
Egyptian Geophysical Society   
EGS Journal, Vol. 15, No. 1, 165-173 (2017) 

CALCULATING THE TRUE SEISMIC VELOCITY OF THE DIPPING  
INTERFACES USING A NEW GENERALIZED ALGORITHM 

M. Rabei*  
* Exploration Division, Nuclear Material Authority, Cairo, Egypt. 

P. O. Box: 530 Al-Maadi, Cairo, Egypt, Email: mrabeia@hotmail.com 

 جديدة عامة خوارزمية باستخدام البينية المائلة للأسطح الحقيقية سيزميةال السرعة حساب
يتم استخدام تقنية الانكسار السيزمي الضحل على نطاق واسع لتحديد معاملات المرونة والأعماق الحقيقية للطبقات التحت سطحية عن طريق  :الخلاصـة

عند الأسطح .ل هذه الطبقات، تلك السرعات التي تعتبر بالغة الأهمية فى التطبيقات الجيوتقنيةحساب السرعات الحقيقية للموجات الزلزالية التى تمر من خلا
البينية المائلة، فان حساب السرعة السيزمية الحقيقية يعتبر عملية صعبة للغاية الى ان تم استخدام متوسط السرعة التوافقي للسرعات الظاهرية وذلك لمعرفة 

ومع ذلك، فان تلك الطريقة تفشل فى تحديد السرعة الحقيقية للأسطح البينية المائلة عندما تكون زوايا ميل الطبقات مساوية أو . السرعة السيزمية الحقيقية
  .أكبر من زوايا السقوط الحرجة

قديم تقدير جيد للسرعة الحقيقية تقدم هذه الدراسة خوارزمية عامة جديدة لحساب متوسط السرعة التوافقي لأي سطح مائل باستخدام صيغة جديدة تهدف الى ت
فحساب متوسط السرعة التوافقي باستخدام الخوارزمية الجديدة المقترحة لا يقلل نسبة الخطأ بين متوسط السرعة التوافقي المحتسب .  المائلة الأسطحلهذه  

يا الميل للأسطح البينية المائلة مساوية أو أكبر من زوايا والسرعة الحقيقية فقط، ولكنه نجح أيضا في تحديد متوسط السرعة التوافقي حتى عندما تكون زوا
  .السقوط الحرجة

اثبتت التجارب على البيانات الزلزالية الاصطناعية والحقيقية التي تمثل نماذج الأرض الشائعة والأكثر واقعية، أن السرعات التوافقية المقدرة باستخدام                   
٪ خلال البيانات الاصطناعية و ٠,٧لحقيقية مع قدر لا بأس به من نسبة الخطأ، والتي يمكن أن تظل دون الخوارزمية العامة تتناسب مع سرعات النموذج ا

 .٪ خلال دراسات الحالة الحقيقية١,٥

ABSTRACT: The shallow refraction seismic technique is broadly used to determine the elastic moduli and true 
depths of the underlying layers by calculating the true velocities of seismic waves travelling through these strata, which 
are critical to engineering investigations. At dipping interfaces, computing the true seismic velocity is so difficult until 
the harmonic mean velocity approximation of the apparent velocities is used to figure out the true velocity. However, 
the harmonic approximation fails to determine the true velocity of the dipping interfaces when the dipping angles of the 
interfaces are equal or greater than the critical angles.  
This study presents a new generalized algorithm to compute the harmonic mean velocity of any dipping interface using 
a new formula aiming at providing us with a good estimation for the true velocity of these inclined interfaces. This does 
not only maintain the error percentage between the calculated harmonic mean velocity and the true velocity, but it also 
succeeds in determining the harmonic mean velocity even when the dipping angles of the dipping interfaces are equal 
or greater than the critical angles. The trials experienced on the provided synthetic and real seismic data, representing 
most realistic earth models, establish that the harmonic velocities estimated using the generalized algorithm to fit the 
actual model velocities with a fair measure of error percentage, can be remained below 0.7% within synthetic data and 
1.5% within real case studies. 

INTRODUCTION 
Seismic refraction theory is a cornerstone in 

shallow geophysical investigations. As a consequence, 
its basics and limitations have been intensively 
discussed in many previous studies (e.g., Ewing, et. al., 
1939; Slotnick, 1959; Grant & West, 1965; Griffiths & 
King, 1965; Musgrave, 1967; Dobrin, 1976; Telford, 
1976; Parasnis, 1979; Mooney, 1981; and Sjögren, 
1984). Determination of the true velocity of inclined 
layers occupies a major part of these studies. Many 
authors proposed different ways to estimate the true 
seismic velocity of the inclined layers. Most of these 
studies suggest using of harmonic mean velocity, for the 
second interface only (Redpath, 1973; Sjögren, 1984; 
Parasnis, 1986), while some authors suggest using the 
arithmetic average of the apparent velocities of the layer 
(Telford, et. al., 1990). 

Seisa (1991) introduced an approach to calculate 
the harmonic mean velocity of the second layer by using 

the double distance existed between the shot point and 
the point at which the forward and reverse slopes of the 
second layer are intersected, divided by the time 
difference between the intercept time and the reciprocal 
time of the second layer. Thereby, it is significantly 
evident that Seisa (1991) used a special case to calculate 
the harmonic velocity, by which the interpreter has to 
measure the distance between two certain points (shot 
point and intersection point). Thus, this simple approach 
presented a limited choice (i.e. a case of one dipping 
layer with one form), which is a special case in the 
present study. Accordingly, the current investigation 
introduces a generalized algorithm that can fit to several 
cases, and provides determination of the true velocity, 
not only for the first inclined refractor, but also for the 
other underlyingones centering on different distance-
time ratios. 
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Methodology: 
a) Computing the harmonic velocity using 

distance-time difference ratio for the dipping 
interfaces: 
Consider two segments of a travel time graph of a 

reversed refraction spread that represents the up and 
down-dip of the apparent velocities of a dipping 
interface of any layer (n) beneath the ground surface, as 
shown in equation (1).  

In all different cases (A, B, and C) illustrated in 
Figure 1: 

       (1) 

                             (2) 
Where: 

: Up-dip apparent velocity of the interface (n), 

: Down-dip apparent velocity of the interface (n), 

: Arrival time at point (x1) of the forward shot of the 
interface (n), 

: Arrival time at point (x1) of the reverse shot of the 
interface (n), 

: Arrival time at point (x2) of the forward shot of the 
interface (n), and 

: Arrival time at point (x2) of the reverse shot of the 
interface (n), 

By summation of equations (1) and (2), then: 

    (3) 

Where:  = , 

 
Figure (1): Traveltime graph of a dipping layer: A) calculation of the harmonic velocity  

when the intersection point lies inside the used distance (∆X), B) the intersection to  
the right of the measurements, and C) the intersection to the left. 



CALCULATING THE TRUE SEISMIC VELOCITY … 

 
 

167 

Since the harmonic velocity of the interface 

(n) is: ,Then: 

    (4) 
Equation (4) can be applied for any dipping 

interface( ) to calculate the harmonic velocity (  

by computing the distance-time difference ratio ( ), 
for any two successive points along the travel time 
curve divided by the time difference. This ratio enables 
the interpreter to choose any point on the travel time 
curve; especially at geophone's locations, to exclude any 
error could come from the distance interpolation 
between geophone locations. 

b) Relation between the true and harmonic velocity 
of dipping interfaces: 
Depending on the well-known equations initially 

inferred by Ewing et al., (1939), that later modified by 
Adachi (1945), and considering Figure (2), the 

reciprocal of the apparent velocity ( ) of the dipping 

interface (n) at the down-dip is: …. (5), 
Adachi (1954), 

While the reciprocal of the apparent velocity ( ) 
of the inclined layer (n) at up-dip is: 

….. (6), Adachi (1954), 
where: 

:The incident angles in the dipping 

interface numbered ( ) of down-dip and up-dip 
respectively, that totally make the ray-path refracted at 

the dipping interface number ( ), i.e. if = 1 & =4, 

then  is the incident angle in the layer number ( ) 
that totally makes the ray-path refracted at the dipping 

interface number ( ); 

: Velocity of the first layer; 
Equations (5) and(6) can be modified, when the 

ground surface is inclined by the dip angle (  into: 

 …………………………. (7) 

………………………….. (8) 

In the following, equations (7 & 8) can be used to 
derive the relation between the harmonic velocity and 
the true velocity. 

1. Relation between the true and harmonic velocity 
of the second interface: 
Using the symbols in Figure (2) and equations 

(7&8), the harmonic velocity of the second layer 

(where: )can be calculated, as follows: 

Since the down-dip slope ( ) of the inclined 
layer number (2) is: 

……….. (9), 
Where: 

, 

Moreover, the up-dip slope ( ) of the same 
layer is: 

 ………….. (10) 
where:  

 
Summation of equations (9 &10) leads to: 

, 

where:  
By simplifying the equatin, then the harmonic 

velocity ( ) of the second inclined layer equals: 

…….. (11) 

where:  is the true velocity of the second layer. 
2. Relation between the true and harmonic velocity 

of the third layer: 
Using equations (7& 8), the harmonic velocity of 

the third layer can be calculated as follows: 
Since the down-dip slope of the third inclined 

layer ( ) is: 

 ……………………….. (12), 
where: 

. 
Also, since the up-dip slope of the third inclined 

layer ( ) is: 
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 ………….. (13) 
where:  

, 
By the summation of equations 12 and 13: 

Then: 

.where, the term 

 can be simplified into: 

, and while then: 

 

 
 

 

…………… (14) 
where: 

 

; 
After the substitution of the values of 

 in equation (14): 

The harmonic velocity ( ) can be: 

= …….... (15), 

where:  is the velocity of the third layer. 
 

3. Relation between the true and harmonic velocity 
of the fourth layer: 
Using equations (7& 8), the harmonic velocity of 

the third layer can be calculated as follows: 
The down-dip slope of the fourth inclined layer 

(  ) is: 

 
Figure (2): Travel time graph of four segments and their related layered model. 
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 ……………………….. (16) 
where: 

, 
While, the up-dip slope of the fourth inclined layer 

number ( ) is: 

…………………………... (17) 
where: 

, 
By the summation of equations (16 & 17): 

 

 
Then: 

 

=  
Since: 

 

Th
en: 

 

 
By the simplification and substitution of the 

values of  as the previous 
steps, then: 

, 

, 

Also, the harmonic velocity of the fourth 
layer will be: 

  …. (18) 

where:  is the true velocity of the fourth layer. 
 

4. The general form: 
Using the equations (11), (15), and (18), a general 

equation can be derived to determine the relation 

between the harmonic velocity ( )and the true 
velocity of the layer (n)is: 

=   …….. (19) 
where: 

is the true velocity of the layer (n), when 
, then the value of equals Zero. 

c) Relation betweenthe true velocity( ) of any 
dippinginterface (n)and the harmonic velocity 

( computed using the distance-time 
difference ratio: 
From equations (4) and (19), the harmonic 

velocity ( ) of the layer “n” is: 

 
Therefore, the true velocity (VTn) of the layer(n) 

is: 

 …(20) 
Equation (20) clarifies the general relation 

between the true velocity and the harmonic velocity of 
any layer, which can be used to compute the true 
velocity using the distance-time difference ratio. 
Synthetic data and case studies 

Five synthetic models and two case studies of 
different locations had been used to validate the new 
formula. All the synthetic models are produced using 
IXRefraX program (Interpex, 2010). The first three 
models, figures (3, 4, & 5) show that, using the 
proposed distance-time difference ratio construction to 

obtain the harmonic velocity ( ) values are more 
successful than using the statistical harmonic mean of 

the apparent velocities ( ), that fail to obtain the 
harmonic velocity at dipping interfaces, that have dip 
amounts equal to or greater than the critical angle, i.e. 
model 2 and model 3. Also, it is remarkably noticeable 
that the error percentage between the harmonic velocity 
and the true velocity is less than 0.7% (table 1).  

The second two synthetic models, figures (6 &7) 
are representing the most realistic earth models that 
have low to moderate dip amounts. These two models 

illustrate harmonic velocity ( ) values close to those 
velocity values with error percent 0.5% (Table 1). While 
the new algorithm enables us to determine the harmonic 
velocity of all interfaces, the traditional method 
computed only for the fourth model. 
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Figure (3): Travel time graph of an interface with dipping amount less than the critical angle. 

 

 
Figure (4): Travel time graph of an interface with dipping amount equal to the critical angle. 

 

 
Figure (5): Travel time graph of an interface with dipping amount greater than the critical angle. 
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       Table (1): Results of the synthetic and real case sties showing the differences  
between deferent type of velocity and error percentage. 

 
 

 
Figure (6): Synthetic travel time graph for four-layered model. 

 

 
Figure (7): Synthetic travel time curves for three-layered model. 
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        The first case study is located at Asylum Lake, 
near Kalamazoo, MI, USA. This location is a 
geophysical test site belonging to Western Michigan 
University. These data were collected using 24 vertical 
geophones with 3 m interval, and two end shots with3 m 
offset. The investigated area consist of two layers: the 
first represents dry glacial deposits and the second is a 
saturated glacial deposits consists mainly of sands. As 
shown in Figure (8), the harmonicvelocity (Vhr) value 
(1683 m/s) is close to the true velocity value (1665 m/s) 
obtained by the used program with error percent of 
1.1% (Table 1). 

The second case study is locatedin Wadi Nugros 
area, at the central Eastern Desert, Egypt. This data 
were collected using 24 vertical geophones with 5 m 
interval, and two end shots with 2.5 m offset. The 
investigated area consists of three layers: the first one is 
represents unconsolidated alluvial deposits and the 
second layeris a saturated alluvial deposit consisting 
mainly of sands, silt and gravels, while the third layer is 
represents the basement rocks. As shown in Figure (9), 
the harmonic velocities of layer 2 and 3 have values of 
(1152; 3187 m/s)close to the true velocity values(1136; 
3155 m/s) obtained by the program, with error percent 
less than 1.5% (table 1). 

SUMMARY AND CONCLUSIONS 
This research presents new generalized algorithm 

to calculate the harmonic velocity of the dipping 
interfaces, using the distance-time difference ratio. The 
previous approaches failed to compute it at certain 
cases, when the dipping angles of the interfaces are 
equal or greater than the critical angles, while the new 
formula succeeded to calculate it in such and all cases 
with a minor amount of error. The synthetic data show 
that, the error percentage below 0.7% of the dipping 
amounts could be greater than the critical angle of the 
dipping interface. Real case studies also show error 
percent less than 1.5%. In addition, the study also 
presents a novel algorithm, that enables the interpreter 
to calculate the true velocity of the dipping interfaces 
depending on the calculated harmonic velocity of the 
proposed generalized form, but within reasonable 
expectations of precision, the harmonic mean is till 
more than adequate. In other words, corrections for dip, 
which are cosine functions, are rarely necessary for 
common realistic earth models. 

 

       
Figure (8): Travel-time graph for and the obtained geo-seismic model of Asylum Lake case study. 

 

 
Figure (9): Travel-time graph and the obtained geo-seismic model of WadiNogros case study. 
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