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Abstract In this paper, we show that every T-neighbourhood space induces a T-proximity space,
where 7T stands for any continuous triangular norm. An axiom of 7T-completely regular of T-neigh-
bourhood spaces introduced by Hashem and Morsi (2003) [3], guided by that axiom we supply a
Sierpinski object for category T-PS of T-proximity spaces. Also, we define the degree of functional

T-separatedness for a pair of crisp fuzzy subsets of a T-neighbourhood space. Moreover, we define
the Cech T-proximity space of a T-completely regular 7-neighbourhood space, hence, we estab-
lishes it is the finest 7-proximity space which induces the given T-neighbourhood space.
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1. Introduction

In [2], Hashem and Morsi deduced the T-neighbourhood
spaces, for each continuous triangular norm 7. In this manu-
script, we introduce for a given T-neighbourhood space, a
new structure of functional T-separatedness, which generates
a T-proximity space. Moreover, we show that the existence
of correspondence between T-proximity and 7-neighbourhood
structure is fulfilled. Also, we define the Cech T-proximity
space for a T-neighbourhood space, we establish that it is
the finest T-proximity space which generates the given
T-neighbourhood space. We divided this manuscript into four
sections:

In the first section, we recapitulate on some definitions and
ideas of fuzzy sets, T-proximity spaces and 7-uniform spaces.
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In the second section, we introduce five propositions, which
well be used to supply the notion of a Sierpinski object for cat-
egory T-PS of T-proximity spaces.

In the third section, we introduce the definition and proper-
ties of functional T-separatedness of crisp fuzzy subsets for a
T-neighbourhood space, together with an illustrative example
for this notion.

In the fourth section, we complete the proof of the compat-
ibility between T-proximity spaces and 7-neighbourhood
spaces. Also, we introduce the notion of Cech T-proximity
space.

2. Prerequisites

In this section we will recall some of the definitions related to
fuzzy sets, T-proximity spaces, T-uniform spaces and /-topo-
logical spaces.

A triangular norm (cf. [10]) is a binary operation on the unit
interval 7 = [0, 1] that is associative, symmetric, monotone in
each argument and has the neutral element 1.

A fuzzy set / in a universe set X, introduced by Zadeh in
[11], is a function 4 : X — I. The collection of all fuzzy sets
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of X is denoted by I*. The height of a fuzzy set 1 is the follow-
ing real number: hgtl = sup{A(x):x € X}.

If H is a subset of X, then we shall denote to its character-
istic function by the symbol 1, said to be a crisp fuzzy subset
of X. We also denote the constant fuzzy set of X with value
o€ lby a.

Given a fuzzy set A € I and a real number o € I; = [0, I[,
the strong o-cut of A is the following subset of X:
2% = {x € X:Ax) > a}; and the weak a-cut of 1 is the subset
of X: Jpx = {x € X: Ax) = o}.

For a given two fuzzy sets p, i € I we denote by uTA the
following fuzzy set of X: (uT2A)(x) = w(x)TA(x), x € X.

We follow Lowen’s definition of a fuzzy closure operator
on a set X [7]. This is an operator —:I* — I that satisfies
po= e\ ) =p \/i forall yierl¥ and o~ = o for
all « € I. We may define an I-topology in the usual way,
namely assuming a fuzzy set u to be closed if and only if
1~ = n. We denote this I-topology by t. The pair (X,7) is
called an I-topological space. A function f: (X,”) = (X,7)
— (Y,) = (Y,7), between two I-topological spaces, is said
to be continuous [7]; if f“(w) € 7, for all p € 7, equivalently
if A7) <A, for all /e ¥,

Ifilters and I-filterbases were introduced by Lowen in [§]. An
Ifilter in a universe X is a nonempty collection I C ¥ which sat-
isfies: 0 ¢ 3, T is closed under finite meets and contains all the
fuzzy supersets of its individual members. An /-filterbase in X
is a nonempty collection B C I* which satisfies: 0 ¢ B and the
meet of two members of B contain a member of .

The T-neighbourhood spaces and T-proximity spaces were
introduced by Hashem and Morsi, for more definitions and
properties, we can refer to [1,2].

Definition 2.1 [2]. A T-neighbourhood space is an /-topolog-
ical space (X,7) = (X,”) whose fuzzy closure operator ~ is
induced by some indexed family B = (B(x)),.y of Ifilterbases
on I, in the following manner: For all u € I* and x € X,

u (x) = inf hgt(puTv).
veBB

Theorem 2.1 [1]. A function 8: I x IX — I is a T-proximity on
a set X if and only if it satisfies the following six axioms, the first
five of which are properties of its restriction 5: 2% x 2X — I. For
all H M, N € 2*:

(TP1) o(1p,1x) = 0;

(TP2) 6(1p. 1) = 6(1ar1p);

(TP3) 6(1/gum) An) = 6(1g,1y) \/ (1 1y);

(TP4) If o(1y,1,,) < (0TP) for some 0,f € I;, there is
ce2¥ such that O(1z,1¢c) <0 and
0(1x—c). ar) < B;

(TPS) If HNM #(, then 6(1y,1y) = 1;

(TP6) d(u, ) = Vg 4, [0TPTO(y, ,1,,)], 1, 2 € I¥.

The real number 6(15,1,) can be interpreted as the degree
of proximity between the two crisp fuzzy subsets 1 and 1,;, and
the number o(u, A) can be interpreted as the degree of nearness
of the fuzzy sets u and J. . The pair (X,0) is said to be a
T-proximity space.

A function [ : (X,0) = (Y,p) between two T-proximity
spaces, is said to be continuous, if

o(u, 2) < p(flw), f(2), Y w2 el (1)

This is shown in [1], to be equivalent to
5(]1‘171/\4) gp(f(lH)vf(lM))? v H,M EZX' (2)

Given two T-proximities d;, d, on X, d; is said to be coarser
than J, (0, is said to be finer than §;), if the identity function
on X is a proximally continuous from (X, d,) to (X, d,), that is
Oo(1y, 1py) < 01(1y, 1), for every pair of crsip fuzzy sets
H,McX.

In [5], Hohle defines for every v, @ € ¥ and 1 € I*: The
T-section of W over A by (Y{(A)7)(x) = sup.cx [Az)TY(z,x)],
x € X. The T-composition of ¥, ¢ by (y or @)(x,y) = -
sup.exlo(x,2)TY(z, )], x,y € X. Also, in [5], Hohle defines
the (fuzzy) T-uniform spaces and uniformly continuous of a
function f: (X, Q) — (Y, w), between T-uniform spaces, as for
every ¢ € @ there is Y € Q such that < (fx/) ().

A functor from category 7-US of T-uniform spaces to cat-
egory T-PS of T-proximity spaces is obtained in [1], by leaving
morphisms unchanged, and by sending (X, Q) € T-US to the 7-
proximity space (X, d(Q2)) given by

(5(2)(,) = nf sup(RTW()7) ), o€ 1 (3)

Another functor from category 7-PS to category I-TS of I-
topological spaces is obtained in [2], by leaving morphisms un-
changed and by sending (X,0) € T-PS to the I-topological
space (X, 1(0)) with the fuzzy closure operator:

w(x)=6(u 1), pwel’, xeX ()

In [2], this I-topological space (X,1(d)) is shown to be a 7-
neighbourhood space. By applying these two functors to the
identity function on X, we find that if Q;, Q, are T-uniformities
on X and Q; c Q,, then §(Q,) is coarser than 5(2;), while if d;,
0, are T-proximities on the set X, and J; is coarser than J,,
then 7(d;) < 1(d5).

3. A Sierpinski object for the category 7-PS

A distance distribution function (ddf) [10], is a function from
the set R of positive real numbers to the unit interval 7, which
is isotone, left continuous and has supremum 1. The set of all
ddf’s is denoted by D . The partial order < on D is the opposite
of the partial order of ddf’s as real functions. Obviously (D, <)
is a lattice, we denote its join by L, and its meet by . The set
R" of nonnegative real numbers, can be embedded in (D, <) by
sending every r > 0 onto the crisp ddf ¢, given by

[0, 0<s<r
&(s) = |

1, s>r.
In particular, & = the constant function 1 on R™, is the bot-
tom element of (D, <). The T-addition @7 and scaler multipli-
cation by nonnegative reals are defined on D as follows: for
7, €D and s > 0:
(n @1 O)(s) = sup{n(b)T¢(s = b) : 0 < b < s}. ®)
(bn)(s) =n(s/b), for any b > 0. (6)

Definition 3.1. [10]JA probabilistic 7-metric (7-PM) on a set X
is a function F : X x X — D" that satisfies, for all x,y,z € X :

(TPM1) F(x,x) = 0;
(TPM2) F(x,y) = F(,x);
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(TPMS) $(X, Z) j + (x7y) ®T + (y,z);
(TPM4) if x #y, then F(x,y) #&.

The pair (X, F) is called a probabilistic T-metric space. If
F satisfies (TPM1)—-(TPM3) only, then F is called a proba-
bilistic 7-pseudometric.

We shall apply the following notation: Given two non-
empty subsets H, M of a probabilistic 7-metric space (X, F),
we put
F(H, M) ={F(x,»): (x,y) € Hx M}. (7
A function Fy : X — D" is defined by

Fy=7F(H,x). )
Also, for 1 € D', we write
(0+) = inf (). o)

Theorem 3.1. [3] Let (X, F ) be a probabilistic T-metric space.
Then the T-proximity 6 = 0(F ), induced by F, is given by:

o(p, 2) = inf sup {u(X) T(+(x, »))(NTAP)}, w2 €T,

>0 xyeX

In particular, (1, 1y) = (F(H,M))(0+ ), H M € 2%,

Consequently, the fuzzy closure operator ~— of the T-
neighbourhood space (X,t(F)) is given by:
wo(x) = lrggsg)g[u( ») T(F(x,))(1)], nel', xeX

In particular, (1) (x) = (F(H,x))(0+), He2¥ xe X.
For each triangular norm T, Hohle introduced in [4] a

probabilistic T-metric on D, which we denote by 3, as follows:
for all y,{ € DY,

3, ) =m{¢eD" :n2{@réand { Xnar i} (10)
Obviously, it follows at once that [5]:
3(n,80)=n, VYneD. (11)

In [4-6], Hohle defines for a T-PM F on a set X, a T-unifor-
mity Q(F) on X by its T-uniform base {y, € I"*: r > 0},
where

l//r(xvy) = (?(va))(r)v

Proposition 3.1. [10]In (D", Q(3)), the binary operations L, I,
® are uniformly continuous. Also, scaler multiplication on D"

x,yeX. (12)

by a fixed b = 0 is uniformly continuous. In consequence, if

f.g: X — D' are two (uniformly) continuous functions, then
sowill be fUug, fMg, f®rg, bf.

Proposition 3.2. Let M be a nonempty subset of X and
f: X — (D",1(3)) be a function such that f(M) = &. Then
Sfor all x € X, we have [f(M)] (f(x)) = (f(x))(0+).

Proof 1. For every x € X, we have
()(0+) = 3(f(x), )(0+),  by(11)
= J(e0./(x))(0 ) by (TPM2)
= (&) (f(x)), by Theorem 3.1
=[fM)] (fx)). O

(7)) = (D7,

Definition 3.2. [3]A T-neighbourhood space (X, Y) is said to be
T-completely regular if its /-topology X equals the initial /-
topology for the family of all continuous functions:
(X,2) — (D*,%(3)).

Theorem 3.2. [3]Let (X,”) = (X,X) be a T-neighbourhood
space. Then, the following statements are equivalent:

(1) (X, ) is T-completely regular,
(ii) (X, ) is T-unifomizable;
(i) For every M c X, x € X and 0 € 1y, there is a continuous
Sfunction

7(3)) such thatf(M) =¢ and

() (0+) < (1a) " (x) + 0. (13)
In categorical terms, Theorem 3.2 says that (D", 7(3J)) is a

Sierpinski object for the full subcategory of 7-NS, of T-uni-

formizable T-neighbourhood spaces. For a brief introduction

to topological categories and Sierpinski objects, see [9]. Now,
we proceed to supply a Sierpinski object for category T-PS.

Definition 3.3. A gauge for a T-uniformity Q on a set X'isa 7-
PM F on X such that Q(F) c Q.

Proposition 3.3. Let { be a fuzzy vicinity in a T-uniform space
(X,Q). Then there is a gauge F for Q such that y € Q(F ).

Proof 2. We can choose a decreasing sequence (/,,_1),en Of
symmetric members of @, such that o < and (¥, o7 ¥, o1

lpn) - 27" < l//n—l-
Define F: X x X — D" as follows:
[0, s=0

Wil ), 275 <s <27
|1, s> 1.

Next, define F: X x X — D', by
\/{69 Flxin,xg) x;eX,x():x,x,,zy,nEN}.

(F(x,»))(s) =

F(x,¥)

It is easy to see that F is a probabilistic 7-pseudometric with
Q(F) c Q, also

le()@y)g(:’:(" y))2 W (X y)+2 "

Now, for every ¢ > 0, choose n € N such that e > 27", we get

(Fle,)2™) —e <, (x,9) < Y(x,p).
Which proves that y € Q(F). O

Proposition 3.4. Let (X,Q) be a T-uniform space. Then for all
Ve, 0l x € X and a nonempty subset M of X, there is a
uniformly continuous function g: (X, Q) — (D", Q(3J)) such
that g(M) = & and (g(x)) (1) < (Y{danzr)(x) + 0.

Proof 3. By Proposition 3.3, there is a 7-PM F on X with
yeQF)ch.

Y410 =y, € QF), where

(Fep) (1), ¥V x,p € X (cf.(12)).

Consequently,

l//l(x’y) =
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Let Fy; : X — D7 be a function given by

Fy(x) =F(M,x) =sup ¥ (y,x), x€X

yeM
This F,, is a uniformly continuous [6. Proposition 5.2], also,
Fy(M) = &y, (by (TPM1)). Thus for every x € X, we have

W) ) (x) +0 = (1 (Lar) 1) (x) +%9

= {sup[lM(J/)Tlpl(yv x)}} + %9

yex
1
= supy, (, x) +5 0
yeM

> sup F (y,x)(1)

— (Fu()(1).

This shows that F,, satisfies all the properties stated for g. [J

Proposition 3.5. If (X,0) is a T-proximity space, then for all
nonempty subsets H, M of X and all o > 6(15,1,,), there is a
proximally continuous function [ : (X, ) — (D", 6(3)) such that
f(M) = &, fis constant on H and n = f(H) satisfies (1) = a.

Proof 4. There is a T-uniformity Q on X that induces ¢ [1].
Since o > 6(1y,1y,), then there is, by (3), a fuzzy vicinity
Y € Q such that

sup(La Ty (1u) ) (v) = o — 0,

yeX

for some 6 > 0.

By Proposition 3.4, there is a uniformly continuous function
g: (X,Q) — (D", Q(3J)) such that g(M) = ¢ and for all
xeH;gx)(1) < Wlyr)(x) + 0<(x—0) + 0 = a Define
n € D' by

[0, s=0
nis)=lo, 0<s<1
1, s>1

Then n=<g(x) for all x€ H. Define f:X— D", by
fix) = g(x)Mn, Vx € X. Then f is uniformly continuous (by
Proposition 3.1) and hence it is a proximally continuous from
(X,9) to (D",5(3)). Also, AM) = ¢ and f(H) = n.

This completes the proof. [

Theorem 3.3. Every T-proximity 6 on a set X is the initial T-
proximity (= optimal lift in T-PS) for the set of all proximally
continuous functions from (X,d) into (D*,8(3)). Therefore, the
T-proximity space (D", 5(3)) is a Sierpinski object for the cat-
egory T-PS.

Proof 5. Let J, be the mentioned initial (coarsest) T-proximity
on X. Then ¢, is coarser than §.

Now, we demonstrate the opposite relationship. Let
nonempty subsets H,M e2¥ and aecl, be such that
o > (1, 1)

Then by Proposition 3.5, there is a proximally continuous
function f: (X, 9) — (D*,5(3)) that satisfies (M) = &, [ is
constant on H, and = f{H) has (1) = o. By definition of J,,

fis also a proximally continuous from (X, d;) into (D¥, §(3J)).

111
Consequently,
01(1, ay) < (6(3))(f(1m), (flu)), by (2)
= 0(3)) (I, L)), clear
= 3(f(H),/(M))(0+), by Theorem 3.1
=n(0+), by (11)
< n(l), by isotonicity of 5

This establishes that 01(1z,1;7) < d(1x,1,y) for all H, M € X,
that is 0 is coarser than d;. Therefore, = 0;, as required. [J

4. Functional 7-separatedness

In this section, we introduce the definition and some properties
of functional T-separatedness of crisp fuzzy subsets for a given
T-neighbourhood space.

Definition 4.1. Let (X, 2) be a T-neighbourhood space. For all
nonempty subsets H, M of X, let R(H, M) = Rs(H, M) be the
following set of functions:

RH,M)={f:(X,Z) — (D",%(J)) :f is continuous,

f(H) = ¢y and f'is constant on M}.

(This set is nonempty, as it contains the constant function &).

We define a function I' = I'y: 2¥x 2% - I by

F(1y, 1) = sup [1—AM)0+)], H,Me?2". (14)
JER(H,M)

and

I(1y,1p) =1y, 1) =1, He?2¥, (15)

The function I' is said to be functional T-separatedness and
the real number I'(1z,1,,) is called the degree of functional
T-separatedness of H and M in (X, 2).

In the following theorem we compile those properties of the
function I which we shall need in the next section.
Theorem 4.1. Let (X,X) be a T-neighbourhood space. Then for
all H M, N € 2%, we have

(FTSD) I'(1g1a) = I'(1pp1);

(FTS2) if HCS M, then I'(1y,1y) = T'(1;,1y);

(FTS3) I'(1rmuar), In) = T(1g1y) A\ T(1ar1y);

(FTS4) If I'(14,1,,) > 1 — (0T B) for some 0,p € Iy, there
is Ce2¥ such that T'(lgle) > 1—-0 and
I'(Vx_c)da) > 1—=p;

(TP5) If HN M # 0, then I'(14,1,,) = 0;

Proof 6. These are easily seen to hold whenever one of the
entering sets is empty. So, suppose that H, M and N are non-
empty subsets of X, then

(FTS1) For all f€ R(H, M), define g;: X — D', by
g(x) = 3(f(x)./(M)), xeX
Then for all x € H, we get
gr(x) = 3(&,/(M))
3(f(M), &), by (TPM2)
3fIM), by (12)
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that is, g{H) = fAM).
Since f is constant on M, then, for all y € M, we have

g/(y) = 3(f),AAM)) = &.

Moreover, grequals the composite function Jo(f < (f(M))),
where f{M) is constant ddf. and x restricted cartesian product
of functions. Since these three functions are continuous (cf.
[3]), we conclude that g, is also continuous, therefore g, is in
R(M, H). Consequently,

Iy, 1) =16;£M)[1 — fIM)(0+)]
- iﬁfm[l — g/(H)(0+)]
< sup [l —g(H)(0+)]

ZER(M,H)
= F(IM, 1[.])

Hence equality holds by interchanging H and M.
(FTS2) if H < M, then evidently R(H,N) O R(M, N) and
50 I, 1y) = T(1y 1y).

(FTS3) For all f'e€ R(H,N) and g€ R(M, N), fM g is g on
H U M and is constant on N. It is also continuous (Proposition
3.1). Therefore, fM g is also in R(H U M, N). Hence we obtain

F(I(HUM)7 11\') = sup
heR(HUM,N)

(1 = h(N)(0+)]
> sup (1= (Mg)(N)(0+)]
(£.2)ER(H.N)xR(M.N)
>{1 — [N)(©0+) \/ V) (0+)]}
R I N>{[1 =N O] A\l —2(N(0+)]}

={ sup [1—fIN)O)]} A{ sup 1= &)

fER(H.N) SER(M.N

= sup
(/.2)ER(H,N)xR(M,N

=I'(1,1y) \ (L, 1y).

The opposite inequality follows from (FTS2). Which renders
(FTS3).

(FTS4) Suppose that I'(1g,13,) > 1 — (0T ) for some
0, € Iy, then there are o,y € Iy and f; € R(H, M) such that
[1—/(M)O+)] =« >y > 1 — (0TP).

Let { € D' be the ddf defined by

[0, s=0
{(s)=1—-y, 0<s<1
|1, s> 1.

Define f: X — D" by, f(x)=/fi(x)1{, ¥V x€X. Then
Sf(H) = ¢y, f{M) = { and f'is continuous, by Proposition 3.1.

Take C = {x € X: f(x)(1) <1 — o}, and let n € DT be the
ddf

[0, s=0
nis)=1]l—-o, 0<s<1
L1, s> 1.

Define h:X — D" by, h(x)=fx)MNn, V xcX. Then
h(H) = ¢y, f is continuous and for all x € C, we have, at
s€10,1]:

Moreover, at s > 1:

(h())(s) = () N p)s) = (AN \/ 1 () = R0)s) \/ 1 =
L=n(s). Also, (h(x))0) = (fix) N y)0) = Ax)(0) \/ n(0) =
(i) 1 O(0) \/ 1(0) = fi(x)(0) \/ £(0) \/ n(0) = 0. This proves
that #(C) = 5, which completes the proof that % is in R(H, C).
Consequently,

I'(lg,1c) = 1 =h(C)(0+) =1 —5(0+) =a > 1 — (0TP)
=1-0;

which establishes one half of (FTS4).
Now, define a function

g(x) =3(n,nu3({Nifix)),x € X.

We have g is continuous because f, LI, M and J are
continuous with respect to t and 7(3J).

g: X— D" by,

We need the following identities, which easily follow from
definitions of #, { and 3:

Inerd)=n (16)
3(«;%5) ¢ (17)
3.0 =¢ (18)

Thus for every y € M, we get

1
g(y) =3(n,n US(C,CWEC)

RIUNY LIS(C,%C) because %C <

(n,nu), by (17)
(1,8), because y < ¢
, by (18)

Il
]

Il
(X

I
)

That is, g(M) = _.
Now, for all s > 0, we have

[0, s=0
1 =o)T(1 =), 0<s<1
(71@]"()(5)—']_0(7 I <s<2
L1, s> 2.
Thus,
{2nerl (19)

Hence, for all x € X — C, we get
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. o - X
sojgu)=sonnu3(4Cﬂ%ﬂﬂ> By taking C = [(Lu)]y,, € 2", we have
<~ ; o Tale) = 1= het{(Ly) T(Le) ]

= \)(1’], n L ;5(4’, noér é))7 by (19)and definition of 3 —-1- hgt{(lH)fT[((lM) )/; *] }

= Slmatin), by (16) > 1 het{(1y) Tl — (1) )]}

=30nn) = @ > 1—hgt{(1,) T[ly— (15)],.}", by Lemma 4.1
that is, g(X — C) = &. = 1 —hgt(01)

Which completes the proof that g is in R(X — C, M). In =1-6

consequence, >1-0,

I'(dx—cy 1) 21 -gM)(O0+) =1-(0+) =y >1-
OTp) = 1 -,
which establishes the other half of (FTS4).
(FTS5) If HNM=#(, then evidently,
R(H, M) must be equal to & on M. Hence,

I'(1p, 1) M)(0+)] =1 —&(0+) =1—
1=0.

every f in

= SuPsegi(,a) [1 — A

Which completes the proof. [

Lemma 4.1. If (X, ) is a T-neighbourhood space, then for all
pelXand Hc X, we have p T (1) < (u T1y)".

Proof 7. Let u € IV and H  X. Then for every x € X, we have
(0T (1) ](x) = p(x) T(1) " (x)
= u(x )T 1nf hgt(lHTv)

= 1nf hgt[ ( )T1,Tv], by continuity and isotonicity of T’

< 1nf hgt[(uT1y)Tv]
vex(x)
= (uTly) (x).

That is, uT(1;)” < (uTly) . O

Example 4.1. Let (X, 7) = (X, 2) be a T-neighbourhood space
and define a function I': 2¥ x 2¥ — I by

F(111>1M) = 1 — hgl[(lu)iT(lM)iL H,M S 2X.
It is easy to verify that the function I' is a functional 7-separ-
atedness, it is enough to check (FTS3) and (FTS4) of Theo-

rem 4.1, since the other axioms are trivially hold.
(FTS3) Let H,M,N € 2¥. Then

I'(Lzuan, 1v) = 1 = hgt[(Lumy) T(1y) "]

=1-hgt{[(1u)” \/( w) ] T(1x)~ }

— 1~ hge{[(1) 1v1M -

=1— {hgt| (IH \/hgt (1) T(1y) ]}

= {1 —hgt[(14) T(1y ]}/\{1 het[(1y)” T(1y)7]}

= I'(Ly, 1y) A\ T(1u, 1)

(FTS4) Let H, M € 2%, with I'(1;,1,,) > 1 — (8TP) for some
0,p€ly. Then hgt [(17)~ T ()] < 0TP. So, there are
01,1 € 1, such that 0; < 0 and p, < f3, for which hgt [(1;)~
T (1)1 < 0,Tf,, hence

0= [(IH)iT(lM)il(mTﬂl)*

U () L. i

ATy >0, T

(1) oy, [N(Xa) Dy

)1}, by[4, Lemma 1.2]

1

and

I'(Lx—c) 1n) = 1 = hgt[(1x—c)” T(1y)"]

=1 —hgt{[1y — ((1a)").] T(1ar) "}

> 1 —hgt{[ly — (Lu));,) T(1) "}, by Lemma 4.1 again
> 1 —hgt(,)"

=1-§

>1-p.

5. T-proximity induced by 7-neighbourhood structure

In this section, we show that every T-neighbourhood space
generates a T-proximity space, also, we introduce the notion
of Cech T-proximity space. In [1], we have seen that every T-
uniformity Q2 on a set X, induces a 7-proximity 6(£2), we prove
that, the I-topologies generated by the two structures 2 and
0(€) are coincide.

Theorem 5.1. Let (X,X) be a T-neighbourhood space and define
05 2Xx2¥ 51 by

6s(ly, 1y) = 1 = I's(1y, 1y), M, He?2".

Then dx is a T-proximity on X, also t(dx) C X and equality
holds if and only if (X,X) is T-completely regular.

(20)

Proof 8. From definition of I's, we get J5 satisfies (TP1), and
the other axioms follows immediately from properties of I's
established in Theorem 4.1. Therefore, dy is a T-proximity
on X.

Now, let M e€2*, xe X and denote the fuzzy closure

operators associated with 2, ©(Jdx) and t(3J) respectively by -1

-2 -3
2. =3 Then, we have

(1) *](x) = 851w, 1), by (4)
=1-Ty(ly, 1)
=1={ sup [ = ()0
:‘/.egizflﬁgy)_)(f(x))(OnL)
= f@,i‘?/‘fy (If0)] ) (A(x)), by Proposition 3.2
> it (L) ). by continuity of £
= LU )
> [(1,) 7 '](x), clear
Which yields,
(L) 7 = ()™, VMe2™ 1)
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This establishes (cf. [5. Corollary 2.1]) that, ©(ds) is coarser
than .

On the other hand, if (X, 2) is T-completely regular, then by
Theorem 3.2, we get for every M € 2% x € X and 0 € I, there
is a continuous function

g:(X,7) = (D,1(3)), for

(g0 +) < (1p) (x) + 0,
Consequently

which g(M) = ¢, and
(that is g € R(M,x)).

(1) 7)(x) = 5(1ar, 1)
=1-Ts(1s,1,)
=1—{ sup [1—(fx)(0+)]}

SER(M x)

— inf (fx)(0+)

feR(M,x)
(g(x))(0+)

<
< [(1) ) + 6.

This yields,

(L)< ()", vV Me2X
This establishes the opposite inequality (21), which renders
T(éz) = 2.

Conversely, if 7(0s) = 2 then X is T-proximizable, and
hence T-completely regular.

As in [2], since the I-topological space (X, t(d)) induced by
the T-proximity space (X, J) is a T-neighbourhood space, then
from this fact together with Theorem 5.1, we have there is a
one to one corresponding between 7-proximity and 7T-neigh-
bourhood structures. [

Definition 5.1. If the 7-neighbourhood space (X,X) is a T-
completely reg}llar, then the T-proximity Jx on X, defined by
(20), is called Cech T-proximity of (X, X).

To justify this terminology, we proceed to establish a
maximality property for Cech T-proximities.

Theorem 5.2. The Cech T-proximity 8y, of a T-completely reg-
ular T-neighbourhood space (X,X), is the finest T-proximity on
X that induces X.

Proof 9. By Theorem 5.1, we have 65 induces 2. Now, let J be
another 7-proximity on X that induces 2. For all nonempty
subsets H, M of X, and all o > 6(1y,1,,), there is, by Proposi-
tion 3.5, a function f€ R(H, M) with (f{M)) (1) = a. Conse-
quently, 0x(1p,1a) = 1 = I's(1g,1a) < (AM))(O0+) < (fIM))
(1) = o

This establishes 6(1;,1,) = 05(1g, 1), which proves that
d is coarser than dy. [

Theorem 5.3. Letf- (X,5) — (Y, p) be a proximally continuous
function. Then it is continuous with respect to the I-topologies
generated by o and p, respectively.

Proof 10. We denote the fuzzy closure operators associated
with ©(8) and 1(p) respectively by ~!, =2 Then, for every 1 € ¥
and all y € Y, we have

fuzzy

sup (4")(x)
xXef~(»)

= sup o(4,1,), by (4)
xef= ()

sup p(f(4),f(1,)),

XEf~ (1)
= sup p(f(4), L)

xef~(v)

sup [f(2)] 7 (/(x))

xX€f~(»)
= [ ),

that is, f2~") < [f(D)]
Which proves the continuity of f: (X, () = (Y,1(p)). O

AHI)

N

by hypothesis

Proposition 5.1. If the function f: (X,2) — (Y,2') between T-
neighbourhood spaces is continuous, then it is a proximally con-
tinuous from (X,0s) to (Y,0y). The converse holds when its
codomain (Y,2') is T-completely regular.

Proof 11. For all nonempty H,Mec2¥ and all
g € Ry (f(H), (fiM)), the composite function g o f is in
Rx(H, M). This entails that

Os(Ly, 1) =1 = I's(1y, 1)
< =Ty (L, L)
= 0y (1pm), L))
= 0y (f(1u), f(1u)).

Hence, by (2), we have f'is a proximally continuous with re-
spect to dy and dy'.

Conversely, suppose that 4 : (X,d5) — (Y,0y) is a proxi-
mally continuous, then, by Theorem 5.3, we get
h:(X,t(dx)) — (Y,7(dy)) is continuous.

But from Theorem 5.1, we have 7(d5) = 2 and 7(6y) = 2,
consequently,

h is also continuous: (X,2) — (Y,2").

Now, we define a function ¢~, from category of 7-
neighbourhood spaces and continuous functions to category
of T-proximity spaces and proximally continuous functions,
as:

On object (X,2) in T-NS, by 67 (X, ) = (X,d5) an objects
in 7-PS. On morphisms, 6™ is the identity function. Then an
obvious conclusion from the above theorems is that these 0~ is
well defined functor. [

Proposition 5.2. [2]Let (X,Q) be a T-uniform space. Then the
closure operator of the T-neighbourhood space
(X,t(Q)) is given by:

per’.

wo = inf 2rs

Theorem 5.4. If Q is a T-uniformity on a set X, and 6(Q) is the
T-proximity induced by the T-uniformity Q, then the I-topology
t(Q) coincide with t(6(R2)).

Proof 12. Let € I and x € X, and denote the fuzzy closure

operators associated with () and t(3(Q)) respectively by ',

~2. Then, we have
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12 (x) = (8(2)) (1, 1),
= (6(Q)) (1, ),

by (4)
by (TP2)

= infsup(Ly, Ty (1)r)(»), by (3)
= inf (1))
= u'(x), by Proposition 5.2

This proves our assertion. [

Proposition 5.3 1. If Qs is the T-uniformity induced by a T-
proximity 6 on a set X, then 6(Qs) = 6. By combining Theorem
5.4 and Proposition 5.3, we arrive to the fact that, a T-proxim-
izability is equivalent to T-uniformizability. Hence, from Theo-
rem 3.2, we get a T-neighbourhood space is T-proximizable
(i.e., induced by a T-proximity) if and only if it is T-completely
regular.
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