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Abstract In this paper, we introduced two new subclasses of the function class £ of bi-univalent
functions analytic in the open unit disc defined by convolution. Furthermore, we find estimates on
the coefficients | a | and| as | for functions in these new subclasses.
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1. Introduction and definitions

Let A denote the class of functions of the form:
f(Z) :Z+Eanzn7 (11)
n=2

which are analytic in the open unit disc U = {z: |z| < 1}.
Further, by S we shall denote the class of all functions in A
which are univalent in U.

For f(z) defined by (1.1) and ®(z) defined by

o) =z+> 6, (4, >0), (1.2)

the Hadamard product (f * @)(z) of the functions f{z) and ®(z)
defined by

(fx®)(z) =z+ ian W2 = (P * f)(2). (1.3)
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For0<a < 1and 4 > 0, we let Q,(h, o) be the subclass of A
consisting of functions f{z) of the form (1.1) and functions /(z)
given by

h(z)=z+ hz" (hy>0) (1.4)
n=2

and satisfying the analytic criterion:

Q;(h0)= {fe A:Re((l 71)M+2(/"Mz)'(z)> >a, 0<a<l, A= 0}.

(1.5)

It is easy to see that Q; (h,a) C Q;, (h,a) for 2, > 4> = 0.
Thus, for 2> 1, 0<a< 1, Q,(ha) C Q,(ha)={f,hec A:
Re(f* h)'(z) > a, 0 <a < 1} and hence Q;(h, o) is univalent
class (see [1-3]).

We note that Q, (= ,a) = Q,(a) (see Ding et al. [4]).

It is well known that every function /'€ S has an inverse
/71, defined by

[f2) ==

and

Ao =w (1wl <m0 ) > 5)

(zelU)
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where h ;
‘ arg [ (1= Y0 o), F AR )
W) =w—aw? + (2a§ - a3)w3 - (Sa; — Sayaz + a4)w4 w
+oee <% O<a<l; i>1; weld), (2.2)

A function f'€ A is said to be bi-univalent in U if both f{z)
and £~ '(z) are univalent in U.

Let X denote the class of bi-univalent functions in ¢/ given
by (1.1). For a brief history and interesting examples in the
class X, (see Srivastava et al. [5]).

Brannan and Taha [6] (see also [7]) introduced certain
subclasses of the bi-univalent function class X similar to
the familiar subclasses S*(o) and K(«) of starlike and convex
functions of order a(0 < o < 1), respectively (see [8]). Thus,
following Brannan and Taha [6] (see also [7]), a function
fe Ais in the class Sg(o) of strongly bi-starlike functions
of order o(0 < a < 1) if each of the following conditions is

satisfied:
. f (2)) ' on
€X and |ar <— <= (O<a<l;zeld
f e\ 5 )
and
ar z¢ () <z 0<a<l; wel)
TEetn )T TR TR
where g is the extension of ' to U . The classes Si(x) and

Ks(o) of bi-starlike functions of order « and bi-convex func-
tions of order o, corresponding (respectively) to the function
classes S*(x) and K(a), were also introduced analogously.
For each of the function classes Sg(«) and Kx(o), they found
non-sharp estimates on the first two Taylor—Maclaurin coeffi-
cients | a» | and|a;| (for details, see [6,7)).

The object of the present paper is to introduce two new sub-
classes of the function class X and find estimates on the coeffi-
cients | a, | and|a;| for functions in these new subclasses of
the function class £ employing the techniques used earlier by
Srivastava et al. [5].

In order to derive our main results, we have to recall here
the following lemma.

Lemma 1 [9]. Let p € P the family of all functions p analytic in

U for which Rep(z) > 0 and have the form p(z) = 1 + p;z +
poz° + psz® + - for z € U. Then|p,) <2, for each n.

2. Coefficient bounds for the function class B(h, a, 4)

Definition 1. A function f{z) given by (1.1) is said to be in the
class By (h, o, ) if the following conditions are satisfied:

feX and drg(l—)» )+)»(f*h( )‘
<% O<o<l; A>1; zel) (2.1)
and

where the function A(z) is given by (1.4) and (f = h)~'(w) is de-
fined by:
(fx h) — azh;)w?

5a2h2a3h3 + 041’14))1’4 + -

(W) = w— aphow? + (2431

— (5a3i; — (23)

We note that for A = 1 and h(z) = =, the class Bs(h,a, 2) re-
duces to the class Hs introduced and studied by Srivastava
et al. [5]. Also for A(z) = (h,a,2) reduces to
the class Bx (o, 4) mtroduced “and studied by Frasin and Aouf
[10].

We begin by finding the estimates on the coefficients | aJ
and | a3 for functions in the class Bs(h, o, 7).

Theorem 1. Let f(z) given by (1.1) be in the class
Bs(hyo,4),0 <a<1and 2 = 1. Then
20
lan| < : (2.4)
hoyf G+ 1 + a1 427 — )
and
1 402 20
+ = . 2.5
sl <4 Qﬂ+n @A+n> 3)
Proof. It follows from (2.1) and (2.2) that
* o
(1= 0TI iy @) = o) o)
and
s h) ' (w) BN, ”
(1= T ey ) = fa 27)
where p(z) and g(w) € P and have the forms
p(E) =14piz+p2 +psz + o (2.8)
and
gw) =14 q,w+ gw* + gw* + - -+ (2.9)

Now, equating the coefficients in (2.6) and (2.7), we get

(j. + 1)[12112 = opy, (210)
-1
22+ Vashy = apy + 2V e (2.11)
— (A+ Daghy = 0q, (2.12)
and
2.2 alo—1) ,

22+ 1)(2a5h; — ashz) = ag, + IR (2.13)
From (2.10) and (2.12), we get

P= 4 (2.14)
and

200+ 1)’dh = 20} + 4). (2.15)
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Now from (2.11), (2.13) and (2.15), we obtain
a(a—1)
3 +4q7)

200+ 1)’ a2
o? ’

20244 V)&l = a(p, + ¢,) +

=a(p, +¢q,) + OC(OC; )

Therefore, we have
2= 2 (P + q2) )
22024+ D2 — (a— 1) (A4 1)K

Applying Lemma 1 for the coefficients p, and ¢,, we immedi-
ately have

hz\/(i+

This gives the bound on | ) as asserted in (2.4).
Next, in order to find the bound on | a3 , by subtracting
(2.13) from (2.4), we get

20
1) + ol +24—2%)

|f12| <

2(22+ Vashy — 222+ 1)d2h;

o —1 oo — 1
= op, + (2 )p?—<aqz+ (2 )q?)

It follows from (2.14), (2.15) and (2.16) that

(224 1) (P +47) B
(/l—i-l)z +a(p, — q,)

(2.16)

2(2)» + 1)613/13 =

or, equivalently,

= 204 | o~ )
200+ 1)7°hy 2224 1)hs

applying Lemma 1 once again for the coefficients pi, p,, ¢
and ¢,, we readily get

3] < 1 402 N 20
@] < — - .
TS\ i+

This completes the proof of Theorem 1. [

Remark 1

(i) Putting 2 = 1 and h(z) = {% in Theorem 1, we obtain
the results obtained by Srivastava et al. [5, Theorem 1].

(i) Putting A(z) = = in Theorem 1, we obtain the results
obtained by Frasin and Aouf [10, Theorem 2.2].

Example 1

(i) For

T
/1(_7):”2{%(5)] 2 6y = 0;meNg =NU{0}), 2.17)
n=2

this operator contains in turn many interesting operators (see
Catas et al. [11]), Theorem 1, becomes

200
{Hm] ”’\/(z + 1) +a(l+24—22)

laa| <

1+¢

and

) < 1 4o N 20
e {M] 11 @+1n)
1+¢

(i1) For
z) :Z—l—il"n,l(ocl)z"7 (2.18)
n=2
where
(o), g+ (o),
Fn—l 1) — = = 2 5 219
)= B, 21
g<s+1,0,€C(i=12,...,9) and

BreC\Z;(j=1,2,...,s), this operator contains in turn
many interesting operators (see Dziok and Srivastav [12]),
Theorem 1 becomes

1(o) |\/ A+1

20

] <

ol +24-7%)

and
a3 < 1 42 N 20
TEIn@)\G+ 1?2+

3. Coefficient bounds for the function class B(h, B, 1)

Definition 2. A function f{z) given by (1.1) is said to be in the
class Bs(h, f, 1) if the following conditions are satisfied:

feX and Re<(1 - A)W+ A(f* h)’(z)) > p
(0<ﬁ<1;/1>1;2€lxl) (3.1)
( IRALEL o), i((f'*h)l)/(W)> S8 (0

<<y 221 weld), (3.2)

where the functions /(z) and (f * h)~'(w) are defined by (1.4)
and (2.3) respectively.

We note that for 4 = 1 and h(z) = %, the class Bx(h, B, 4)
reduces to the class Hx(f8) introduced and studied by Srivast-
ava et al. [5]. Also for h(z) = 1%, the class Bs(h, f, A) reduces
to the class Bx(f, 1) introduced and studied by Frasin and
Aouf [10].

Theorem 2. Let f(z) given by (1.1) be in the class
Bs(h,B,4),0 < f<1and A = 1. Then
2(1-p)
el <3V T (3.3)
and
ol 4(1f/3>2 2(1-p)
+ . 34
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Proof. It follows from (3.1) and (3.2) that there exist p(z) and
¢(z) € P such that

h /
(1= ey @) =+ (- B (5

and

(1= LD e o)

=B+ =Palw), (3.6)

where p(z) and g(w) have the forms (2.8) and (2.9), respec-
tively. Equating coefficients in (3.5) and (3.6) yields

(4+ Dachy = (1 = B)py, (3.7)
(224 Dashy = (1 — B)p,,
= (A+ Dayhy = (1 - B)q,

and

24+ D)2 — ashs) = (1 = B)ay- (3.10)
From (3.7) and (3.9), we get

n=—4q (3.11)
and

204 1@l = (1 - BP0} + 4)). (3.12)

Also, from (3.8) and (3.10), we find that
2024+ Dashy = (1= B)(ps + 4)-

Thus, we have
(1-8)
|a§| < y 2
224+ 1)y

which is the bound on | aj as given in (3.3).
Next, in order to find the bound on | a3, by subtracting
(3.8) form (3.10), we get

2(1—p)

+lga]) = ,
(Ipa] + lg21) (2}~+1)h§

2027+ Vashy — 227+ sy = (1 = B)(p, — q,)

or, equivalently,

_ 1 2 (1 —=B)p, — )
“3‘h_3(a2h§+ 2027+ 1) )

Upon substituting the value of &2 from (3.12), we obtain

_ (0= +4a) (=P —4)
T\ 20417 22i+1) )

Applying Lemma 1 for the coefficients p,, p», ¢; and ¢,, we

readily get
2(1-p)
toi 1)) ’

1 <4(1 - By’
which is the bound on | a4 as asserted in 34). O

az| < —
sl < 7 (417

Remark 2

() Putting 2 = 1 and h(z) = ;% in Theorem 1, we obtain
the results obtained by Srivastava et al. [5, Theorem 2].

(ii) Putting A(z) = = in Theorem 1, we obtain the results
obtained by Frasin and Aouf [10, Theorem 3.2].

Example 2

(i) For A(z) given by (2.17), Theorem 2, becomes

1 2(1-p)
<
] [Hm]’" (22+1)
1+¢
and

1 41-p°  2(1-p)
T <<ﬂ-+l>2 *mw)'

(ii) For A(z) given by (2.18), Theorem 2, becomes

1 2(1-p)
ool S T\ @i
and

1 (40-p)7° 2(1-p)
AN THEN] (m Ry 1))'
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