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Abstract In this paper we have introduced a new sequence ideal using Orlicz function and the

notion of de la Vallée Poussin mean. It is proved that the Cesáro-Orlicz sequence ideal is complete

under a suitable norm. Moreover, it is shown that Cesáro-Orlicz sequence ideal is maximal, and if

the Orlicz function satisfies D2-condition at zero then it is also minimal.
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1. Introduction

Sequence ideals are investigated by many authors. It has been

turned out that the sequence ideals are the important tools to
generate operator ideals. Operator ideals have the immense
applications in spectral theory, geometry of Banach spaces,

theory of eigenvalue distributions, etc. The theory of sequence
ideals is an analogue of the theory of operator ideals. Some
important examples of sequence ideals are lp, 0 < p <1, Lor-
entz sequence ideals, Sargent sequence ideals, Orlicz sequence

ideals etc (see [1]). For some recent work on the relations be-
tween the sequence ideals and operator ideals, please refer
[2,3].
In [1, p.189], Orlicz sequence ideals have been defined by
using Orlicz function. It is defined as follows:

Let / be an Orlicz function such that /ð1Þ ¼ 1. Then the

Orlicz sequence ideal l/ is defined by

l/ ¼ x ¼ ðxnÞ 2 l1 :
X1
n¼1

/
jxnj
r

� �
6 1 for some r > 0

( )
:

The sequence ideal l/ is complete with respect to the norm a/,
where

a/ðxÞ ¼ inf r > 0 :
X1
n¼1

/
jxnj
r

� �
6 1

( )
:

Moreover, it has been shown that the normed sequence ideal
½l/; a/� is maximal, and if the Orlicz function satisfies the D2-
condition at zero then ½l/; a/� is also minimal.

In summability theory, de la Vallée Poussin mean is firstly
used by Leindler [4] and this new idea generates new concepts.
Recently, many mathematicians have introduced sequence

spaces using de la Vallée Poussin mean and studied their geo-
metrical properties. Let k ¼ ðknÞ be a nondecreasing sequence
icense.
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of positive real numbers such that k1 ¼ 1; knþ1 6 kn þ 1 for
n ¼ 1; 2; . . . and kn !1 as n!1. Then the generalized de
la Vallée Poussin mean (refer [5] or [6]) is defined by

tnðxÞ ¼
1

kn

X
k2In

xk; ð1:1Þ

where In ¼ ½n� kn þ 1; n� and x ¼ ðxkÞ be a scalar sequence. If
kn ¼ n, then (1.1) reduces to the Cesáro mean.

The Cesáro-Orlicz sequence space denoted by ces/, is de-

fined as

ces/¼ x¼ðxnÞ 2w :
X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
<1 for some r> 0

( )
;

where w is the set of all real or complex sequences. The space
ces/ is complete under the Luxemburg norm

kxkces/ ¼ inf r > 0 :
X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1

( )
:

For the details of the sequence space ces/, one can see [7,8].
In particular, if /ðtÞ ¼ tp; 1 < p <1 then ces/ coincides

with the Cesáro sequence space cesp [9].

The purpose of this paper is to introduce a new sequence
ideal using the Orlicz function and the notion of de la Vallée
Poussin mean. We show that the Cesáro-Orlicz sequence ideal
is complete under a suitable norm. Moreover, we prove that

the Cesáro-Orlicz sequence ideal is maximal, and if the Orlicz
function satisfies D2-condition at zero then the sequence ideal
is also minimal.

2. Preliminaries

Definition 2.1 [10]. An Orlicz function / : ½0;1Þ ! ½0;1Þ is a
convex, nondecreasing, continuous function on ½0;1Þ such

that /ð0Þ ¼ 0; /ðtÞ > 0 for t > 0 and /ðtÞ ! 1 as t!1.

For each Orlicz function /, there always exists an integral

representation, i.e., /ðxÞ ¼
R x

0
pðtÞdt, where p is called the ker-

nel of /. The kernel pðtÞ is nondecreasing and right continuous
for t P 0, and pð0Þ ¼ 0; pðtÞ > 0 for t > 0; pðtÞ ! 1 as

t!1.

Definition 2.2 [10]. An Orlicz function / is said to satisfy D2-
condition at zero if there exist K > 0 and t0 > 0 such that
/ð2tÞ 6 K/ðtÞ for all t 2 ½0; t0�.

Throughout the paper we consider / to be an Orlicz func-
tion and k ¼ ðknÞ a nondecreasing sequence of positive real

numbers satisfying k1 ¼ 1; knþ1 6 kn þ 1 for n ¼ 1; 2; . . ., and
kn !1 as n!1. We denote by l1; c0, N and Rþ for the
set of all bounded scalar sequences, the space of null se-

quences, the set of all natural numbers and the set of all non-
negative real numbers respectively. ek stand for k-th unit
sequence.

Definition 2.3 [1, p. 23]. Let p be any one-to-one map from N

into N. Then the canonical injection Jp : l1 ! l1 is defined by
JpðxnÞ1n¼1 ¼ xp�1ðmÞ

� �1
m¼1, where pðnÞ ¼ m and x; ¼ 0; / is an

empty set. The canonical surjection Qp : l1 ! l1 is defined by
QpðxmÞ
1
m¼1 ¼ ðxpðnÞÞ1n¼1. In particular, if pðnÞ ¼ 2n then

JpðxnÞ1n¼1 ¼ ð0; x1; 0; x2; 0; x3; . . .Þ and QpðxnÞ
1
n¼1 ¼

ðx2; x4; x6; . . .Þ.

Definition 2.4 [1]. A sequence ideal a on the scalar field (real
or complex) is a subset of l1 satisfying the following

conditions:

1. e1 2 a, where e1 is the 1-st unit sequence

2. if x; y 2 a, then xþ y 2 a

3. if z 2 l1 and x 2 a, then zx 2 a

4. if p is any one to one map from N into N, then Jpx 2 a

and Qpx 2 a for all x 2 a.

Definition 2.5 [1]. Let a be a sequence ideal on the scalar field.
A map a : a! Rþ is called a norm if the following conditions

are satisfied:

1. aðe1Þ ¼ 1

2. aðxþ yÞ 6 aðxÞ þ aðyÞ for all x; y 2 a

3. if z 2 l1 and x 2 a then aðzxÞ 6 kzk1aðxÞ, where
kzk1 ¼ supkP1jzk j

4. if p is any one to one map from N into N, then

aðJpxÞ 6 aðxÞ and aðQpxÞ 6 aðxÞ for all x 2 a.

Definition 2.6 [1]. A normed sequence ideal ½a; a� is a sequence

ideal a such that a is complete under the norm a.

Definition 2.7 [1]. Let ½a; a� be a normed sequence ideal. A
sequence x belongs to minimal kernel amin if x ¼ zx0 for some
z 2 c0 and x0 2 a. The sequence ideal amin is complete under the

norm amin, where amin is defined by

aminðxÞ ¼ inffkzk1aðx0Þg;

here the infimum is taken over all possible factorizations.
A normed sequence ideal ½a; a� is called minimal if

½a; a� ¼ ½a; a�min, where ½a; a�min ¼ ½amin; amin�.

Definition 2.8 [1]. Let ½a; a� be a normed sequence ideal. A

sequence x belongs to maximal kernel amax if zx 2 a for all
z 2 c0. The sequence ideal amax is complete with respect to
the norm amax, where amax is defined by
amaxðxÞ ¼ supfaðzxÞ : z 2 c0 and kzk1 6 1g:

A normed sequence ideal ½a; a� is called maximal if
½a; a� ¼ ½a; a�max

, where ½a; a�max ¼ ½amax; amax�.

Lemma 2.1 [1]. Let ½a; a� be a normed sequence ideal. Then amax

consists of those sequences x ¼ ðxnÞ 2 l1 such that Pmx is a-
bounded, and
amaxðxÞ ¼ sup
mP1

aðPmxÞ;

where Pmðx1; x2; . . . ; xm; xmþ1; . . .Þ ¼ ðx1; x2; . . . ; xm; 0; 0; . . .Þ.

Lemma 2.2 [1]. Let ½a; a� be a normed sequence ideal. Then amin

consists of those sequences x 2 a such that x ¼ a� limmPmx.
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3. Main results

Let a/;k be a set consisting of all the sequences x ¼ ðxnÞ 2 l1
such that

X1
n¼1

/
1

kn

X
k2In

jxkj
r

 !
6 1

for some r > 0.

Theorem 3.1. If
P1

n¼1/
1
kn

� �
6 1, then the set a/;k is a sequence

ideal.

Proof. Since
P1

n¼1/
1
kn

� �
6 1, we have e1 ¼ ð1; 0; 0; . . . ; Þ

2 a/;k.

Let x; y 2 a/;k. Then there exist r1 > 0 and r2 > 0 such that

X1
n¼1

/
1

kn

X
k2In

jxkj
r1

 !
6 1 and

X1
n¼1

/
1

kn

X
k2In

jykj
r2

 !
6 1:

Now

X1
n¼1

/
1

kn

X
k2In

jxkþykj
r1þr2

 !
6

X1
n¼1

/
1

kn

X
k2In

jxkj
r1þr2

þ 1

kn

X
k2In

jykj
r1þr2

 !

¼
X1
n¼1

/
r1

r1þr2

1

kn

X
k2In

jxkj
r1

 !
þ r2

r1þr2

1

kn

X
k2In

jykj
r2

 ! !

6
r1

r1þr2

X1
n¼1

/
1

kn

X
k2In

jxkj
r1

 !
þ r2

r1þr2

X1
n¼1

/
1

kn

X
k2In

jykj
r2

 !

6
r1

r1þr2

þ r2

r1þr2

¼ 1:

Thus xþ y 2 a/;k.
Let x 2 a/;k. Then there exists some r > 0 such thatP1
n¼1/

1
kn

P
k2In

jxk j
r

� �
6 1.

Let z ¼ ðzkÞ 2 l1. Then there exists M > 0 such that
jzkj 6M for all k. As / is a nondecreasing function and
jzkxk j
Mr 6

jxk j
r , we have

X1
n¼1

/
1

kn

X
k2In

jzkxkj
Mr

 !
6

X1
n¼1

/
1

kn

X
k2In

jxkj
r

 !
6 1:

Hence zx 2 a/;k.

Let p : N! N be any one to one map. Choose suitable

M > 0 such that

X1
n¼1

/
1

kn

X
k2In

jxp�1ðkÞj
Mr

 !
6

X1
n¼1

/
1

kn

X
k2In

jxkj
r

 !
6 1:

Hence Jpx 2 a/;k.
Similarly, we have Qpx 2 a/;k. Thus a/;k is a sequence

ideal. h

Remark 3.1. In particular, if kn ¼ n for n ¼ 1; 2; . . ., and ifP1
n¼1/

1
n

� �
6 1 then the sequence ideal a/;k reduces to a

sequence ideal

x ¼ ðxnÞ 2 l1 :
X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1

( )
:

We shall call it Cesáro-Orlicz sequence ideal and denote it by

aces/ .

Let aces/ be a sequence ideal. Define a function

aces/ : aces/ ! Rþ by

aces/ðxÞ ¼ inf r > 0 :
X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1

( )
:

Theorem 3.2. If
P1

n¼1/
1
n

� �
¼ 1, then the function aces/ is a norm

on the sequence ideal aces/ .

Proof. Since
P1

n¼1/
1
n

� �
¼ 1, we have aces/ðe1Þ ¼ inf

r > 0 :
P1

n¼1/
1
rn

� �
6 1

� 	
¼ 1.

Let x; y 2 aces/ and � be any positive real number. Choose
r1 > 0 and r2 > 0 such that

r1 6 aces/ðxÞ þ
�

2
and r2 6 aces/ðyÞ þ

�

2
:

Now

X1
n¼1

/
1

n

Xn
k¼1

jxk þ ykj
r1 þ r2

 !
6

r1

r1 þ r2

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r1

 !

þ r2

r1 þ r2

X1
n¼1

/
1

n

Xn
k¼1

jykj
r2

 !

6
r1

r1 þ r2

þ r2

r1 þ r2

¼ 1:

Therefore

aces/ðxþ yÞ 6 r1 þ r2 6 aces/ ðxÞ þ aces/ðyÞ þ �:

As � > 0 is any arbitrary number, we have

aces/ðxþ yÞ 6 aces/ðxÞ þ aces/ðyÞ

for all x; y 2 aces/ .
Let z ¼ ðzkÞ 2 l1 and x 2 aces/ . Suppose that � is any

positive real number. Then there exists some r > 0 such that

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1 and r 6 aces/ðxÞ þ �:

Since jzkj 6 kzk1 for all k, we get 1
n

Pn
k¼1

jzkxk j
rkzk1

6
1
n

Pn
k¼1

jxkj
r .

Thus

X1
n¼1

/
1

n

Xn
k¼1

jzkxkj
rkzk1

 !
6

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1:

Therefore

aces/ðzxÞ 6 kzk1r 6 kzk1ðaces/ðxÞ þ �Þ:

As � > 0 is any arbitrary number, we have
aces/ðzxÞ 6 kzk1aces/ðxÞ.

Finally, let p : N! N be any one-to-one map, and
x 2 aces/ . Then aces/ðJpxÞ 6 aces/ðxÞ and aces/ ðQpxÞ 6
aces/ðxÞ. This completes the proof. h

Theorem 3.3. The sequence ideal aces/ is complete with the norm
aces/ , i.e., ½aces/ ; aces/ � is a normed sequence ideal.
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Proof. Let ðxmÞ1m¼1 be a Cauchy sequence in aces/ , where

xm ¼ xm
k

� �1
k¼1 ¼ xm

1 ; x
m
2 ; . . .

� �
2 aces/ . Then for � > 0, there

exists n0 2 N such that

aces/ðxl � xmÞ < � for all m; l P n0: ð3:1Þ

Since / is nondecreasing in nature, we have

X1
n¼1

/
1

n�

Xn
k¼1

xl
k � xm

k



 

 !
6

X1
n¼1

/
1

n

Pn
k¼1 x

l
k � xm

k



 


aces/ðxl � xmÞ

 !
6 1:

Thus

X1
n¼1

/
1

n�

Xn
k¼1

xl
k � xm

k



 

 !
6 1 ð3:2Þ

for all l; m P n0.
Now, we consider the integral representation of the Orlicz

function /, i.e., /ðxÞ ¼
R x
0 pðtÞdt. Choose s0 > 0 such that

s0
2 pð

s0
2ÞP 1. We have from (3.2)

X1
n¼1

/
1

n�

Xn
k¼1

xl
k � xm

k



 

 !
6

s0
2
p

s0
2

� �
: ð3:3Þ

Now we establish that

1

n�

Xn
k¼1
jxl

k � xm
k j 6 s0: ð3:4Þ

Suppose that (3.4) is not true, i.e.,

1

n�

Xn
k¼1

xl
k � xm

k



 

 > s0 >
s0
2
:

Then

/
1

n�

Xn
k¼1

xl
k � xm

k



 

 !
¼
Z 1

n�

Xn
k¼1

xl
k
�xm

kj j

0

pðtÞdt

P
Z 1

n�

Xn
k¼1

xl
k
�xm

kj j
s0
2

pðtÞdt > s0
2
p

s0
2

� �
;

which is a contradiction to (3.3). Hence

1

n�

Xn
k¼1

xl
k � xm

k



 

 6 s0 )
Xn
k¼1

xl
k � xm

k



 

 6 ns0� ) xl
k � xm

k



 


6 ns0�! 0 as �! 0:

Thus xm
k

� �1
m¼1 is a Cauchy sequence of scalars for each k and

hence convergent. Let x ¼ ðxkÞ1k¼1, where xk ¼ limm!1x
m
k .

Using the continuity of / and taking m!1 in (3.1), we have

aces/ðxl � xÞ ! 0 as �! 0:

This shows that the sequence ðxlÞ converges to x under the
norm aces/ .

Now we show that x 2 aces/ .

Clearly for l P n0; xl � x 2 aces/ . So,
x ¼ xn0 � ðxn0 � xÞ 2 aces/ . This establishes the proof. h

Let ½aces/ ; aces/ � be a normed sequence ideal. The maximal
and minimal kernel of aces/ are defined as

amax
ces/
¼ fx ¼ ðxnÞ 2 l1 : zx 2 aces/ for all z 2 cog;
and

amin
ces/
¼ fx ¼ ðxnÞ 2 l1 : x ¼ zx0 for some z 2 co and x0

2 aces/g:

Then amax
ces/

and amin
ces/

are normed sequence ideals equipped with

the norms amax
ces/

and amin
ces/

respectively, where

amax
ces/
ðxÞ ¼ supfaces/ðzxÞ : z 2 c0 and kzk1 6 1g

and

amin
ces/
¼ inffkzk1aces/ðx0Þg:

Note 3.1. Let a be any normed sequence ideal. We claim that
a # amax.

Let x 2 a and z 2 c0 � l1. Then zx 2 a for all z 2 c0 as a is
a sequence ideal. Hence x 2 amax. Thus a # amax. Similarly, one
can see that amin # a.

For a Cesáro -Orlicz sequence ideal aces/ , we have
aces/ # amax

ces/
and amin

ces/
# aces/ .

The next results concern about maximal and minimal
normed sequence ideal.

Theorem 3.4. The Cesáro-Orlicz sequence ideal ½aces/ ; aces/ � is a
maximal normed sequence ideal.

Proof. To prove that the normed sequence ideal ½aces/ ; aces/ � is
maximal, we show

amax
ces/
¼ aces/ :

Clearly aces/ # amax
ces/

.

Now applying Lemma 2.1, we establish the reverse inclu-
sion, i.e., amax

ces/
# aces/ .

Let x 2 amax
ces/

. Then supmP1aces/ðPmxÞ <1. We show that
for some r > 0

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1:

Now, choose r > supmP1aces/ ðPmxÞ. Then we get

Xm
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
þ
X1

n¼mþ1
/

1

n

Xm
k¼1

jxkj
r

 !
6 1

for all m ¼ 1; 2; . . ..
Thus we have

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
6 1:

Therefore x 2 aces/ . Hence amax
ces/

# aces/ . This completes the

proof. h

Theorem 3.5. If the Orlicz function / satisfies the D2-condition
at zero, then the normed sequence ideal ½aces/ ; aces/ � is minimal.

Proof. Clearly amin
ces/

# aces/ .
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Now applying Lemma 2.2, we prove that aces/ # amin
ces/

.

Let x 2 aces/ . Since / satisfies D2-condition at zero, we have

X1
n¼1

/
1

n

Xn
k¼1

jxkj
r

 !
<1

for all r > 0.
Now choose m 2 N such that

X1
n¼mþ1

/
1

n

Xn
k¼mþ1

jxkj
r

 !
6 1:

Thus aces/ðx� PmxÞ 6 r. Therefore x ¼ aces/ � limmPmx and
hence x 2 amin

ces/
.

Thus aces/ ¼ amin
ces/

. This proves the theorem. h
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