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Abstract

In this article we introduce paranorm ideal convergent sequence spaces using Zweier
transform and Orlicz function. We study some topological and algebraic properties. Further we
prove some inclusion relations related to these new spaces.
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1. Introduction

Throughout the paper w, ¢, ¢, ¢y denote the classes of all,
bounded, convergent and null sequence spaces, respectively.
Each linear subspace of w, for example, 4, u c w is called a se-
quence space.

A sequence space / with linear topology is called a K-space
provided each of maps p; — C defined by p{x) = x; is contin-
uous for all i € N.

A K-space / is called an FK-space provided 4 is a complete
linear metric space. An FK-space whose topology is normable
is called a BK-space.
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Let 2 and p be two sequence spaces and 4 = (a,) is an infi-
nite matrix of real or complex numbers «,,, where n,k € N.
Then we say that A4 defines a matrix mapping from A to u,
and we denote it by writing 4:1 — p.

If for every sequence x = (x;)€ /A the sequence
Ax = {A(Ax),} € p, then A4 transform of x is in u, where

(Ax)n = Eaﬂkxkv (l’l € N)
k

By (4:n), we denote the class of matrices 4 such that
A:2— u. Thus, A € (4, p) if and only if (4x) € u for every
X € L

The approach of constructing the new sequence spaces by
means of the matrix domain of a particular limitation method
has been recently employed by Malkowsky [1] and many oth-
ers. Sengonul [2] defined the sequence y = (y;) which is fre-
quently used as the ZP-transformation of the sequence
x = (xy), 1.e.

Vi =px;+ (1 = p)xi

where x_; =0, p#0,1 < p < 0o, and Z” denotes the matrix
7P = (zj) defined by
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D (l = k) = ‘Xk|

se=31—p, (i—1=k):(i,keN) lM—{xew.;M(7><oof0rsomep>0 .
0, otherwise.

Sengonul [2] introduced the Zweier sequence spaces Z and
Z, as follows

Z={x=(x)ew:Z'xec}

and Zy = {x = (x) € w: Zx € ¢ }.

Kostyrko et al. [3] was initially introduced the notion of
Z-convergence based on the structure of the admissible ideal
T of subset of natural numbers N. Further details on ideal
convergence, we refer to Cakalli and Hazarika [4], Dems
[5], Esi and Hazarika [6], Hazarika and Savas [7], Hazarika
[8-11], Hazarika et al. [12], Khan et al. [13], Lahiri and
Das [14], Mursaleen and Mohiuddine [15], Salat et al.
[16,17], Tripathy and Hazarika [18-21], Tripathy et al. [22]
and references therein.

Let X be a non-empty set. Then a family of set Z C2*
(power sets ofX) is said to be an ideal on X if and only if

(i) ¢pel
(i1) Z is additive, i.e. A, BEZI = AUB€T
(iii) Z is hereditary,ie. A€ Z,B C A= B€Z.

A non-empty family of sets F < 2% is said to be a filter on X
if and only if

(i) ¢p¢F
(i) for each 4, B€ Fwe have ANB€F
(iii) for each 4 € F and B2 A4 implies B € F.

For each ideal Z, there is a filter F(Z) corresponding to Z,
ie.

F=FI)={KCN:

where K =N — K.

An ideal Z C 2% is called non-trivial if Z#2%.

A non-trivial ideal Z c2¥ is called admissible if
Z D {{x}:xe X}

A non-trivial ideal 7 is maximal if there exist any non-triv-
ial ideal J#Z containing Z as a subset.

An Orlicz function M:[0,00) — [0, 00) which is continuous,
non-decreasing and convex with M(0) = 0, M(x) > 0 for
x > 0 and M(x) — oo as x = oo. If the convexity of the regu-
lar function M is replaced by

K €1},

M(x+y) < M(x) + M(y),

Then this function is called modulus function. The notion
of modulus function was introduced by Nakano [23]. Ruckle
[24] and Maddox [25] further investigated the modulus func-
tions with application to sequence spaces.

Remark 1. If M is an Orlicz function, then M(Ax) < AM(x) for
all A with0 < A < 1.

An Orlicz function M is said to satisfy 4,-condition for all
values of u if there exists a constant K > 0 such that
M(Lu) < KLM(u) for all values of L > 1 (see [26]).

Lindenstrauss and Tzafriri [27] used the idea of Orlicz func-
tion to construct the sequence space

The space /;, becomes a Banach space with the norm

- inf{p >0: ZM(‘x—pk‘) < 1},

k=1

X

which is called an Orlicz sequence space. The space /), is closely
related to the space /, which is an Orlicz sequence space with
M) =" for 1 <p < oo.

Later on Orlicz sequence spaces were investigated by Para-
shar and Chaudhary [28], Esi [29], Tripathy et al. [30], Bhard-
waj and Singh [31], Et [32], Esi and Et [33], Hazarika et al. [34],
and many others.

Let X be a linear space. A function g: X — R is called a
paranorm if for all x, y € X,

(1) g(x) = 0if x = 0 (0 is the zero element of X)
(i) g(—x) = g(x)
(i) g(x + ) < g(x) + g()
(iv) if (4,) is a sequence of scalars with 4, = A(n — co0) and
X, a€X with x,—>a(n— o) then g(4,x,— la)
— 0(n — o0).

The concept of paranorm is closely related to linear metric
spaces. It is a generalization of that of absolute value (see [35]).

The notion of paranormed sequence space was studied at
the initial stage by Nakano [36] and Simons [37]. Later on it
was further investigated by Maddox [35], Lascarides [38,39],
Tripathy and Sen [40], and many others.

2. Definitions and preliminaries

We assume throughout this paper that the symbols R and N as
the set of real and natural numbers, respectively. Throughout
the paper, we also denote that 7 is an admissible ideal of sub-
sets of N, unless otherwise stated.

A sequence (x;) € w is said to be Z-convergent to the num-
ber L if for every ¢ >0,{k € N:|x; —L| > ¢} € Z. In this
case we write Z — lim x; = L.

A sequence (x;) € w is said to be Z-null if L = 0. In this
case we write Z — lim x; = 0.

Let Z be an admissible ideal. A sequence (x;) € w is said to
be Z-Cauchy if for every ¢ > 0 there exists a number m = m(¢)
such that {k € N : |x, — x,| = ¢} € L.

A sequence (x;) € w is said to be Z-bounded if there exists
M > 0 such that {k € N : |x;| > M} € T.

Let (x;) and (y,) be two sequences. We say that x;, = y, for
almost all k relative to I (a.a.k.r.0), if {k € N: x;,#y,} € T.

A sequence space E is said to be solid (or normal) if
(axxy) € E whenever (x;) € E and for all sequence (o) of sca-
lars with | o] < 1 for all k € N.

A sequence space F is said to be symmetric if (x;) € E im-
plies (X)) € E, where 7 is a permutation of N.

A sequence space E is said to be sequence algebra if
(x1)*(vi) = (xwy) € E whenever (xi), (i) € E.

A sequence space E is said to be convergence free if (y;) € E
whenever (x;) € E and x;, = 0 implies y;, =

Let K = {k; < k, < ---} C N and let E be a sequence space.
A K-step space of E is a sequence space
A ={(xx,) €w:(x,) € E}.
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A canonical preimage of a sequence (x;,) € A% is a sequence
(yn) € w defined by

_{x,,, ifnek
Yn = 07

otherwise.

A canonical preimage of a step space ii is a set of canonical
preimages of all the elements in /12, i.e. y is in the canonical
preimage of ii if and only if y is a canonical preimage of some
X € k.

A sequence space E is said to be monotone if it contain the
canonical preimages of its step spaces.

Throughout the article 2’, 2} 2! m! and m’; represents
Zweier Z-convergent, Zweier Z-null, Zweier bounded Z-conver-
gent and Zweier bounded Z-null sequence space, respectively.

The following results will be used for establishing some re-
sults of this article.

Lemma 1 [41]. The sequence space E is solid implies that E is
monotone.

Lemma 2 [16, Lemma 2.5]. Let K€ F(Z)and MCN.If M ¢ 1,
then MNK ¢ 7.

3. Main results

In this article, we introduce following class of sequence spaces:

ZI(M.,p):{x:(xk):{ne N: [M(WHI >
Zg(MA,p):{x:(xk):{nEN: [M(@)]” 28}61}
ch(M,p):{x:(xk):{neN:ﬂK>0{M(@>T” > K}EI},

Also we write
m%(M,p) = Z5(M,p) N ZL (M, p) and m% (M, p)
= Z5(M,p) N ZL (M, p),

1:} GI} forsome Le C

where p = (py) is a sequence of positive real numbers.

Theorem 1. The class of sequences Z*(M, p),Z% (M, p),
m% (M, p) and m% (M, p) are linear spaces.

Proof. We shall prove the result for the space Z7(M,p). Let
x = (x),y = () € Z5(M, p) and let o, f be scalars. For given
¢ > 0, we denote

Py P,
Alz{x:(xk):{neN:[M<W>} >%}€I}forsomeL,€C
1

Py P
Az:{y () : {neN {M(M)] >§}€I}forsomeLz€C.
P2

Let p3 = max{2| o p1,2| ﬁ| p2}. Since M is non-decreasing
and convex function, we have

[M (2 %), +B(Z"y),) = (+Ls + BLa))|

{MC“H(Z”;)” - Lﬁ‘)}' N {M(IﬁH(Z";j” - Lz\ﬂm

s el

neN:{M(‘(O((Z,’X)”_szpi;})) (4L +BLs) )] .,

clon (B e >

CAUAeT

N

N

—

Therefore (a(Z7x), + B(Z°y),) € ZX(M, p). Hence ZX (M, p) is
a linear space.
The proof for other spaces will follow similarly. O

Theorem 2. The spaces m%(M,p) and m% (M,p) are paranor-
med spaces, with the paranorm g defined by

(4
g(x) = 1nf{ Wl:supM(M) <1, for somep>0},
p p

where H = max{l,sup,p,}.

Proof. Clearly g(—x) = g(x) and g(0) = 0. Let x = (x;) and
y = () be two elements in mL(M,p). Now for p,, p, > 0,
we denote

7P
A = {pl :supM(—|( px)”|) < 1}
n 1

and

zr
A, = {p2 : supM(Kpiy)"'> < 1}.
n 2

Let us take p = p; + p,. Then using the convexity of Orlicz
functions M, we obtain

W C= T (ay

p Pt 0 Pi
70
L M<|( y)nl)’
Pt P2 1)

which in terms give us,

alu(12] <

and
. i
glx+y)= mf{(p] +p)" i pr € A1py € Az}
ginf{p”?":pl eAl}—i-mf{ p,eA }

=g(x) + &)

Let /" — L, where " L €C and let g(x" —x)—>0 as
m — oo. To prove that g(t’" " — Lx)— 0 as m — oco. We put

D\ Pn
A3:{pm>0:sup{M(7‘(Zx )’"ﬂ <1}
n Pm

and

By the continuity M, we observe that

M(I(f”(f”xm - Lx)),J) < M(\(%”(f"x’” - Lx”’)),,\)
[em = Llp,, + |Llp, [em = Llp,, + |L|p,

N M<\(Z” (Lx" — Lxm)
[ — Llp,, + |L|p,
" = Lipy M(I(Z”<X”’))n\)
S = Lip, + | Llps P
|L|p M(I(Z”(\’“ —x)), \)
[em = Llp,, + |Llpg Py ’

From the above inequality it follows that
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Z/l Mmxm — L, Pn
o a2 LN
n |t 7L|pm+ ‘L‘ps
and consequently,

gl = Lx) = inf {[|" = Llp,, + |LIpJ" : p,, € 43, p, € A |
<l = LfFinf{(p,)7 : p,, € 43}
+ |L|Iﬁl inf{(ps)”_f"] 1ps € A4}
gmax{l,|t’” L|ml} (x™)
+ max {1, \L|’ﬁ"}g(xm —X) (1)
Note that g(x™) <

g(x) + g(x™ — x) for all m € N.

Hence by our assumption the right hand side of the relation
(1) tends to 0 as m — oo and the result follows. This completes
the proof. O

Theorem 3. m% (M, p) is a closed subspace of I, (M,p).

Proof. Let <x,(\,")) be a Cauchy sequence in m% (M, p) such that-
¥ — x. We show that x € mL(M, p).

Since (x,(;)) € m%(M, p), then there exists a, such that

Zp (i) o Pn
{HGN: {M(M)} > S}GI
0
We need to show that

(1) (a;) converges to' a. ' PN
(i) gclé; {x =X : {n e N: [M<ﬁ)] < b}}, then

(i) Since (\5\')) is a Cauchy sequence in m% (M, p) then for a
giveng > 0, there exists kg € N such that

(i () Pn
SLnlp [M(L;(Z\mﬂ)] <4, for all i;j = k.

For a given ¢ > 0, we have

By = {n eEN: {M(\(Z”X“))" ; (Z”x(i))n|>]”" )
B; = {n eN: {M<w)r” 3 }
B = {n eN: {M(W%%)')r ) }

Then By, B;, B € T.

ijs

W ™
W[ o™

W ™

Let B = B;UB; UBj, where
B={nen: [M('“’"”f‘)r" <e}.
P
Then B¢ € . We choose ng € B, then for each j, i > ng, we

have

fen P el =220
e =)
ofren (I )

Then (a)) is a Cauchy sequence of scalars in C and so there
exists a scalar a € C such that ¢; — a as j — oo.

(i) Let 0<d<1 be given. We show that if

U= {x=w: fren: (2" <1 hen

U¢ € 7. Since x” — x, then there exists ¢, € N such that

p= {n eN: [M(szx(%))”pf (pr)”|)]ﬁ” < (%)H} 2)

which implies P¢ € 7.
The number ¢y can be so chosen that together with (2), we
have

o-frn e <(5)')

Then we have Q¢ € Z.

. [(Z7x40) ~ay,) | Pn
Since ¢neN: [M(%)] >0, €Z. Then we
have a ‘subset S& N such’~ that /S°e€Z, where

S= { en: [p(1ZE )" (%)H}.
Let U = P°U Q° U S°, where U= {n eN: [M(@)]p
<5}.

Therefore for each k € U¢, we have

{ne N: {M(@)]” <6} o) {ne N: [M<w>]p ) (%y]}
oo 2T <)
b

Then the result follows.

Since  the inclusions m%(M,p) C lo(M,p)  and
m% (M,p) C (M, p) are strict, so in view of Theorem 3 we
have the following results. [

Theorem 4. The spaces m%(M,p) and méU(M ,D) are nowhere
dense subsets of I..(M,p).

Theorem 5. The spaces m%(M,p) and m% (M,p) are not
separable.

Proof. We shall prove the result for the space m%L (M, p).

Let A be an infinite subset of N of increasing natural
numbers such that 4 € Z. Let

- { Lifned
Pn = 2, otherwise.

Let Py = {(x,):x,=0 or 1,ne A4 and x,
Since A is infinite, so Py is uncountable.

Consider the class of open balls By = {B(z,1) : z € Py }. Let
C) be an open cover of m% (M, p) and m% (M, p) containingB,.
Since B; is uncountable, so C; cannot be reduced to a
countable sub cover for mZ (M, p) as well as m% (M, p). Thus
m% (M,p) and m% (M, p) are not separable. [

= 0, otherwise}.
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Theorem 6. Let G = sup,p, < oo and I an admissible ideal.
Then the following are equivalent:

(@) x = (x) € 22 (M, p);

(b) there exists y = (y,) € Z(M, p) such that x;. = yy for a.a.
krZ;

(c) there exists y = (y,) € Z(M,p) and z = (z,) € ZL(M, p)
such  that x, =y, + 2z for all neN and

{y =) : {n eN: [M<7|(Zp’2”7”>r” > 8}} ez,
(d) there exists a subset K = {n; < ny < ---} of N such that
K € F(T) and lim, ... [M (W)r —0.

Proof. (a) implies (b). Let x = (x;) € ZZ(M,p). Then there
exists L € C such that

oo fen (2] 5 ) e

Let (m,) be an increasing sequence with n, € N such that

oo fm (o2 5 ) )

Define a sequence y = (yi) as yr = Xy, for all k < mj.
For

poy 71 P
Xk, for [M—l(zlxg” L'] <!

my <k <my,t €Ny =
L, otherwise.

Then (y,) € Z(M, p) and form the following inclusion

eT.
We get x; = yy, for a.akr. 7.

(b) implies (c). For (x;) € Z%7(M,p). Then there exists
(yx) € Z(M, p) such that x;, = yy, for a.a. k.r.Z.

Let K= {k € N: x;#y}, then k € T.
Xk _yk7ifk €K

Defined a sequence (zy)as zx = { 0. othermise
, se.

Then (z) € Z5(M,p) and (y,) € Z(M, p).
(c) implies (d). Suppose (c) holds. Let ¢ > 0 be given.

ih}ez

Let
e fren ()
and K= P ={k; <k, <....} € F(I).

Then we have lim,,_, [M (%)r" =0.

(d) implies (a). Let K={k; <k, <.....} € F(Z) and
; (zrx), LI\ P _
i (2]

Then for any ¢ > 0 and by Lemma 2, we have

(o fpen (23] =)
(;K"U{x:(x,():{nel(: [M(%)]p > f:}} eTl.

Thus (x;) € 25(M,p). O

Theorem 7. Let h = inf,q, and G = sup,q,. Then the following
results are equivalent.

(1) G <ocand h > 0.
(i) Z5(M,p) = Z;.

Proof. Suppose that G < co and /& > 0, then the inequalities
min{l,s"} < s < max{l,s°} hold for any s > 0 and for all
neN. O

Therefore the equivalence of (i) and (ii) is obvious.

Theorem 8. Let M; and M be two Orlicz functions that satisfy
the A, — condition, then

(1) W(M,p)c W(M;M,,p)
(i) W(M;p) NW(Myp) S W(M; + M,p),
W=ZI,Zg,mé,méO.

where

Proof. Let x = (x;) € Z5(M,,p). Let ¢ > 0 be given. For
some p > 0, we have

{(xk) : {n en: {M2<'(Z*+L')] > a} ez}. (3)

Let ¢ > 0 and choose 0 < 4 < 1 such that M, (¢) < ¢ for
0 <t < 1. We define

o252

and consider

lim _[M,(y,)}" =

neN:0<y, <A

lim_[M, (y,)]" +

neN:y, <A

lim _[M, (y,)]".

neN:y, >

We have
lim [Ml (yn)}p” < [Ml (2)}G+ lim .[(yn)]p”7 G:Suppn' (4)
neN:y, <A neN:y, <A n

For second summation (i.e. y,, > 1), we go through the fol-
lowing procedure. We have

yn yn
y,1<7<1+7

Since M, is non-decreasing and convex, it follows that

1 1 2
Ml(yn) < M1<1 +}%> <§M1(2)+§M1( ;:n)

Since M, satisfies 4, — conditions, we can write

1y 1y Yy
M — K22 M, (2 —KZ2M,(2) = K2 M,(2).
l(yn)<2 1 1()+2 1 1(2) 7 1(2)

We get the following estimates:

lim [M,(y,)]” < max{1,(K2"'M,2))"} lim [y} (5)

neN:y, > neN:y, >

From (3)—(5), it follows that

{(xk) : { eN: [M.Mz <“Z">’%L'>] > } GI},
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Hence ZI(Mz,p) C ZI(Mle,p).

(i) Let (xz) € ZZ(My,p) N ZT(My,p). Let & > 0 be given.
Then there exists p > 0 such that

foosfoen (25 > 1)

and
o frem (225 s

The rest of the proof follows from the following relations.

oo (25
cloens (S
oo (2] >

Taking M»(x) = x and M (x) = M(x) for all x €[0,00), we
have the following result. [

Corollary 9. W< W(M,p) where W = ZI,Zg,mé,méo.

Theorem 10. Let p = (p,) and r = (r,) be two sequences of
positive real numbers. Then m% (M, p) 2 m% (M, r) if and only
if lim,,cg inff—: > 0, where K C Nsuch that K € F(T).

Proof. Let lim,cxinf? > 0 and (x,) € m% (M,r). Then there
exists f > 0 such that p,, > fr,, for all sufficiently large n € K.

Let (xx) € m% (M, r) then for given & > 0, we have

s=femtos fren: (225 ) )

Let Gy = K°U B. Then we get G, € Z.

Then for all sufficiently large n € G,

(imefoen (1520 = )
oo foen: (2] 5 o es),

ie.

oo foen: (122" 5 ) el

Therefore (x;) € m% (M, p).
The converse part of the result follows obviously. [
Theorem 11. Let p = (p,) and r = (r,) be two sequences of

positive real numbers. Then m% (M, r) 2 m% (M, p) if and only
iflim,,eKinfl% > 0, where KC N such that K € F(T).

Proof. The proof follows the Theorems 10 and 6 in [19]. [

Theorem 12. Let p = (p,) and r = (r,) be two sequences of
positive real numbers. Then m% (M,r) = m% (M, p) if and only
if lim,cg inf 1:_: > Oand lim,,cg inf }'% > 0, where KCN such that
K eT. '

Proof. The proof of the theorem follows from the Theorems
10 and 11 and the Corollary 7 in [19]. O
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