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1. Introduction

In 2005,Mustafa and Sims introduced a new class of generalized
metric spaces (see [10,11]), which are called G-metric spaces, as

generalization of ametric space ðX; dÞ (see [2–4,6–8]). In [4], cou-
pled fixed point results in partially ordered metric spaces where
established by T. Gnana Bhaskar and V. Lakshmikantham.

After the publication of this work, several coupled fixed point
and coincidence point results have appeared in recent litera-
tures. Works noted in [12] are some examples of these works.

In this work, we establish coupled fixed point results for

mappings without mixed monotone property in partially
ordered G-metric spaces. In recent years, coupled fixed point
results for mappings without mixed monotone property have
been studied in many papers (see [1,13,14]). Before stating
and proving our results, we shall recall some preliminaries.

2. Preliminaries

We recall some basic definitions and results which we need in
the sequel. For details on the following notations we refer to

[11]. First we give the definition of a G-metric.

Definition 1.1 [11]. Let X be a nonempty set and let
G : X� X� X! Rþ be a function satisfying the following

properties:

(G1) Gðx; y; zÞ ¼ 0 if x ¼ y ¼ z,
(G2) 0 < Gðx; x; yÞ for all x; y 2 X with x–y,
(G3) Gðx; x; yÞ 6 Gðx; y; zÞ for all x; y; z 2 X with z–y,
(G4) Gðx; y; zÞ ¼ Gðx; y; zÞ ¼ Gðy; z; xÞ ¼ . . ., symmetry in all

three variables,

(G5) Gðx; y; zÞ 6 Gðx; a; aÞ þ Gða; y; zÞ for all x; y; z; a 2 X .
icense.
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Then the function G is called a generalized metric, or, more
specifically, a G-metric on X, and the pair ðX;GÞ is called a
G-metric space.

Definition 1.2 [11]. Let ðX;GÞ be aG-metric space, and let fxng
be a sequence of points of X. A point x 2 X is said to be the
limit of the sequence fxng, if limn;m!þ1Gðx; xn; xmÞ ¼ 0, and
we say that the sequence fxng is G- convergent to x or fxng
G-convergent to x.

Thus, xn ! x in a G-metric space (X,G) if for any � > 0,

there exist k 2 N such that Gðx; xn; xmÞ < � for all m; n P k.
We have the following useful result.

Proposition 1.3 [11]. Let (X,G) be a G-metric space. Then the

following are equivalent:

(1) fxng is G-convergent to x;

(2) Gðxn; xn; xÞ ! 0 as n! þ1;
(3) Gðxn; x; xÞ ! 0 as n! þ1;
(4) Gðxn; xm; xÞ ! 0 as n;m! þ1.

Definition 1.4 [11]. Let (X,G) be a G-metric space, a sequence
fxng is called G-Cauchy if for every � > 0, there is k 2 N such
that Gðxn; xm; xlÞ < �, for all n;m; l P k; that is

Gðxn; xm; xlÞ ! 0 as n;m; l! þ1.

Proposition 1.5 [11]. Let (X,G) be a G-metric space. Then the
following are equivalent:

(1) the sequence fxng is G-Cauchy;
(2) for every � > 0, there is k 2 N such that Gðxn; xm; xmÞ < �,

for all n;m P k.

Definition 1.6 [11]. Let (X,G) and ðX0;G0Þ be G-metric spaces,
and let f : ðX;GÞ ! ðX0;G0Þ be a function. Then f is said to be
G-continuous at a point a 2 X if and only if for every � > 0,

there is d > 0 such that x; y 2 X and Gða; x; yÞ < d implies
G0ðfðaÞ; fðxÞ; fðyÞÞ < �. A function f is G-continuous at X if
and only if it is G-continuous at all a 2 X.

Definition 1.7 [11]. A G-metric space ðX;GÞ is called G-com-

plete if every G-Cauchy sequence is G-convergent in ðX;GÞ.

Definition 1.8 [11]. Let ðX;GÞ be a G-metric space. A mapping
F : X� X! X is said to be continuous if for any two G-con-

vergent sequences xn and yn converging to x and y respectively,
Fðxn; ynÞ is G-convergent to Fðx; yÞ.

Let ðX;�Þ be a partially ordered set and F : X! X be a
mapping. The mapping F is said to be non-decreasing if for
all x; y 2 X; x � y implies FðxÞ � FðyÞ. Similarly, F is said
to be non-increasing, if for all x; y 2 X, x � y implies

FðxÞ � FðyÞ.
Bhaskar and Lakshmikantham [4] introduced the following

notions of mixed monotone mapping and coupled fixed point.

Definition 1.9. Let ðX;�Þ be a partially ordered set and
F : X! X. The mapping F is said to have the mixed monotone
property if F is monotone non-decreasing in its first argument
and is monotone non-increasing in its second argument, that

is, for all x1; x2 2 X; x1 � x2 implies Fðx1; yÞ � Fðx2; yÞ, for
any y 2 X and for all y1; y2 2 X; y1 � y2 implies
Fðx; y1Þ � Fðx; y2Þ, for any x 2 X.

The concept of the mixed monotone property is generalized
by Lakshmikantham and �Ciri�c [9] as follows.

Definition 1.10. Let ðX;�Þ be a partially ordered set and

F : X� X! X and g : X! X. The mapping F is said to
have the mixed g-monotone property if F is monotone
g-non-decreasing in its first argument and is monotone

g-non-increasing in its second argument, that is, for all
x1; x2 2 X; gðx1Þ � gðx2Þ implies Fðx1; yÞ � Fðx2; yÞ, for any
y2 2 X and for all y1; y2 2 X; gðy1Þ � gðy2Þ implies

Fðx; y1Þ � Fðx; y2Þ, for any x 2 X.

Definition 1.11 [5]. An element ðx; yÞ 2 X� X is called a cou-
pled fixed point of a mapping F : X� X! X if

Fðx; yÞ ¼ x and Fðy; xÞ ¼ y:

Definition 1.12 [9]. An element ðx; yÞ 2 X� X is called a cou-

pled coincidence point of the mappings F : X� X! X and
g : X! X if

Fðx; yÞ ¼ gx and Fðy; xÞ ¼ gy:

Definition 1.13 [5]. Let ðX; dÞ be a metric space and let
g : X! X;F : X� X! X. The mappings g and F are said to

be compatible if

lim
n!1

dðgFðxn; ynÞ;Fðgxn; gynÞÞ ¼ 0 and

lim
n!1

dðgFðyn; xnÞ;Fðgyn; gxnÞÞ ¼ 0;

hold whenever xn and yn are sequences in X such that
limn!1Fðxn; ynÞ ¼ limn!1gxn and limn!1Fðyn; xnÞ
¼ limn!1gyn.

If elements x; y of a partially ordered set ðX;�Þ are compa-

rable (i.e. x � y or y � xholds) we will write x � y.
3. Main result

Now, we will prove our main result.

Theorem 3.1. Let ðX;�Þ be a partially ordered set, G be a G-

metric on X such that ðX;GÞ is a complete G-metric space,
g : X! X; F : X� X! X, are continuous and gðXÞ is closed.
Suppose that the following hold:

ðiÞ F ðX � X Þ � gðX Þ; g and F are compatible.
ðiiÞ If x; y; u; v 2 X are such that gx � F ðx; yÞ ¼ gu then

F ðx; yÞ � F ðF ðx; yÞ; vÞ.
ðiiiÞ There exists x0; y0 2 X such that gx0 � F ðx0; y0Þ and

gy0 � F ðy0; x0Þ.
ðivÞ There exists k 2 ½0; 1Þ such that

GðFðx; yÞ;Fðu; vÞ;Fðw; zÞÞ 6 k

2
½Gðgx; gu; gwÞ

þ Gðgy; gv; gzÞ�; ð1Þ
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for all x; y; u; v 2 X satisfying gx � gu; gy � gv.

ðvÞ For all ðx; yÞ; ðw; zÞ 2 X � X , there exists ðu; vÞ 2 X � X
such that ðF ðu; vÞ; F ðv; uÞÞ is comparable to both
ðF ðx; yÞ; F ðy; xÞÞ and ðF ðw; zÞ; F ðz;wÞÞ.

Then there exist ðx; yÞ 2 X� X such that gx ¼ Fðx; yÞ and

gy ¼ Fðy; xÞ, that is, g and F have a unique coupled coinci-

dence point.

Proof. Let x0; y0 2 X such that gx0 � Fðx0; y0Þ and
gy0 � Fðy0; x0Þ. Since FðX� XÞ � gðXÞ, we can choose
x1; y1 2 X such that gx1 ¼ Fðx0; y0Þ and gy1 ¼ Fðy0; x0Þ. Again

since FðX� XÞ � gðXÞ, we can choose x2; y2 2 X such that
gx2 ¼ Fðx1; y1Þ and gy2 ¼ Fðy1; x1Þ. Continuing this process,
we can construct two sequence ðxnÞ and ðynÞ in X such that

gxn ¼ Fðxn�1; yn�1Þ and gyn ¼ Fðyn�1; xn�1Þ for n ¼ 1; 2; . . .

ð2Þ

Therefore gx0 � Fðx0; y0Þ ¼ gx1. Condition (ii) implies that
gx1 ¼ Fðx0; y0Þ � Fðx1; y1Þ ¼ gx2. Continuing this process, we
have gxn�1 � gxn. Similarly, gyn�1 � gyn for each n 2 N. Hence

by using (1)

Gðgxn; gxn; gxnþ1Þ ¼ GðFðxn�1; yn�1Þ;Fðxn�1; yn�1Þ;Fðxn; ynÞÞ

6
k

2
½Gðgxn�1; gxn�1; gxnÞ

þ Gðgyn�1; gyn�1; gynÞ�:
Gðgyn; gyn; gynþ1Þ ¼ GðFðyn�1; yn�1; xn�1Þ;Fðyn�1; yn�1; xn�1Þ;

ðyn; yn; xnÞÞ

6
k

2
½Gðgyn�1; gyn�1; gynÞ

þ Gðgxn�1; gxn�1; gxnÞ�:

Hence

Gðgxn; gxn; gxnþ1Þ þ Gðgyn; gyn; gynþ1Þ
6 k½Gðgyn�1; gyn�1; gynÞ þ Gðgxn�1; gxn�1; gxnÞ�

for each n 2 N. Then we have

Gðgxn; gxn; gxnþ1Þ þ Gðgyn; gyn; gynþ1Þ
6 kn½Gðgy0; gy0; gy1Þ þ Gðgx0; gx0; gx1Þ�:

Therefore

Gðgxm; gxm; gxnÞ 6
km

1� k
½Gðgy0; gy0; gy1Þ þ Gðgx0; gx0; gx1Þ�;

for m; n 2 N;m < n, And also

Gðgym; gym; gynÞ 6
km

1� k
½Gðgy0; gy0; gy1Þ þ Gðgx0; gx0; gx1Þ�:

Thus ðgxnÞ and ðgynÞ are Cauchy sequences, since gðxÞ is
closed in a complete G-metric space, there exist ðx; yÞ 2 gðXÞ
such that

lim
n!1

gxn ¼ lim
n!1

Fðxn; ynÞ ¼ x and lim
n!1

gyn ¼ lim
n!1

Fðyn; xnÞ ¼ y:

Condition ðiÞ implies that

lim
n!1

GðgFðxn; ynÞ; gFðxn; ynÞ;Fðgxn; gynÞÞ ¼ 0;

and
lim
n!1

GðgFðyn; xnÞ; gFðyn; xnÞ;Fðgyn; gxnÞÞ ¼ 0:

Now suppose that F is continuous. Using triangle inequality
we get

Gðgx; gx;Fðgxn; gynÞ 6 Gððgx; gx; gFðxn; ynÞÞ
þ GðgFðxn; ynÞ; gFðxn; ynÞ;Fðgxn; gynÞÞ:

Now using continuity of g and F, and letting n!1 in (3) we

get Gðgx; gx;Fðx; yÞÞ ¼ 0, i.e., gx ¼ Fðx; yÞ. In a similar way,
gy ¼ Fðy; xÞ is obtained. Thus we proved that ðx; yÞ is a cou-
pled coincidence point of F and g. Then the set of coupled

coincidences is non-empty.
We shall show that if ðx; yÞ and ðw; zÞ are coupled

coincidence points, that is, if gx ¼ Fðx; yÞ; gðyÞ ¼ Fðy; xÞ;
gw ¼ Fðw; zÞ and gz ¼ Fðz;wÞ, then
gx ¼ gw and gy ¼ gz: ð3Þ

By assumption, there exists ðu; vÞ 2 X� X such that
ðFðu; vÞ;Fðv; uÞÞ is comparable with ðFðx; yÞ;Fðy; xÞÞ and

ðFðw; zÞ;Fðz;wÞÞ. Put u0 ¼ u; v0 ¼ v and choose u1; v1 2 X such
that gu1 ¼ Fðu0; v0Þ and gv1 ¼ Fðv0; u0Þ. Then we can induc-
tively define sequences ðgunÞ and ðgvnÞ in X by gunþ1 ¼
Fðun; vnÞ and gvnþ1 ¼ Fðvn; unÞ. Further, set x0 ¼ x; y0 ¼ y;
w0 ¼ w and z0 ¼ z, in the same way, define the sequences
ðgxnÞ; ðgynÞ; ðgwnÞ and ðgznÞ satisfying gxnþ1 ¼ Fðxn; ynÞ;
gynþ1 ¼ Fðyn; xnÞ and gwnþ1 ¼ Fðwn; unÞ; gznþ1 ¼ Fðzn;wnÞ for
n 2 N; then we have xn ¼ x; yn ¼ y and wn ¼ w; zn ¼ z, i,e.

gxn ¼ Fðx; yÞ; gyn ¼ Fðy; xÞ and gwn ¼ Fðw; zÞ;
gzn ¼ Fðz;wÞ for n 2 N: ð4Þ

Since ðFðx; yÞ;Fðy; xÞÞ ¼ ðgx; gyÞ and ðFðu; vÞ;Fðv; uÞÞ ¼
ðgu1; gv1Þ are comparable, then gx � gu1; gy � gv1 and

similarly gx � gun; gy � gvn. Thus, from (1), we get

Gðgx; gx; gunþ1Þ ¼ GðFðx; yÞ;Fðx; yÞ;Fðun; vnÞÞ

6
k

2
ðGðgx; gx; gunÞ þ Gðgy; gy; gvnÞÞ; ð5Þ

and

Gðgy; gy; gvnþ1Þ ¼ GðFðy; xÞ;Fðy; xÞ;Fðvn; unÞÞ

6
k

2
ðGðgy; gy; gvnÞ þ Gðgx; gx; gunÞÞ: ð6Þ

Adding, we get

Gðgx; gx; gunþ1Þ þ Gðgvnþ1; gy; gyÞ
6 kðGðgx; gx; gunÞ þ Gðgvn; gy; gyÞ

by induction

Gðgx; gx; gunþ1Þ þ Gðgvnþ1; gy; gyÞ
6 knðGðgx; gx; gu1Þ þ Gðgv1; gy; gyÞ

and by passing to the limit when n!1 we get that

lim
n!1

Gðgx; gx; gunþ1Þ ¼ 0 and lim
n!1

Gðgvnþ1; gy; gyÞ ¼ 0: ð7Þ

Similarly, one can show that

lim
n!1

Gðgw; gw; gunþ1Þ ¼ 0 and lim
n!1

Gðgvnþ1; gz; gzÞ ¼ 0: ð8Þ

Therefore, from (7) and (8) we get gx ¼ gw and gy ¼ gz.
So (4) holds. So, by commutativity of F and g, we have
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gðgxÞ ¼ gðFðx; yÞÞ ¼ Fðgx; gyÞ and gðgyÞ ¼ gðFðy; xÞÞ
¼ Fðgy; gxÞ: ð9Þ

Denote now gx ¼ x	 and gy ¼ y	, then by (10), we have

gx	 ¼ Fðx	; y	Þ and gy	 ¼ Fðy	; x	Þ: ð10Þ

Thus, ðx	; y	Þ is a coupled coincide point. Then, from (4) with
w ¼ x	 and z ¼ y	, we have gx ¼ gx	 and gy ¼ gy	, that is,

gx	 ¼ x	 and gy	 ¼ y	 ð11Þ

then from (10) and (11), we get

x	 ¼ gx	 ¼ Fðx	; y	Þ and y	 ¼ gy	 ¼ Fðy	; x	Þ:

Then, ðx	; y	Þ is a coupled common fixed point of F and g.
Now, we assume that ðp; qÞ is another coupled common

fixed point. Then we have p ¼ gp ¼ gx	 ¼ x	 and
q ¼ gq ¼ gy	 ¼ y	. �

Now, we give an example illustrating our main result.

Example 3.2. Let X ¼ ½0;þ1Þ be endowed with the usual
metric, and with the usual order in R. Consider the function

G : 0;þ1½ Þ3 ! ½0;þ1Þ; Gðx; y; zÞ
¼ maxfjx� yj; jx� zj; jy� zjg:

It is known from [11] that ðX;GÞ is a complete G-metric
space. Let F : X� X! X and g : X! X be defined by
Fðx; yÞ ¼ xþ y

30
; gðxÞ ¼ x

10
:

It is clear that F is a continuous function and does not satisfy

the mixed g-monotone property. In fact, consider y1 ¼ 1
3
and

y2 ¼ 1
2
, for x ¼ 1 we get gy1 ¼ 1

30
� 1

20
¼ gy2, but

Fðx; y1Þ ¼
4

90
� 1

20
¼ Fðx; y2Þ:

It is easy to see that, all the required hypotheses of Theorem

3.1 are satisfied. Clearly, F and g have a coupled fixed point,
which is (0,0).

In the next theorem, we omit the continuity hypothesis of F.

We need the following definition.

Definition 3.3. Let ðX;�Þ be a partially ordered set and G be a
G-metric on X. We say that ðX;G;�Þ is regular if the following
conditions hold:

(i) if a non-decreasing sequence ðxnÞ is such that xn ! x,
then xn � x for all n,

(ii) if a non-increasing sequence ðynÞ is such that yn ! y,
then y � yn for all n.
Theorem 3.3. Let ðX;�Þ be a partially ordered set and G be a
G-metric on X such that ðX;G;�Þ is regular and let g : X! X
and F : X� X! X and g is continuous and gðXÞ is closed.

Suppose that the following hold:

(i) F ðX � X Þ � gðX Þ and g and F are compatible;

(ii) if x; y; u; v 2 X are such that gx � F ðx; yÞ ¼ gu then
F ðx; yÞ � F ðF ðx; yÞ; vÞ;
(iii) there exists x0; y0 2 X such that gx0 � F ðx0; y0Þ and

gy0 � F ðy0; x0Þ;
(iv) there exists k 2 ½0; 1Þ such that for all x; y; u; v 2 satisfying

gx � gu and gy � gv,

GðFðx; yÞ;Fðu; vÞ;Fðw; zÞÞ 6 k

2
½Gðgx; gu; gwÞ þ Gðgy; gv; gzÞ�:

ð12Þ
Then there exist ðx; yÞ 2 X� X such that gx ¼ Fðx; yÞ and
gy ¼ Fðy; xÞ, that is, g and F have a coupled coincidence point.

Proof. Proceeding exactly as in Theorem 2.1, we have that
ðgxnÞ and ðgynÞ are Cauchy sequences in the complete G-metric

space ðgðXÞ;GÞ. Then, there exist x; y 2 X such that gxn ! gx
and gyn ! gy. Since ðgxnÞ is non-decreasing and ðgynÞ is non-
decreasing, using the regularity of ðX;G;�Þ, we have gxn � gx

and gy � gyn for all n P o. If gxn ¼ gx and gyn ¼ gy for some
n P o, then gx ¼ gxn � gxnþ1 � gx ¼ gxn and gy � gynþ1 �
gyn ¼ gy, which implies that gxn ¼ gxnþ1 ¼ Fðxn; ynÞ and
gyn ¼ gynþ1 ¼ Fðyn; xnÞ, this is, ðxn; ynÞ is a coupled coinci-

dence point of F and g. Then, we suppose that
ðgxn; gynÞ– ðgx; gyÞ for all n P 0. Using the rectangle inequal-
ity, we get

GðFðx; yÞ; gx; gxÞ 6 GðFðx; yÞ; gxnþ1; gxnþ1Þ þ Gðgxnþ1; gx; gxÞ
¼ GðFðx; yÞ;Fðxn; ynÞ;Fðxn; ynÞÞ
þ Gðgxnþ1; gx; gxÞ

6
k

2
½Gðgx; gxn; gxnÞ þ Gðgy; gyn; gynÞ�

þ Gðgxnþ1; gx; gxÞ:

By letting n! þ1 in the above inequality, we get

GðFðx; yÞ; gx; gxÞ ¼ 0;

which implies that gx ¼ Fðx; yÞ. Similarly, we can show that
gy ¼ Fðy; xÞ. Thus we proved that ðx; yÞ is a coupled coinci-
dence point of F and g. �
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