Journal of the Egyptian Mathematical Society (2016) 24, 5-7

el N / -
S

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

www.etms-eg.org
www.elsevier.com/locate/joems

SHORT COMMUNICATION

Units in finite dihedral and quaternion group

algebras

@ CrossMark

Neha Makhijani “, R. K. Sharma, J. B. Srivastava

Department of Mathematics, Indian Institute of Technology Delhi, New Delhi, India

Received 4 March 2014; accepted 2 August 2014
Available online 11 February 2015

KEYWORDS Abstract

Group algebra;
Unit group;
Wedderburn decomposition; odd.
Jacobson radical

Let F,G be the group algebra of a finite group G over F, = GF(gq). Using the Wedderburn
decomposition of Fy D, /J(F,xDy,), we establish the structure of the unit group of FxG when G is
either Dy, the dihedral group of order 4n or Q,,, the generalized quaternion group of order 4n,n
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1. Introduction

Let FG be the group algebra of a finite group G over a field F
and U(FG) be its unit group. The study of the group of units is
one of the classical topics in group ring theory. Results
obtained in this direction are useful for the investigation of
Lie properties of group rings, isomorphism problem and other
open questions in this area [1]. In [2], Bovdi gave a comprehen-
sive survey of results concerning the group of units of a mod-
ular group algebra of characteristic p. There is a long tradition
on the study of the unit group of finite group algebras [3-12].
In general, the structure of U(FG) is elusive if |G| =0 in F.
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Let us introduce the background of our investigation. The
structure of U(F,D,,) was determined by Kaur and Khan in
[13] for an odd prime p. Recently, the authors generalized this
result and computed the structure of the unit group of F, D5,
when 7 is odd. In this note, we use the Wedderburn decompo-
sition of FyD,,/J(FyDs,) obtained in [14] to study the unit
group of Fy Dy, and FQ,, when n is odd.

In what follows, ¢ = 2¥, ord)(m) denotes the multiplicative
order of m modulo / when (/,m) =1 and ¢(n) denotes the
Euler’s phi function on a positive integer 7.

2. Main results

In this section, we begin by considering the lemmas that are
essential for developing the proof of main results.

Lemma 2.1. Let F be a perfect field, G be a finite group and
J(FG) be the Jacobson radical of FG. Then

U(FG) = (1 + J(FG)) x U(FGJ(FG))
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Proof. Observe that

inc

11 + J(FG) 2 U(FG) 5 U(FG | I(FG))—1
is a short exact sequence of groups, where (x)=x+
J(FG) VY x e U(FG).
By Wedderburn—Malcev theorem [15, Thm. 6.2.1], it follows
that there exists a semisimple subalgebra B of FG such that
FG = B® J(FG)

and thus for each x + J(FG) € FG/J(FG), there exists a unique
Xp € B such that

x + J(FG) = xp + J(FG)
Define 0 : U(FG/J(FG)) — U(FG) as
0(x+J(FG)) =xp Y x+J(FG) € U(FG/J(FG))

Then 0 is a group homomorphism such that o6 =
id |M(FG/J(FG)) and hence

U(FG) = (1 + J(FG)) x U(FG/J(FG)) O

For a normal subgroup H of G, the natural homomorphism
en: G — G/H can be extended to an F-algebra epimorphism
¢ 1 FG — F(G/H). The kernel of ¢, is denoted by A(G, H)
and A(G) = A(G, G).

Lemma 2.2 [16, Lemma 1.17]. Let G be a locally finite p-group
and F be a field of characteristic p. Then J(FG) = A(G).

Lemma 2.3 [17, Ch. 1, Prop. 6.16]. Let f: Ry — Ry be a
surjective homomorphism of rings. Then

SU(R,)) CJ(R,)
with equality if ker fC J(R;).
Lemma 2.4 [18, Theorem 7.2.7]. Let H be a normal subgroup

of G with |G : H) = n < co. Then J(FG)" C J(FH)FG C J(FG).
If in addition n # 0 in F, then J(FG) = J(FH)FG.

Lemma 2.5. Let N = 2'n such that 2fn. Then

[F‘IQ4N/J(|F11Q4N) = [FqDZN/J([FqDZN)
@(m)

=F,® @ M2, Fypn)n

mln, m>1

where

d
e,ﬂ — }’H/ 2
d}’”

and d,, = ord,(q).

dm/z =

if d,, is even and ¢ —1 mod m

otherwise

Proof. To distinguish the elements of D,y from those of D,,,
let D,y be presented by

(4,B|AY, B>, B'AB=A"")
and D,, by
(a,b | d",b* b ab=a"")

From [14], it is known that

o(m)
[Fqu,,/J(”:qu,,) = ﬂ:q @ ©® ]‘4(27 [FqL‘m )z"”’

mln, m>1
Now
A(Doy, (A")) = A((A")Fy Doy = J(Fy(A"))FyDaw C J(F Doy)

showing that dimz,J(F,Day) = 2N — 2n.
Since D,y/(A") 2 D»,, there exists an onto [,-algebra
homomorphism

(j) : H:qDQN — [F,]Dzn/.]([Fqun)

given by the assignment 4 —a + J(F,Day), B—b + J(F,Day)
whence J(F,Day) C ker ¢ and

dimg, J(FyDay) < 2N — (2n—1) =2N —2n+ 1

But there is only one 1-dimensional representation of D,y over
F,. This proves that dimgJ(F,Diy) =2N—2n+1 and
J(F,Day) = ker ¢ giving

FyDan/J(FyDay) = FyDs,/J (Fy Do)

The decomposition of F,Q,y/J(F,0,y) can be obtained by
working on parallel lines. [

Theorem 2.6. If n is odd, then

o(m)
U(F,Dyy) = CF <c,11 < ] GL(2,[F(IU,”)Q“'”>

mn, m>1

where

d
em = /2
d’”

and d,, = ord,(q).

if d,, is even and ¢%/* = —1mod m
otherwise

Proof. Let

Dy = (o, plo™ B, plap=0a")

and X=1+0o" and then {X,aX,---, 0" ' X, BX, faX, -, o ' X}
is a basis of A(Dyy, (o")).
Observe that any W € A(Da,, (")) is expressible as

W= (Al + Asot-- +A,,O('171 +A,,+1ﬂ+Ay,+2ﬁ0(+ e +A2n/janil)X

for some 4; € F, so that
W2 = (A + Ao+ -+ Ao + Ay B
F Apofot o+ A ) (1402 =0
That is, 1 + A(Dy,, (¢")) = C%"k.
The F, algebra homomorphism
0: FyDusy — FyDoy/J(FyD2y)
given by the assignment
or—a+ J(F,Dsy), fr—b+ J(F,Dyy)

is onto.
It is known that 5; € J(F;D2,). Thus if B=
(1+a+-+a" (1 + B), then 0(B) = 0 + J(F,D,,) showing
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that B € ker0 = J(Fy D). In fact, J(F;D4,) = A(Day, (")) ®
F,B as a vector space over [F,.

Since

Bz = ((1 +ﬁ)(1 +oc+...+an71))2

= (L B)(1+ ) (1o o)
= (14 B+ 4 B (1 2 4o 4 ”2)
Pt Bt ol gt P !
F o B 4 o e !
= 0 because 7 is odd and «*" = 1.
and
XB=(1+a")(1+o+- -+ )1+ ) =a(l+p),
we find that WB = BW so that
V=1+J(F,Ds,) =14 A(Duy, (")) x {1 +nB | n € F,}
o C§2n+1)k
This completes the proof. [

A group G is said to be a general product of its subgroups L
and M if

G=LM, LnM={1}

In this case, we write G = LoM.

In the subsequent theorem, it is established that
1+ J(F,0,,) is a general product of two of its proper sub-
groups. As a consequence, the structure of U(F,Q,,) is
obtained.

Lemma 2.7 [3, Lemma 1.1]. Let G be a finite abelian p-group,
. . k
G" ={¥" | x € G} and p" = |G"|. If G = [ C};, then
i=1

n,-:m,»,l—2m,-+m,-+1 VZ, 1§l§k

Theorem 2.8. If n is odd, then

olm)
Zem

u([FqQA,,)g(ngn_z)ko(clgxclj))x(Cq1>< 11 6LeFp) >
mln, m>1

where ¢,, as in Theorem 2.6.
Proof. Let Q,, be presented by

(C,D|C*", D*=C",D'CD=C")

and U= (1+D)(1 + C+...+C""). Then via similar argu-
ments as in the previous theorem, U € J(F,0Q,,) and

W:(U+MU+CQ+D®U+C+“A4TQ

=(1+D)C+DC=C

Notice that if Y =1+ C", then {Y,CY,---,C"Y,DY,
DCY,---,DC"2Y,C,(1+ D)C, U} is a basis of J(F,Q,4,) over
F,.
Since Y € Z(F,Q,,) and Y*> = 0, it is therefore evident that

n—2 n—2
H= {1 + <ZA,-G‘ + ZB,-DC’) Y ‘ A, B € [Fq}
i=0 i=0
g 1 + J(I]:IIQM)

and H == 7" %,
Also K={1+4,C+4:C+43(1+D)C | 4 €F,} <1+
J(F,04,) and by Lemma 2.7, we find K = C% x C%.

Since HNK = {1} and |1 + J(F,Q,4,)| = |HK], it follows
that 1 4+ J(F,Q,,) = HoK. This completes the proof. [
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