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1. Introduction

Chaotic systems have been a focal point of renewed interest for
many researchers in the past few decades. Such nonlinear sys-
tems can occur in various natural and man-made systems, and
are known to have great sensitivity to initial conditions. In re-
cent years differential equations with fractional-order have at-
tracted many researchers because of their applications in many
areas of science and engineering. Analytical and numerical
techniques have been implemented to study such equations.
The fractional calculus has allowed the operations of integra-
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tion and differentiation to be applied upon any fractional-or-
der. For the existence of solutions for fractional differential
equations, one can see [1,2].

About the development of existence theorems for fractional
functional differential equations, many contributions existed
and can be referred to [3-5]. Many applications of fractional
calculus amounts to replace the time derivative in a given evo-
lution equation by a derivative of fractional-order.

Recalling the basic definitions (Caputo) and properties of
fractional-order differentiation and itegration

Definition 1. The fractional integral of order f € R" of the
function f{(¢), t > 0 is defined by

)
Pf0) = / %f@)ds,

and the fractional derivative of order o € (n — 1,n) of f{(¥),
t > 0 is defined by
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d
D= g
To solve fractional-order differential equations there are
two famous methods: frequency domain methods [6] and time
domain methods [7]. In recent years it has been shown that the
second method is more effective because the first method is not
always reliable in detecting chaos [8.9].

Df(e) = I"* D),

Often it is not desirable to solve a differential equation ana-
lytically, and one turns to numerical or computational
methods.

In [10], a numerical method for nonlinear fractional-order
differential equations with constant or time-varying delay
was devised. It should be noticed that the fractional differen-
tial equations tend to lower the dimensionality of the differen-
tial equations in question, however, introducing delay in
differential equations makes it infinite dimensional. So, even
a single ordinary differential equation with delay could display
chaos.

On the other hand, some examples of dynamical systems
generated by piecewise constant arguments have been studied
in [11-14]. Here we propose a discretization process to obtain
the discrete version of the system under study. Mean while, we
apply discretization process to discretize the fractional-order
Logistic differential equation.

A lot of differential equations with Caputo fractional deriv-
ative were simulated by the Predictor-Corrector scheme, such
as the fractional Chua system, the fractional Chen system,
and Lorenz system. We should note that Predictor-Corrector
method is an approximation for the fractional-order integra-
tion, however, our approach is an approximation for the right
hand side. For applications of fractional-order differential
equations one can see [15-17], [21], and [23-27].

2. Discretization process

Consider the fractional-order Logistic differential equation gi-
ven by

D*x(1) = px(1)(1 — x(1)),

with the initial condition x(0) = x,,.

The main purpose of this section is to introduce a discreti-
zation process to discretize the counterpart of (2.1) with piece-
wise constant arguments

o= ([} 1-([) =

with the initial condition x(0) = x,,.
We proceed like the step method mentioned in [20] and [22].
The steps of the discretization process is as follows

>0, (2.1)

(1) Let £ €[0,r), then £ € [0,1). So, we get
D*x(t) = px,(1 — x,), t€]0,r),

and the solution of (2.2) is given by

C(t—s)"
x1(t) = x, + Ppx,(1 —x,) = x, + px,(1 — x, / —ds
) pro(t =) =, + px 1 =) [

tO(
:Xo+/)xo(1—xo)m

(2) Let t €[r,2r), then £ € [1,2). So, we get

D*x(1) = pxi(1 = x1), t€][r,2r),
and the solution of (2.2) is given by

x(1) = xi(r) + Lpxi (1 — x1)

=x1(r)+px1(lfx1)/’(FTds
B B ) (t—r)
_xl(r)+pxl(r)(1 XI(I))F(l-i-OC)

Repeating the process we can easily deduce that the solution of
(2.2) is given by

(t —nr)”
I'(l+o)
€ [nr, (n+ 1)r).

Xpp1 (1) = x,(nr) + px,(nr)(1 — x,(nr)), t

Let t — (n + 1)r, we obtain the discretization
o

Kot (0 1)) = 300 - ) (1= (),

T+
That is
Xyl = X +

7F(1 g px,(1 —x,). (2.3)

On a similar manner, consider the corresponding equation of
(2.1) with piecewise constant arguments

= o[- +([1) =

with the initial condition x(0) = x,.So, we obtain the second
order discretization

o

’
Xyl = Xp + mﬂxn(l — Xp1). (2.5)

3. Fixed points and their asymptotic stability

Now we study the stability of the fixed points of the Eq.
(2.3)which has two fixed points namely, 0 and 1 given by solv-
ing the equation

7

=Xt Ut

ox(1 —x).
To study the stability of these fixed points we relay on the
following theorem

Theorem 1 [18]. Let f be a smooth map on R, and assume that
X is a fixed point of f.

1. If —/'(xo)— < 1, then xq is stable.
2. If —f'(xo)— > 1, then X is unstable.

In case of the first fixed point ‘0, it is stable if
1+r(f—:a)p < 1 which is impossible. That is the origin is
unstable. For the second fixed point ‘1’, it is stable if

0<p<M. (3.1)

rCX

On the other hand, to study the stability of the fixed points
of Eq. (2.5) we first split it into two equations as follows
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Lyapunov exponent for system (2.3) with different values of the fractional-order parameter o.
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Fig. 2 Bifurcation diagram of system (3.2) as a function of p with different values of the fractional-order parameter «.



On a discretization process of fractional-order Logistic differential equation 411

r=02, p=37

081

061

0.4

0.2

08

06

04}

0.2

(c)

r=0.15, p=3.7

0.95 1

L L L
0.935 0.94 0.945 0.95 0.955 0.96
o

(d)

Fig. 3 Bifurcation diagram of system (3.2) as a function of the fractional-order parameter o with different values of the

parameters r and p.

yn+1 = X
o

/%
Xnt1 = Xy + mpx,,(l - yn) (32)

This system has two fixed points namely (x,)s1 = (0,0)
and (x.))e = (1.1)

By considering a Jacobian matrix for one of these fixed
points and calculating their eigenvalues, we can investigate
the stability of each fixed point based on the roots of the sys-
tem characteristic equation [19]. The Jacobian matrix is given
by

1 0
J= P -
1+ rits (1—-y) — T X
The eigenvalues associated to the Jacobian matrix for the
first fixed point are 4; = 0, and 4, = 1, that is, this fixed point
is unstable.

While the eigenvalues associated to the Jacobian matrix for
the second fixed point are

_ __rp
Ja = 0.5(1 0 +a)> +0.5

r%p 2 rﬂp
X \/(_1 T +o¢)) Ty

If we take for instance r = 0.2, « = 0.85, and p = 3, we get
A1 = 1 and A, = —0.0539. This means that this fixed point is
unstable.

In the next section, the numerical experiments assure our
analytical results for different values for r, o, and p. It is worth
to mention here that Lyapunov exponent for (2.3) is given by
(see 1).

o

Lya.exp = JLngogz (1 + mp(l - 2x)).

When o — 1 the same Lyapunov exponent for the original
discrete system (x,+; = x, + rpx,(1 — x,)) is obtained. The
following figures show the lyapunov exponent for the system
(2.3) for different values of the fractional-order parameter o
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4. Bifurcation and chaos

In this section we show by numerical experiments bifurcation
and chaos of the dynamical system (3.2) first with respect to
the parameter p and then with respect to the fractional-order
parameter o.

Let r = 0.25 be fixed and vary « from 0.70 to 0.95 and p
from O to 8. The initial state of the system (3.2) is xo = 0.1
and yo = 0.2. The step size for p is 0.001, the resulting bifurca-
tion diagrams are shown in Fig. (2) from (a) — (f). It is observed
from the figures that increasing the fractional-order parameter
o and fixing the parameter r stabilize the chaotic system.

Now vary the fractional-order parameter o from 0.70 to
0.95 but with a fixed system parameter p and change the
parameter r from 0.15 to 0.30. The resulting bifurcation dia-
grams are shown in Fig. (3) from (a) — (d).

5. Conclusion

In this work we studied the dynamics of the fractional-order
Logistic equation. We applied a simple discretization scheme
to discretize fractional-order differential equations. Chaos
and bifurcation of the resulting discrete system were numeri-
cally investigated by varying the system parameter p and the
fractional-order parameter o. We have noticed that when
o — 1, the discretization will be Euler’s method discretizartion
[18]. Moreover, Euler’s method is able to discretize a first order
difference equations, however, we succeeded in discretizing a
second order difference equation.

Acknowledgement

The authors thank Prof. Dr. El-Sayed Ahmed and Prof. Dr.
Ahmed Matouk for their discussion and valuable comments.

References

[1] A. El-Sayed, A. El-Mesiry, H. EL-Saka, On the fractional-order
logistic equation, Applied Mathematics Letters 20 (2007) 817—
823.

[2] A.M.A. El-Sayed, Nonlinear functional-differential equations
of arbitrary orders, Nonlinear Analysis 33 (1998) 2 (181186).

[3] S. Das, Functional Fractional Calculus for System Identification
and Controls, Springer, 2007.

[4] I. Podlubny, Fractional Differential Equations, Mathematics in
Science and Engineering, vol. 198, Academic Press, San Diego,
CA, USA, 1999.

[5] 1. Podlubny, Geometric and physical interpretation of fractional
integration and fractional differentiation. Dedicated to the 60th
anniversary of Prof. Francesco Mainardi, Fraction Calculus in
Application Analysis 5 (4) (2002) 367-386.

[6] H. Sun, A. Abdelwahed, B. Onaral, Linear approximation for
transfer function with a pole of fractional-order, IEEE
Transactions on Automatic Contril 29 (1984) 441-444.

[7] K. Diethelm, N.J. Ford, A.D. Freed, A predictor—corrector
approach for the numerical solution of fractional differential
equations, Journal of Nonlinear Dynamics 29 (2002) 3-22.

[8] M.S. Tavazoei, M. Haeri, Unreliability of frequency domain
approximation in recognizing chaos in fractional-order systems,
IET Signalling Process 1 (2007) 171-181.

[9] M.S. Tavazoei, M. Haeri, Limitation of frequency domain
approximation for detecting chaos in fractional-order systems,
Journal of Nonlinear Analysis, Theory, Methods, &
Applications 69 (2008) 1299-1320.

[10] Z. Wang, A numerical method for delayed fractional-order
differential equations, Journal of Applied Mathematics 2013,
256071 (Hindawi, 7 pages).

[11] M.U. Akhmet, Stability of differential equations with piecewise
constant arguments of generalized type, Nonlinear Analysis 68
(2008) 4 794-803.

[12] M.U. Akhmet, D. Altntana, T. Ergenc, Chaos of the logistic
equation with piecewise constant arguments, arXiv:1006.4753,
2010.

[13] AAM.A. El-Sayed, S.M. Salman, Chaos and bifurcation of
discontinuous dynamical systems with piecewise constant
arguments, Malaya Journal of Matematik 1 (1) (2012) 14-18.

[14] AM.A. El-Sayed, S.M. Salman, Chaos and bifurcation of the
Logistic discontinuous dynamical systems with piecewise
constant arguments, Malaya Journal of Matematik 3 (1)
(2013) 14-20.

[15] W. Guo-Cheng, B. Dumitru, New applications of the variational
iteration method — from differential equations to g-fractional
difference equations, Advances in Difference Equations 21 (0)
(2013), doi:http://dx.doi.org/10.1186/1687-1847-2013-21.

[16] V.D. Gejji, S. Bhalekar, P. Gade, Dynamics of fractional-order
Chen systems with delays, Pramana Journal of Physics 79 (1)
(2012) 61-69.

[17] G.A. Khalili, Y.A. Moslemi, B. Dumitru, On the fractional
Hamilton and Lagrange mechanics, International Journal of
Theoretical Physics 51(9) (2012) 2909-2916, doi:http://
dx.doi.org/10.1007/s10773-012-1169-8.

[18] S.N. Elaidy, An Introduction to Difference Equations, Third
Edition., Undergradute Texts in Mathematics, Springer, New
York, 2005.

[19] R. Holmgren, A First Course in Discrete Dynamical Systems,
Springer Verlag, New York, 1994.

[20] N.A. Bohai, Continuous solutions of systems of nonlinear
difference equations with continuous arguments and their
properties, Journal of Nonlinear oscillations 10 (2) (2007).

[21] Y.Q. Chen, B.M. Vinagre, I. Podlubny, A new discretization
method for fractional-order differentiators via continued
fraction expansion, in: Proceedings of DETC, vol. 3, pp. 761—
769.

[22] A.M.A. El-Sayed, S.M. Salman, On a discretization process of
fractional-order Riccati differential equation, Journal of
Fractional Calculus and Applications 4 (2) (2013) 251-259.

[23] J. Fahd, A. Thabet, B. Dumitru, Stability of g-fractional non-
autonomous systems, Nonlinear Analysis — Real World
Applications 14 (1) (2013) 780-784, doi:http://dx.doi.org/
10.1016/j.nonrwa.2012.08.001.

[24] I. Podlubny, Numerical solution of ordinary fractional
differential equations by the fractional difference method”, in:
S. Elaydi, I. Gyori and G. Ladas, (Eds.), Advances in Difference
Equations, Gordon and Breach, Amsterdam, 1997, pp. 507-516.

[25] 1. Podlubny, Matrix approach to discrete fractional calculus,
Fractional Calculus and Applied Analysis 3 (4) (2000) 359-386.

[26] I. Podlubny, The Laplace transform method for linear
differential equations of the fractional-order, arXiv preprint
funct-an/9710005.

[27] B. Sachin, D. Varsha, B. Dumitru, et al, Generalized fractional-
order Bloch equation with extended delay, International Journal
of Bifurcational and Chaos 22 (4) (2012) 1-15, 1250071.


http://refhub.elsevier.com/S1110-256X(13)00123-5/h0005
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0005
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0005
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0010
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0010
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0035
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0035
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0035
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0060
http://dx.doi.org/10.1186/1687-1847-2013-21
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0070
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0070
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0070
http://dx.doi.org/10.1007/s10773-012-1169-8
http://dx.doi.org/10.1007/s10773-012-1169-8
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0090
http://dx.doi.org/10.1016/j.nonrwa.2012.08.001
http://dx.doi.org/10.1016/j.nonrwa.2012.08.001
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0100
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0100
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0105
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0105
http://refhub.elsevier.com/S1110-256X(13)00123-5/h0105

	On a discretization process of fractional-order  Logistic differential equation
	1 Introduction
	2 Discretization process
	3 Fixed points and their asymptotic stability
	4 Bifurcation and chaos
	5 Conclusion
	Acknowledgement
	References


