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KEYWORDS Abstract Let R be a commutative ring with identity. R is called clean (respectively, almost clean) if
Clean rings; every element in R is a sum of an idempotent and a unit (respectively, a regular element). In this
Almost clean rings; paper, we clarify conditions under which the two overrings R(x) and R(x) of the ring of polynomi-
The rings R(x) and R(x) als R[x| are (almost) clean rings.
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1. Introduction R, R(x) and R(x) share many properties. In the following
lemma, we survey some properties of the rings R[x], R(x)

Throughout this paper a ring R will be commutative with and R(x) that will be needed in this paper.

identity, U(R) denotes the set of all units of R, reg(R) the set

of regular elements of R, Z(R) the set of all zero divisors of Lemma 1.1. Let R be a ring. Then

R and Id(R) the set of all idempotent elements of R. If

/€ R[x], the ring of all polynomials over R, then C(f) denotes (1) If f and g are two nonzero polynomials in R[x] with
the ideal of R generated by the coefficients of f. Let deg(f) =k, then c(g)*'e(f) = c(g)'e(fg).
S={feR[x]: C(f) =R} and W= {fe€ R[x]:f is monic}. (2) If R is a finite dimensional ring, then dim(R(x)) =
Then S and W are regular multiplicatively closed subsets of dim(R(x)) = dim(R[x]) — 1.

R[x] and the rings of fractions S™'R[x] and W~ 'R[x] are (3) Id(R(x)) = ld(R{x)) = Id(R).

denoted by R(x) and R(x) respectively. As clearly W C S, then (4) URR(x)) = {/g_‘ ERWX) :c(f) =c(g) = R}.

R(x) is itself a ring of fractions of R(x), see Theorem 3.16 in
[1]. Some basic properties and related theorems of R(x) and
R(x) can be found in [2-5] where we can see that the rings

(5) There is a one to one correspondence between the maximal
(minimal) ideals of R and the maximal (minimal) ideals
of R(x) (or R(x)) given by, P < PR(x) (or P — PR(x)).

(6) If I is an ideal of R, then IR(x) NR =IR{(x) NR =1.

monding author. (7) If R=R, X Ry X --- X R, is a direct product of rings, then

E-mail address: hakhashan@aabu.edu.jo (H.A. Khashan). R(x) = Ri(x) X Ro(x) x -+ x R,(x) and R(x) = Ri(x) x

Peer review under responsibility of Egyptian Mathematical Society. Ro(x) X -+ X Ry(x).

(8) If R is an indecomposable ring, then R(x) and R(x) are
also indecomposable.

(9) If R is a Noetherian ring, then R(x) and R(x) are also
Noetherian.
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Proof. See [2,5.4]. O

Let R be a ring. An element r € R is called clean (respec-
tively, almost clean) if r = u + e where u € U(R) (respectively,
u€reg(R)) and e € Id(R). If every element in R is clean
(respectively, almost clean), then R is called a clean (respec-
tively, almost clean) ring. Since clearly every unit in a ring R
is regular, then the class of almost clean rings is a generaliza-
tion of the class of clean rings. This generalization is proper
since any non quasi-local integral domain is almost clean
which is not clean, see [6]. The class of clean rings (not neces-
sarily commutative) was first introduced by Nicholson [7] as
early as 1977 in his study of lifting idempotents and exchange
rings. In fact, he proved that the class of commutative clean
rings coincide with the class of commutative exchange rings.
Since then, a great deal is known about clean rings and their
generalizations. In particular in 2002, Anderson and Camillo
[6] studied commutative clean rings and gave a characteriza-
tion for a Noetherian clean rings. Then Ahn and Anderson
[8] in 2006, defined and studied weakly clean and almost clean
rings as two important generalizations of clean rings. In 2012,
Anderson and Badawi [9] gave a complete classification of the
clean elements of the ring R[x]. More results about clean
rings and some of their generalizations can be found also in
[10,11].

In this paper, we clarify conditions under which the follow-
ing statements are equivalent for a ring R:

(1) R is clean (almost clean).
(2) R{x) is clean (almost clean).
(3) R(x) is clean (almost clean).

2. When R(x) and R(x) are (almost) clean rings

In this section, we clarify conditions on a ring R under which
the ring R(x) and R(x) are clean rings or almost clean rings.

Theorem 2.1. Let R be a ring and consider the following
statements

(1) R is clean.
(2) R{x) is clean.
(3) R(x) is clean.

then we have (3) = (1) and (2) = (1).

Proof. (3) = (1): Suppose that R(x) is a clean ring and
let r€ RCR(x). Since R(x) is clean, then there exists

;f € U(R(x)) and ge Id(R(x)) such that r :é—i—g. Hence by
Lemma 1.1, we have ¢(g) = ¢(f) = R and§ = e € Id(R). There-
fore, -é =r—e € U(R(x)) N R. It is enough now to prove that
U(R(x)) N R=U(R). Let L=re U(R(x))NR, then f=rg
where ¢(g) = ¢(f) = R and so again by Lemma 1.1, ¢(g)'
c(r) = ¢(g)"e(rg) = e(rg). Hence, (r) = c(r) = ¢(rg) = ¢(f) = R
and soé = r € U(R). The other containment is obvious. There-
fore, R is a clean ring.

(2) = (1): As RC R(x) C R(x), we have U(R) C U(R(x))N
RCU(R(x))NRC U(R) and so U(R(x))N R = U(R). Since

also Id(R) = Id(R(x)), then similar to the proof of (3) = (1),
we see that R is a clean ring. [

Let R be a ring and let Pbea prime ideal of R(x). Then
P= S'Q where Q is a prime ideal of R[x] and so
;’ﬂR[x] =S"'QNR[x] = Q. Therefore, PR = ONR is a
prime ideal of R. Similarly, PORisa prime ideal of R for
any prime ideal P of R(x).

We recall that a ring R is called a pm-ring if each prime
ideal of R is contained in a unique maximal ideal. In the fol-

lowing lemma, we clarify a condition under which R(x) and
R(x) are pm-rings.

Lemma 2.2. Let R be a ring. Then the following are equivalent

(1) R is a pm-ring.
(2) R(x) is a pm-ring.
(3) R(x) is a pm-ring.

Proof. (1) = (2): Suppose that R is a pm-ring and let Pbea
prime ideal of R(x) and suppose that there are two distinct
maximal ideals Ajll and ]\7[2 of R(x) such that P - ]\711 and P
- 1\22. By Lemma 1.1, ]\7[1 = M R(x) and AZZ = M,R(x) for
some distinct maximal ideals M, and M, of R. Thus,
PARC MR(x)NR=M, and PNRC M,R(x)NR= M.
But, PNRisa prime ideal of R which contradicts that R is
a pm-ring. Therefore, any prime ideal of R(x) is contained in
a unique maximal ideal and so R(x) is a pm-ring.

(2) = (3): Suppose R(x) is a pm-ring and let Pbea prime
ideal of R(x). As R(x) = T 'R(x) for some multiplicatively

closed subset T of R(x), then 7~! Pisa prime ideal of R(x).
Thus, there is a unique maximal ideal M of R(x) such that
TIF)Q A} Write A71: T7'0 where Q is a prime ideal
of R(x). Then it follows clearly that ]\A/IQR(x> =T'gn

R(x) = Q is the unique maximal ideal of R(x) containing P.
Therefore, R(x) is a pm-ring.

(3) = (1): Suppose R(x) is a pm-ring. Let P be a prime
ideal of R and suppose that there are two distinct maximal
ideals M, and M, of R such that PC M| and PC M,. Then
PR(x) is a prime ideal of R(x) with PR(x) C M ,R(x) and
PR(x) C M>R(x). But, M ;R(x) and M,R(x) are distinct
maximal ideals of R(x) which is a contradiction. Thus, R is
a pm-ring. [

In [6], it has been proved that every clean ring is a pm-ring.
The converse is true under a certain condition as we can see in
the following Lemma.

Lemma 2.3 [6]. Let R be a ring with a finite number of minimal
prime ideals. Then the following are equivalent:

(1) R is a finite direct product of quasi-local rings.
(2) R is a clean ring.
(3) R is a pm-ring.
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Now, we use the above two lemmas to prove the following
main theorem in this paper.

Theorem 2.4. Let R be a ring with a finite number of minimal
prime ideals. The following are equivalent.

(1) R is a clean ring.
(2) R(x) is a clean ring.
(3) R{x) is a clean ring.

Proof. (1) = (2): If R is a clean ring, then it is a pm-ring by
Corollary 4 in [6] and so R(x) is a pm-ring by Lemma 2.2.
By Lemma 1.1, there is a one to one correspondence between
minimal prime ideals of R and those of R(x). It follows that
R(x) also has a finite number of minimal prime ideals. There-
fore, R(x) is a clean ring by Lemma 2.3.

(2) = (3): As R(x) is a clean ring, it is a pm-ring. Again we
use Lemma 2.2 to conclude that R(x) is a pm-ring. Since also,
R(x) has a finite number of minimal prime ideals by Lemma
1.1, then R(x) is a clean ring.

(3) = (1): This is followed by Theorem 2.1. (in this
direction we do not need the condition that R has a finite
number of minimal prime ideals). [

In the following Theorem we give other conditions under
which R(x) and R(x) are clean rings.

Theorem 2.5. If R is a zero dimensional ring or a finite direct
product of quasi-local rings, then R(x) and R(x) are clean rings.

Proof. Suppose that dim(R) = 0, then by Lemma 1.1, we get
dim(R[x]) = 1. But, then by Lemma 1.1 again, we conclude
that dim(R(x)) = dim(R(x)) = dim(R[x]) — 1 = 0. The result
follows now by Corollary (11) in [6].

Now, suppose R = R; X Ry X --- X R, is a direct product
of quasi-local rings. Then R(x) = R;(x) X Ra(x) X -+ X R,(x)
is also a direct product of quasi-local rings by Lemma [.1.
Now, the result follows by Proposition 2 in [6]. The proof for
R(x) is similar. O

Now, for a ring R, we study conditions under which R(x)
and R(x) are almost clean rings. First we note that If R is an
integral domain, then one can easily prove that both R(x)
and R(x) are integral domains. Hence R(x) and R(x) are
almost clean rings. In the following two lemmas, we can see
characterizations for indecomposable almost clean and
Noetherian almost clean rings.

Lemma 2.6 [8]. A ring R is an indecomposable almost clean
rings if and only if for prime ideals P and Q of R where P,
O CZ(R), we have P+ Q # R.

Lemma 2.7 [§8]. A Noetherian ring R is almost clean if and only
if for prime ideals P and Q of R where P,Q CZ(R) and
P+ Q = R, there exists an idempotent e in R with e € P and
l—ecQ.

Theorem 2.8. Let R be a ring. If R(x) or R(x) is an almost clean
ring, then R is an almost clean ring.

Proof. Suppose R(x) is almost clean and let r € RC R(x). As
R(x) is almost clean and Id(R(x)) = Id(R), then r= £+ e
where € reg(R(x)) and e€ld(R). Thus l=r—ce
reg(R(x)) N R. It is enough to prove that reg(R(x))NR=
reg(R). Let t € reg(R(x)) N R and suppose that there exists
0#a€R such that ra=0. Then ¢+ %c R(x) with
14=14=9 which is a contradiction. Therefore, ¢ € reg(R).
The other containment is clear. Hence, reg(R(x))NR=
reg(R) and R is an almost clean ring. Similarly, one can prove
that reg(R{x)) N R = reg(R) and so R(x) is an almost clean
ring implies that R is almost clean.

In general, we do not know whether the converse of
Theorem 2.8 is always true or not. However, in the following
Theorem, we prove that this is true in a special case. First,
we give the following definition

Definition 2.9. A ring R is said to satisfy the property (x) if for
any multiplicatively closed subset S of R, we have
S~'(P4+ Q)N R =P+ Q for any prime ideals P and Q of R.

If a ring R is a zero dimensional ring (such as Z,), then
every prime ideal of R is maximal. Thus, for any distinct prime
ideals P and Q of R, we have ST (P+Q)NR=S"'RNR=
R =P+ Q. Hence, R satisfies the property (x). Similarly,
one dimensional integral domains satisfy the property ().
Also, if the set of all prime ideals of a ring R form a chain,
say PhCP C--- CP,, then P, + P; = P; where k = max{i,j}.
Therefore, S™'(P;+ P))N R = P;+ P; and also R satisfy the
property (x). In general, if 7 and J are any two ideals of a
valuation ring, then either /C J or J C I. Hence, one can easily
see that any valuation ring satisfies the property (x).

Theorem 2.10. Let R be a ring in which R[x] satisfies the
property (x). If R is an indecomposable almost clean ring, then,
R(x) and R(x) are also indecomposable almost clean.

Proof. Let P, and P, be prime ideals of R(x) with
P, Py C Z(R(x)). Then P, =S"'Q, and P, =S"'Q, where
0, and Q, are prime ideals of R[x]. Suppose that ?’1 + IADZ =
S0, + 570, =50, + 0,) = R(x). Then as R(x) satisfies
the property (*), we have (;’1 +;’2) NR[x] = S0, +0,)N
Rx] = 0, + Q,. Thus, (Q;NR)+(Q,NR)=(Q,+0,)NR=
(731 +?>2) AR=R(x)NR=R. Moreover, (Q,N R),(0,N R)

C Z(R). Indeed, if r € @, N R, then | € ?’] C Z(R(x)) and so
there exists 9 # ﬁe R(x) such that %’I: % Therefore, rf= 0.
If f=ay+ax+---+a,x", then rq; =0 for some nonzero
coefficient a; of f. Thus, r€ Z(R) and Q, N RCZ(R).
Similarly, @, " RC Z(R). But, this contradicts Lemma 2.6

and so P+ P, # R(x). Hence, again by using Lemma 2.6, we
see that R(x) is almost clean. Since R is indecomposable,
then R(x) is also indecomposable by Lemma 1.1. Similarly,
R(x) is indecomposable almost clean ring. [

Theorem 2.11. Let R be a ring in which R[x] satisfies the prop-
erty (x). If R is a Noetherian almost clean ring, then R(x) and
R(x) are also almost clean.
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Proof. First, we note that R(x) and R(x) are Noetherian rings
by Lemma 1.1. Let 131 and ?’2 be prime ideals of R(x) with

P\, P,CZ(R(x)) and P+ P, = R(x). Then as in the proof
of Theorem 2.10, we have (Q, NR)+ (Q, NR) = R where
0, and Q, are prime ideals of R[x]. Since R is a Noetherian
almost clean ring, then by Lemma 2.7, there is an element
e € Id(R) such that e € (O, N R) and 1 — e € (Q, N R). Thus,

by Lemma 1.1, e € Id(R(x)) with e € ;’1 and I — ¢ € P. There-
fore, R(x) is almost clean again by Lemma 2.7. Similarly, R(x)
is an almost clean ring. O
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