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Abstract In the present paper, we introduce a new general integral operator of meromorphic mul-
tivalent functions. The starlikeness of this integral operator is determined. Several special cases are
also discussed in the form of corollaries.
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1. Introduction

Let X, denote the class of all meromorphic functions of the
form

f(z):zip+ iakzk (peN:={1,2,...}), (1)
k=1-p

which are analytic and p-valent in the punctured unit disk
U'={zeC:0<|z] <1} =U\ {0},
where U is the open unit disk U= {z€ C:|z| < 1} and
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H(U) = {f: UZLC holomorphic in [U}.
Forae Cand ne N, let

Hla,n = {f€ HU) : f(z) = a + a,2" + @y 2" + -, z € U}

A function f'€ I, is said to be meromorphic p-valent star-
like of order « (0 < « < p), if it satisfies the inequality

,m{zj(g)} > o 2)

We denote this class by IS, («).
A function f € %, is said to be meromorphic p-valent con-
vex of order o (0 < o < p), if it satisfies the inequality

{1 20)
.R{l-i— 70 > o (3)
We denote this class by Z/C, ().
We note that f € 2K, («) if and only if —Z € IS (x).
Recently, many authors introduced and studied various
integral operators of analytic and univalent functions in the
open unit disk U (see, for example, [1-11]).
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In the present paper, we introduce the following new gen-
eral integral operator F(z) of meromorphic multivalent
functions.

Definition 1.1. Let n,p e N, ¢ >0,y >0 (i=1,2,...,n). We
define the integral operator
Tty S5 s Sn) 2=,
F(z) = ‘7;,],...0,,7(/‘}-~7f;1)(2)
== / - ‘H(— ./u)}[du CeU). (4

Remark 1.1. We note that if ¢ = 1, then the integral operator
F(z) reduces to the integral operator

T z):%/ H(—ﬂf ) 5)

introduced by Mohammed and Darus [12]. If n = 1,9, = y and
/1 =/, then the integral operator F(z) reduces to the integral
operator

7,06 = o [0 (<) (©

For p = 1, the integral operator defined in (5) is introduced
and studied by Mohammad and Darus [13].

For the starlikeness of the integral operator F(z) defined in
Definition 1.1, we need to use following lemma.

Lemma 1.1 14. Let neN\{0},0,0 € R,y € C  with
R{y —ad} = 0. If h € H[h(0),n] with h(0) € R and h(0) > «
then we have

')

‘R{h(z) + 7y ~oh()

}>oc:>iR{h( )} > a(z € U).

2. Starlikeness of the operator F(z)

In this section, we investigate sufficient conditions for the mer-
omorphically starlikeness of the integral operator F(z) which
is defined in Definition 1.1.

Theorem 2.1. For i=1,2,....n, let 7;>0 and

fi € ZK,(00) (0 <oy < p). If

0< Y 3lp— ) <p, (7)
=1

then the general integral operator F(z) defined in Definition 1.1
is meromorphic p-valent starlike of order

P — Z%’(P
=1

Proof. From (4) ,

2 < JT(- 24 )

i p

Differentiate the above equality with respect to z, we have

it is easy to see that

lzp“f’(z)
¢

%z”“f’(z) + pretl +: +1 ZF'(2) +p7(pc+ ) 27 F(z)
_ : Zp+lf‘l ))“/i (P 41 f,/(z)) n _Zerlf/-/(Z) 7
Z”( o) L\ )

9)
From (8) and (9), we get

T+ 2p+c+ D)2F'(2) + plp + €)1 F(2)

M F'(2) + (p+ )22 F(2)

20T E)) "

or equivalently
Z2F'(2)+ 2p+c+ DzF'(2) + plp + ) F(z)
zF'(z)+ (p+ ) F(2)

Sl 9}

After some calculations, we have
722.7-"(2) +(p+c+ D)zF'(2)
zF'(2) + (p+ ) F(2)
_ . #;(2)
=r-3{n(pr1 %G} 12)

i=1

We can write left-hand side of (12) as the following:

zF'(z) n ,
FE(FE et )=p—2{v(p )}
‘i(? tptce = fi(2) '
(13)
Now we define a regular function A(z) by
zF'(z)
== 14
and /(0) = p. Differentiating (14) logarithmically with respect
to z, we obtain
zH (2) zF'(z)
- =1 . 1
" T TR (13
From (13)—(15) , we have
//
h(z) +n21 (2) (16)
—h(z)+p+c=p— Z{y,(p + 1+ ,f<())) }
p
Since f; € ZK,(0:)(0 < o; < p) for i =1,2,...,n, we get
zh (2)
R h(z) +—— 1 > . 17
R e S ED WA 1)

It is clear that the conditions of Lemma 1.1 are satisfied. So we
obtain

RO} > p— S 0o — ),

i=1

which is equivalent to

‘R{Zf }>p Zv(p
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that is, F(z) is meromorphic p-valent starlike of order

P = 2l — o).
3. Some consequences of main result

In this section, we will give some consequences of main theo-
rem in the form of Corollaries.
Putting ¢ = 1 in Theorem 2.1, we get

Corollary 3.1 12, Theorem 2.3. For i=1,2,...,n, let y; >0
and f; € ZIC, (o) (0 < o < p). If

0< Zyz(p - O(i) <p,
i=1

then the general integral operator J,,, ., (z) defined in (5) is
meromorphic p -valent starlike of order

p— Z%‘(P —%).
i1
If we set

1
p:1 and OC,:—n—-‘rl (i:1,2,...,n)

1

in Corollary 3.1, then we have [13, Theorem 2.1/.
Taking n = 1,y, =y and fi = f in Theorem 2.1, we get

Corollary 3.2. Let y > 0 and f € XK,(a)(0 < a < p). If

0<y(p—a)<p,

then the general integral operator T, (f) defined in (6) is mero-
morphic p -valent starlike of order

p—7p—a).
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