bcpþ1

bp apm

 !1
p X1

n¼1
n
qþb�bcq�1

q bqn

 !1
q

:

ð2:26Þ

14. Let p= q= 2 in (2.26), then we getX1
m¼1

X1
n¼1

ambn
ðmþ nbÞc 6

1

b

� �1
2

B
1

2b
; c� 1

2b

� �� �1
2

B
1

2
; c� 1

2

� �� �1
2

�
X1
m¼1

m
b�2bcþ1

2b a2m

 !1
2 X1

n¼1
n

b�2bcþ1
2 b2n
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15. Let c = 1 in (2.27), then we have
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16. Let b = 2 in (2.28), then we have
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:

By introducing some parameters, a new form of Hardy–
Hilbert’s inequality is given as follows:
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Proof. Apply Hölder’s inequality to estimate the right hand

side of the above inequality as follows:
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¼ S1=pT1=qR1=r: ð2:30Þ

Such that here
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From definition of Beta function, we get
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Therefore, we have
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Using definition of Beta function, we have
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Similarly, we can write T and R as follows:
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ð2:31Þ

This completes the proof. h

Remark 2.3.

1. Setting p = q= r= 3 in (2.29), we get
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2. Let a = b = c = 1 in (2.29), then we get
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3. For a= b = c = k = 1 in (2.33), one has the following

inequality:
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4. Let k = 1 in (2.29), then we get
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5. For a = b= c = 1 in (2.29), we obtain
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6. Substituting k = 1 in (2.34), then we obtain,
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7. Let a = b = 1 in (2.29), then we get
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8. For k = 2,c = 2 in (2.35), we have
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