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Abstract In this paper we have introduced a new sequence ideal using Orlicz function and the
notion of de la Vallée Poussin mean. It is proved that the Cesaro-Orlicz sequence ideal is complete
under a suitable norm. Moreover, it is shown that Cesaro-Orlicz sequence ideal is maximal, and if
the Orlicz function satisfies 4,-condition at zero then it is also minimal.
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1. Introduction

Sequence ideals are investigated by many authors. It has been
turned out that the sequence ideals are the important tools to
generate operator ideals. Operator ideals have the immense
applications in spectral theory, geometry of Banach spaces,
theory of eigenvalue distributions, etc. The theory of sequence
ideals is an analogue of the theory of operator ideals. Some
important examples of sequence ideals are /,, 0 < p < oo, Lor-
entz sequence ideals, Sargent sequence ideals, Orlicz sequence
ideals etc (see [1]). For some recent work on the relations be-
tween the sequence ideals and operator ideals, please refer
[2,3].
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In [1, p.189], Orlicz sequence ideals have been defined by
using Orlicz function. It is defined as follows:

Let ¢ be an Orlicz function such that ¢(1) = 1. Then the
Orlicz sequence ideal /, is defined by

Iy = {x =(x,) €ly: Z¢(%> <1 for some o > 0}.
n=1

The sequence ideal /4 is complete with respect to the norm oy,
where

2(x) inf{o >0: gqs(%) < 1}.

Moreover, it has been shown that the normed sequence ideal
[ly; 00¢] 18 maximal, and if the Orlicz function satisfies the 4,-
condition at zero then [/,; a4] is also minimal.

In summability theory, de la Vallée Poussin mean is firstly
used by Leindler [4] and this new idea generates new concepts.
Recently, many mathematicians have introduced sequence
spaces using de la Vallée Poussin mean and studied their geo-
metrical properties. Let A = (4,) be a nondecreasing sequence
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of positive real numbers such that 1, =1, 4,,; < 4,+ 1 for

n=1,2,... and 1, — oo as n — oo. Then the generalized de
la Vallée Poussin mean (refer [5] or [6]) is defined by
1
1a(x) ==Y X, (1.1)
A kel,

where I, = [n — 2, + 1,n] and x = (x;) be a scalar sequence. If
A, = n, then (1.1) reduces to the Cesaro mean.

The Cesaro-Orlicz sequence space denoted by ces,, is de-
fined as

o0 1 n c
cesy = {x: (xu) € W:Zqﬁ (;Z%) < oo forsome a>0},
= k=1

n=1

where w is the set of all real or complex sequences. The space
cesy is complete under the Luxemburg norm

. S B N RY
], = inf { =039 (Z'> < 1}.
n=1 k=1

For the details of the sequence space ces,, one can see [7.8].

In particular, if ¢(r) =, 1 < p < oo then ces, coincides
with the Cesaro sequence space ces, [9].

The purpose of this paper is to introduce a new sequence
ideal using the Orlicz function and the notion of de la Vallée
Poussin mean. We show that the Cesaro-Orlicz sequence ideal
is complete under a suitable norm. Moreover, we prove that
the Cesaro-Orlicz sequence ideal is maximal, and if the Orlicz
function satisfies 4,-condition at zero then the sequence ideal
is also minimal.

2. Preliminaries

Definition 2.1 [10]. An Orlicz function ¢ : [0,00) — [0,00) is a
convex, nondecreasing, continuous function on [0,00) such
that ¢(0) =0, ¢(r) > 0 for t > 0 and ¢(¢) — oo as t — oco.

For each Orlicz function ¢, there always exists an integral
representation, i.e., ¢(x) = [; p(r)ds, where p is called the ker-
nel of ¢. The kernel p(¢) is nondecreasing and right continuous
for t >0, and p(0) =0, p(r) >0 for >0, p(t) — co as
t — 00.

Definition 2.2 [10]. An Orlicz function ¢ is said to satisfy 4,-
condition at zero if there exist K > 0 and 7y > 0 such that
¢(2t) < K¢(1) for all ¢ € [0, 19].

Throughout the paper we consider ¢ to be an Orlicz func-
tion and 1= (4,) a nondecreasing sequence of positive real
numbers satisfying 4, =1, 4,y <A, +1forn=1,2,..., and
Jp — 00 as n — oo. We denote by [, ¢p, N and R* for the
set of all bounded scalar sequences, the space of null se-
quences, the set of all natural numbers and the set of all non-
negative real numbers respectively. ¢, stand for k-th unit
sequence.

Definition 2.3 [1, p. 23]. Let 7 be any one-to-one map from N
into N. Then the canonical injection J; : [, — [ is defined by
Ja(xn)psy = (Xz1(m) - where m(n) = m and xy =0, ¢ is an
empty set. The canonical surjection Q, : /[, — I is defined by

O (Xm)p—y = (Xz(w),~,- In particular, if n(n)=2n then
Jn(xn)oc (0,X1,0,X2,0,X3,...) and Qn(xﬂ);zx:l =

n=1 —
(x2, X4, Xg, - - .).

Definition 2.4 [1]. A sequence ideal a on the scalar field (real
or complex) is a subset of [/, satisfying the following
conditions:

e; € a, where ¢ is the 1-st unit sequence

ifx,y€a thenx+y€ca

ifze€l, and x € a, then zx € a

if 7 is any one to one map from N into N, then J,x € a
and Q. x € a for all x € a.

Ll

Definition 2.5 [1]. Let a be a sequence ideal on the scalar field.
A map a: a — RT is called a norm if the following conditions
are satisfied:

1. OC(@]) =1

2. alx+y) <alx)+aly) forallx,y € a

3.if ze€l, and x€a then a(zx) < ||z x(x), where
llzlle = supes izl

4. if 7 is any one to one map from N into N, then
o(Jx) < a(x) and a(Q,x) < a(x) for all x € a.

Definition 2.6 [1]. A normed sequence ideal [a; o] is a sequence
ideal a such that a is complete under the norm o.

Definition 2.7 [1]. Let [a;o] be a normed sequence ideal. A
sequence x belongs to minimal kernel o™ if x = zx, for some
z € ¢y and x, € a. The sequence ideal a™" is complete under the
norm o, where o is defined by

O('”"(X) = inf{HZHOCa(XO)}?

here the infimum is taken over all possible factorizations.
A normed sequence ideal [a;of is called minimal if
[a;0] = [a;0)™", where [a; o)™ = [a™; omin],

Definition 2.8 [1]. Let [a;] be a normed sequence ideal. A
sequence x belongs to maximal kernel a”* if zx € a for all
z € ¢g. The sequence ideal a™** is complete with respect to
the norm o™, where o™ is defined by

o(”'ax(x) — Sup{a(zx) :z€¢) and HZHDo < 1}.

sequence ideal [a;o] is called maximal if
1", where [a; o] ™ = [am; o]

A normed
;0] = [a;
Lemma 2.1 [1]. Let [a;a] be a normed sequence ideal. Then ™
consists of those sequences x = (x,) € l, such that P,x is o-
bounded, and

o

max (

x) = sup o(Pnx),

m=1

where P, (X1, X2, ..« s Xoy Xing1s - - ) = (X1, X2, ., X, 0,0,...).

Lemma 2.2 [1]. Lef [a; o] be a normed sequence ideal. Then a™™"
consists of those sequences x € a such that x = o — lim,, P, x.
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3. Main results

Let ag; be a set consisting of all the sequences x = (x,) € [
such that

RIEO
n=I1 " kel,
for some ¢ > 0.

Theorem 3.1. If 22;(1)(%”) < 1, then the set ay; is a sequence
ideal.

Proof. Since Z;jil(p(i) <1, we have ¢ =(1,0,0,...,)
S Agp ).

Let x,y € ag ;. Then there exist oy > 0 and ¢, > 0 such that

Xk

qu( s ><1 and Z¢< Zb_k><1.
” kel, A” kel, 02

Now

o [ L et
;(}) <)v,, ;I,, g+ 02

N

X 1 Y
Ty dwl 1y bl
/L"AE, g+ 02 s g +0,

MI o2 (1l
<O‘|+O'7< Z 61+<72 /l,,; )

N |l [l
<O’1+D‘2; (A,,; ) er—mZ (,,; )

g a3
g1 +02

<

=1.
o1 +o,

Thus x +y € ag ;.
Let x € LR

Do ](b(/” Zkel,l ‘\a") <1

Let z=(zx) € I. Then there exists M >0 such that
|ze| < M for all k. As ¢ is a nondecreasing function and

—‘Z,f/;;"‘ < "Lﬁ“, we have

Then there exists some ¢ >0 such that

(i

Hence zx € ay,.

i) 5o

” kel, n=1

5 m)

A kel,

Let 7: N — N be any one to one map. Choose suitable
M > 0 such that

S5 el) 3o

” kel, n=1
Hence J,x € ay ;.
Similarly, we have Q,x € ay;.
ideal. [

Zx’”> <1

” kel,

Thus a4, is a sequence

Remark 3.1. In particular, if 1, =n for n=1,2,..., and if
Soi¢(B) <1 then the sequence ideal a,, reduces to a

sequence ideal
(i)

{X = ’C,,

We shall call it Cesaro-Orlicz sequence ideal and denote it by

ac(ivd, .

Let a., be a ideal. Define a function

. +
a(‘md, . ace.v(b - R by

ocmd)( X) = 1nf{a>0 Z¢( Z|’Ck|> }

sequence

Theorem 3.2. If' Eff:ld)(%) = 1, then the function o, is a norm
on the sequence ideal s,

Proof. Since > > p(}) =1, we
(o2 0.5 0T £ 1] 1.

Let x,y € acs, and e be any positive real number. Choose

o1 > 0 and o, > 0 such that

have oc<m¢(e1) = inf

€
a1 < Olees, (X) + 5 and

€
2 (2] < (xces(/) (}’) + i .

Now

(I ety N ||
Se(n i) <atan(ns)

n=1 =1 %1

(i)

<2 2.
o1+0, o0+0;
Therefore
Uees, (X + 1) < 01 + 03 < Oees, (X) + Olees, (V) + €

As € > 0 is any arbitrary number, we have

aué(/) (X + .}) ‘x(m(p (X) + a(ead) (y)

for all x,y € ay, -
Let z = (z) € [ and X € ay,. Suppose that e is any
positive real number. Then there exists some ¢ > 0 such that

Z¢( Zxk> <1 and o< ace‘t¢(x)+6'
1

for all k, we get 137/ | & \'k‘ e b,

Since |zx| < ||z||,, -

Thus
> 1 " ‘Z/(Xk‘ > X

¢l - ¢ < 1.
,,ZI: n;GIIZIIm Z: Z
Therefore
Uces, (2) < |2l < 1|20 (tces, (X) + €).

As e€>0 is any number, we have
Xees, (zx) < HZHoc“cesd, (x).

Finally, let #:N — N be any one-to-one map, and
X € Qpes,. Then e, (JoX) < s, (X)) and ey, (0,X) <

tees, (X). This completes the proof. [J

arbitrary

Theorem 3.3. The sequence ideal .., is complete with the norm
Geesys 0-€.s [Qcesy; tees,] i5 @ normed sequence ideal.
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Proof. Let (x"),", be a Cauchy sequence in a,, where

X" = (xZ’);O:] =(xpxy,..) € Qces,- Then for e >0, there
exists 1y € N such that
Oees, (x' —x") < e for all m,l = ny. (3.1)

Since ¢ is nondecreasing in nature, we have

00 1 n 00 ’xk |
Selagin) <o EES) <

Thus

qu(nezm Xy ) <1 (32)

forall ,m = ng.

Now, we consider the integral representation of the Orlicz
function ¢, i.e., = [y p(t)dt. Choose sy >0 such that
2p(3) = 1. We have from 3. 7)

3o (i 3t -al) <0(3). 53

Now we establish that

—Z\ X — ¥ < s (3.4)

Suppose that (3.4) is not true, i.e.,

1 n
— x—x’”>s >—
nek:|| "’ L)

X

Then

D)
(,,EZM )= / = p(ar

1
>/mk:1 A p(t)dt > 2 (&)
- 2P\3)

2

which is a contradiction to (3.3). Hence

1 n n
n—E ‘xi—xZ’gsoég
€l =1

< nspe — 0 as € — 0.

! m . m
X=X <nsoe =[x -

Thus (x})_ is a Cauchy sequence of scalars for each k and
[o0) .

hence convergent. Let x = (xx),_,, where x; = lim, _..x}"

Using the continuity of ¢ and taking m — oo in (3.1), we have

Oes, (¥ =x) > 0ase—0.

This shows that the sequence (x) converges to x under the
NOTM Gy, -

Now we show that x € acs,.

Clearly for 1= ng, X' — X € ace,. So,

X = x" — (X" — X) € acs,. This establishes the proof. [

Let [aces,; %ces,] be @ normed sequence ideal. The maximal
and minimal kernel of a,,, are defined as

max
cesy

ap = {x = (X)) €l 1 2X € e, forall ze€c,},

and
min  __ _ . _ .
gy = {x=(x,) €l :x=12zxy forsome z€c,and x
€ a(‘es‘j,}'

Then a”* and a”” are normed sequence ideals equipped with
the norms oc""" and oin respectively, where

cesg

OC?ZZ;(X) = Sup{acﬂw (ZX) tZEC and HZHOC < 1}
and
ot = inf{[|2]  Ges, (¥0)}-

Note 3.1. Let a be any normed sequence ideal. We claim that
a C alﬂ(l.\'.

Letxceaandz € ¢y Cly. Thenzx € aforallz € ¢y as ais
a sequence ideal. Hence x € a™**. Thus a C a”**. Similarly, one
can see that a”” C a.

For a Cesaro -Orlicz sequence ideal acq,, we have

max min
(3 g aLL’S(/ and aces(/ C af”

a(‘LV
The next results concern about maximal and minimal

normed sequence ideal.

Theorem 3.4. The Cesdro-Orlicz sequence ideal [aces,; Ocesy) is @
maximal normed sequence ideal.

Proof. To prove that the normed sequence ideal [a,, o Olces ¢] is
maximal, we show

max

a‘“d) = a(ew,

Clearly a.,, C ay.

—_— (.Fid,
Now applying Lemma 2.1, we establish the reverse inclu-

ax
sion, 1.€., a“M - Oces,y -

Let x € aZg?. Then sup,,> e, (PnX) < 0o. We show that

for some ¢ > 0

Zld’( Z |xk|>
Now, choose 0 > sup,,> %, (Ppx). Then we get
Zd’( Z|’€k|> Z¢< Zml)@

n=m+1
forallm=1,2,....
Thus we have

%) 1< |xk|

Therefore x € a.,,. Hence a"’j‘s’: C Aees,- This completes the
proof. O

Theorem 3.5. If the Orlicz function ¢ satisfies the Ay-condition
at zero, then the normed sequence ideal [am(ﬁ; Qs A is minimal.

Proof. Clearly a™ C a,,, "

cesy =
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Now applying Lemma 2.2, we prove that a, C ag'g{; .

Let X € acey,. Since ¢ satisfies 4,-condition at zero, we have

oo 1 n |xk‘

for all ¢ > 0.
Now choose m € N such that

o0 n
1 |k |
Sty e
n=m-+1 nk:m+] g

Thus o, (x — P,x) < 0. Therefore x = o, — lim,, P,,x and
hence x € ai .

Thus aces, = a[,’éi’.; . This proves the theorem. [
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