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Abstract In this paper a generalization of local Lie groups, using the concept of top spaces, is
given and some theorems about the relation between this generalization and local Lie groups are
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1. Local Lie group

The concept of Lie group was local at first. Local Lie groups
defined as open subsets of Euclidean spaces and the group
multiplication and inversion operators only being defined for
elements sufficiently near the identity. Lie groups, in the way
that we know today, are formed when the definition of mani-
fold constructed. In this paper we generalize the concept of
local Lie group, using top spaces.

The notion of generalized group was introduced by
Molaei when working on constructing a geometric unified
theory by using Santilli’s iso theory, which is applied in
mathematical physics. After that he introduced top spaces
as a generalization of Lie groups by using generalized
group. Let us recall the definition of generalized group and
top space.
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Definition 1.1 [1]. A generalized group is a non-empty set G
admitting an operation called multiplication, subject to the set
of rules given below:

e (xy)z = x(yz), for all x,y,z € G;

e For each x in G there exists a unique z in G such that
xz = zx = x (we denote z by e(x));

e For each x € T there exists y € T such that xy = yx = e(x)
(we denote y by x71).

We recall that 7 is a topological generalized group if:

e Tis a generalized group.
e T is a hausdorff topological space.
e The mappings, m; : T — T, m;(x) =x' and
my: Tx T — T, my(x,y) = xy are continuous maps.

1

Definition 1.2 [2]. A topological generalized group (7,-) is
called a top space if:

e T is a smooth manifold.

e The mapping m; : T — T is defined by m;(x) = x~! and the
mapping my : T x T — T is defined by my(x,y) =xy are
smooth maps.
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A top space T is called a normal top space if e(xy) =
e(x)e(y) for all x,y € T.

Suppose that a group G and two sets A and [ are given. If
p:Ix A — Gis amapping, then 4 x G x [ with the product
(A,g,0)(A1,g1,01) = (4,gp(i, A1)g, 1) is a generalized group,
which is called Rees matrix semigroup denoted by
M(G,1,4,p) [2].

Theorem 1.1 [2]. If I and A are smooth manifolds, G is a Lie
group andp : I x A — G is a smooth map, then M(G,I, A, p) is a
top space.

It is also proved in [3] that every top space with finite num-
ber of identities is diffeomorphic with M(G, I, A, p), for some
Lie group G and two finite subsets 7 and A. See [2-8] for more
information about top spaces.

In the remaining of this section we recall the concept of
local Lie groups and some basic definitions that we need in
the next section. While the definition of a global Lie group is
standard, the precise definition of a local Lie group varies from
author to author. The following one is from [9].

Definition 1.3 [9]. A smooth manifold L is called a local Lie
group if there exists

e a distinguished element e € L, the identity element,

e a smooth product map u : U — L defined on an open subset
({e} x L)U(Lx{e})cUC(LxL),

e a smooth inversion map i : ¥ — L defined on an open sub-
sete€ V C Lsuch that V xi(V)Cc U,and i(V) x V C U,

all satisfying the following properties:

(i) Identity: u(e,x) =x = u(x,e) for all x € L.
(ii) Inverse: u(i(x),x) = u(x,i(x)) =e forallx € V.
(iif) Associativity: If (x,y), (v, 2), (u(x,),z) and (x, u(y,z)) all
belongs to U, then

wu(x,y),

Example 1.1 [9]. The most basic example of a local Lie group
is provided by any neighborhood e € N C G of the identity ele-
ment in a global Lie group. Indeed we set U to be any open
subset of N x N such that ({e} x N)U(Nx{e})CUC
(N x N)N p~'(N), and V to be any open subset of N such that
{ey CVCNNi'(N), and (V x i(V))U(i(V) x V) C U. The
group multiplication u and inversion i on G then restricted
to define local group multiplication and inversion maps on N.

Z) = :u(xv u(y,z)).

One can define the right and left multiplication by
L) = p(x,9), r:(y) = p,x).

Definition 1.4 [9]. Let (L,u,U,i, V) and (L, 7, U,i, V) be
local Lie groups. A smooth map ¢ : L — L is called a local
group homomorphism if

A local group homomorphism is called a homeomorphism
if it is one-to-one and onto with smooth inverse.

Definition 1.5 [9]. A local group is

e associative with order n if, for every 3 < m < n, and every
ordered m-tuple of group elements (x;,x,...,x,) € L*",
all corresponding well defined m-fold products are equal.
A local group is called globally associative if it is associative
with every order n > 3.

e globalizable if there exists a local group homeomorphism
@ : L — N mapping L on to a neighborhood e € N C G of
the identity of a global Lie group G.

e globally inversional if the inversion map i is defined every-
where, so that V' = L.

e regular if, for each x € L, the maps /, and r, are diffeomor-
phisms on their respective domains of definition.

Theorem 1.2 [9]. Every inversional local Lie group is regular.

Theorem 1.3 [9]. A local Lie group L is globalizable if and only
if it is globally associative.

2. Local top spaces

In this section we use top space to generalize the concept of
local Lie group.

Definition 2.1. A smooth manifold A is called a local top space
if there exists

e a sct e(H) C H, the identity elements,

e a smooth product map p: U — H defined on an open
subset (e(H) x H)U (H xe(H)) CU C (H x H),

e a smooth inversion map i:V — H defined on an open
subset e(H) CV CH such that V xi(V)CU, and
i(V)yxVcu,

all satisfying the following properties:

(i) Identity: For each x € H there is a unique element e(x)
such that u(e(x),x) = x = u(x, e(x)).
(ii) Inverse: u(i(x), ): ulx,i(x)) =e(x) forallx e V.
(iii) Associativity: If (x, ), (v,2), (u(x,»),z) and (x, u(y,2)) all
belongs to U, then

w(u(x,¥),z) = p(x, u(y, 2)),

(V) ale(x), e(r)) = e(u(x,)), for each x,y € H.
(v) e: H— H is a smooth map.

One can use the symbol (H, u, U, i, V) for a local top space
H with the functions u,i, U and V' as the above definition.

Remark 2.1

(1) Using (i), (iii) and (iv) in the above definition, we have
(e, ule(x), e(x))) = r(u(x, e(x)), e(x)) = a(x, e(x)) = x.

Hence uniqueness of the identity element implies that
u(e(x),e(x)) =e(x) and consequently e(e(x)) = e(x),
for every x € H.
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() u(p(ple(x )7e(y)),e(X)),e(X)) = pu(ule(x), e(y)), ule(x),

e(x))) = u(u(e(x), e(v)), e(x)).

Using (i) and (iv) in Definition 2.1

(ule(x), e(y)), e(x)) = e(x).

() e(i(x)) = e(u(i(x), u(x, i(x)))) = ule(i(x)), e(x)) =
e(u(i(x)),x)) = e(e(x)) = e(x). Hence e(i(x)) = e(x).

implies that

Lemma 2.1. Let H be a local top space with finite number of
identities then e~'(e(x)) is both open and closed.

Proof. The proof is a direct consequence of (v) in Definition
2.1. 0

Lemma 2.2. Let (H,pu, U,i, V) be a local top space with finite
number of identities, e(H) = {e1,e,...,¢,}. Then e7(e;) is a
local Lie group, for i € {1,2,...,n}.

Proof. Let U;=e¢ !(¢;)) x e7!(e,) N U and V; = VNel(e;). By
restriction of the multiplication and inversion operator on H, it
is easy to check that e“'(e;) is a local Lie group, for
i={1,2,...,n}. O

Example 2.1. Let HC T be a neighborhood of ¢(7) in the
normal top space 7 and U be any open subset of H x H such
that (e(T) x HHU(Hxe(T))CUC (Hx H)Nnu '(H). In
addition let V' be any open subset of H such that
e(TYcVcHNi " (H),and (V x i(V)) U (i(V) x V) C U. The
group multiplication u and inversion i on 7 then restricted to
define local top space multiplication and inversion maps on H.

Example 2.2. Suppose that A and 7 are finite sets and G is a Lie
group. Let p:IxA—G be defined by p=e and
(NCG,u,U,i,V) be a local Lie group (see Example 1.1).
AXNXICM(G,I,A,p) is a local top space by choosing
U= {(Au, 1) x (A,ur, 1) : () € Uy and V=Ax VX I.

Definition 2.2. Let (H,u,U,i, V) and (I—Nl,ﬁ, U,i, 17) be local
top spaces. A smooth map ¢ : H — H is called a local top
space homomorphism if

-coxw()c U, o(V)CV, ¢le(t) =
p(u(g,h)) = 1i(e(g), ¢(h)) for (g, h) €
'fp((g)):l( (g)) forge V.

A local top space homomorphism is called a local top space
homeomorphism if it is one-to-one and onto with smooth
inverse.

e(o(1),
U

Lemma 2.3. Let ¢ : H— H be alocal top space homomorphism
between two local top spaces with finite number of identities.
Then @l 1,y : e e(x)) — e l(e(p(x))) is a local Lie group
homomorphism, for every x € H.

Lemma 2.4. Let H be a local top space with finite number of
identities, e(H) = {e1, e, ...,e,}. Then e '(e) is diffeomorphic
with e7'(¢;), for i,j € {1,2,...,n}.

Proof. Let the map ¢;:e '(¢) — e '(e;) be defined by

@y(s) = u(u(e;, s),¢)), for s € e”'(e). If @;(s1) = @;(s2) then
we have:

.“(.u(eﬂ l‘(l‘(ehsl)»ej))v ej) = .“(.“(ejv ﬂ(u(ej, 52)»6.7'))7 fff)7
ple, plules, p(ules,si).e))),e))) = pler u(ple;, u(ulej;52),¢1)). )
(e, u(ule;, u(ples, s1),e))s€7)), )
= u((u(ulej, u(ules, 52),€))), ¢)), €i).-
Since p(e;,s1) = s and p(e;, s,) = 52, we have:
:u(:u(eiv H(Au(e/'f :u(:u(ei? :u(eh Sl))? 6_,-)), 57/))7 ei)
= :u((:u('u(ejv :u(:u(eiv :u(e"’ SZ))v ej))v ej))’ ei)'
Using associativity, we have:
w(u(p(u(per, #(3/7 ei)),51)7€/), 6_/), e;)
= u(u(u(p(ple:, nlej, e)), 52), €:), €), €).

Now since by using Remark 2.1 we have

w(u((

w(u(u(st, ), ¢), 1) = n(u(u(s2 €;), €), ).
Remark 2.1 implies that:

e, ,u(ej, 6;)),52) = 82, :u(:u((eiv ﬂ(ej>€i))7sl) =51,

w(u(u(ulsi, e, e), ), e) = p(p(p(ulsz, e, ), €)), ei),

w1, wpers ), ei)) = ulsa, u(p(eis €), €i))s

and consequently s; = s,. This implies that ¢, is one to one.
Since (p[;' = ¢;; and @; is smooth, it is a diffeomorphism. [J

Theorem 2.1. Let (H,p, Ui, V) be a local top space with finite
number of identities, e(H) = {e1,es,...,e,}. If (u, ) € U
implies that

(u(e(H), u(ur, e(H))), u(e(H), pu(ur, e(H))) € U, )
and v € V implies that

u(u(e(H), V),
then e~ (e;) is homeomorphic with e~'(e)), for i,j € {1,2,...,n}.

e(H)) eV, (2)
Proof. Based on (1) and (2), we have ¢, x ¢;(U;) C U; and
@;(Vi) C V. In addition ¢,(e;) = e;.

u(h,e;)))
p(hye;)))

@;(gh) = (e, u(u(g, h),e)) = ules, u(g,
= ey, u(u(g, u(ule, e;), e:))),

since e(g) =e; and u(e;, u(ej,e;)) = ¢;. In addition we have
u(e;, e;) = e;. Hence:

ey, uplg, (e, uleyse;)),e)), u(hye;))).

Consequently, associativity and the assumption imply that:

w(u(ules, 8)sep), mpless h)s ) = u(@y(g)s @y(h)),

and the second condition is satisfied.
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@;(i(g)) = nley, u(i(g), ¢))-
i(u(ey, u(g,€;))) = uley, ui(g), e;)) since
w(uley, uli(g), €))), ulej; uig, €))))

u(ej; p(uler g), €)))

= p(plej, u(u(i(g), e, e)),
) ( (elv (etnu(g’ej))

= p(puley, nli(g), uler ¢)
= ,u(ej,,u(ehej)) =€

In a similar way one can prove that u(u(e;,u(g,e;)),
ule;, 1(i(g), ¢;))) = ¢;. Consequently, the third condition is sat-
isfied and ¢; is a homeomorphism. [J

Definition 2.3. Let H be a local top space and L be a local Lie
group. An onto local homomorphism ¢ : H — L is a local cov-
ering map if:

(i) e7'(e(x)) is a local Lie group, for every x € H.
(i1) go\e,.<e(x)) is an onto local Lie group homeomorphism, for
every x € H.

Definition 2.4. A local top space H is globalizable if there
exists a homeomorphism ¢ : H — N mapping H on to a neigh-
borhood ¢(T) C N C T of a normal top space T.

Lemma 2.5. let (H, py, Uiy, V) be a local top space with finite
number of identities, satisfying (1) and (2). The Local top space
H is globalizable if and only if there is a local covering map
@y H— (M, 1, Uy, i, V), where M is a neighborhood of the
identity element of a Lie group G.

Proof. Let H be a globalizable local top space and the map
@ : H— N be as in Definition 2.4. Let {e,es,...,e,} be the
set of identity elements of H. Since ¢ is a homeomorphism,
card(e(H)) = card(e(T)). Let {¢|,¢), ..., e} be the set of iden-
tity elements of 7. We set M = e~!(¢}) C N. Using Theorem
2.1, @il @ e'(e) —el(en) is a homeomorphlsm Now
we define ‘Po(}) ®a(@(v)), where e(p(y)) = .

Let  e(p(y)) =€), e(p(y,)) =€ (k). Then
e(u(e(y1), 9(12))). We have:

e er)) =

(e}, ef) =

1(u(puler, er), ep), ple, er))
= #(N("za ) e,()

In a similar way one can prove that u(u(u(e,e)), e,
ime), u(e),¢;)) = u(u(e, €)),€;) and, consequently (e, e;) =
1(ule;, e), ).

u(ule), ), nlule), e

@o(1u (1, 32)) = 0 (@(uy (11, 32)))
= u(ulel, o(uu(y1,32))), €))
= u(u(e) (@), 9(12))). €)
= u(uler, p(ulo(yy),e)), u(uler, o(1,)),€;))
= u(u(e), u(ule(n), €))), u(uley, (1)), €)))
= u(u(u(er, o)), (e}, e)), u(@(r,€))))
= p(u(p(e, (), u(uler, €,),e0)), w(@(va:€))))
= u(u(p(e, o)), €)), ule), u(e(r,), €)))
= wW@o (1), 9o(12))

since p(e),e)) = é.

Conversely suppose that there is a local covering map
@y H— (M, u,Up,i, Vi), where M is a neighborhood of the
identity element of a Lie group G. Then one can define a top
space T by T = U",G;, where G; = (G, i) is a Lie group with
the product (g,i)(g,i) = (g18»,7). It is trivial that G; is
diffeomorphic with G. We define a product on 7 by
(81:1)(82,/) = (€182:k) if ppy(ei,e) =ex in H. Let M;=
(M,l). (M() ZUM,',H, UMm[a VMU) with UMo :{((u],i),
(2,)) : 1< i,j<mn: (u,up) € Uy} and Vi, ={(v,0): 1<
i<n:veVy} is a local top space. The map
¢ H— UM;, @(h) = (¢py(h),j), where e(h)=e;, is a local
homeomorphism. [J

Definition 2.5. A local top space H is called globally
inversional if the inversion map i is defined everywhere, so that
V=H.

Lemma 2.6. If H is a globally inversional local top space with
finite number of identities then e~'(e(x)) is a globally inversional
local Lie group, for every x € H.

Definition 2.6. A local top space H is regular if e!(e(x)) is a
regular local Lie group, for every x € H.

Lemma 2.7. Let H be an inversional local top space with finite
number of identities then it is regular.

Proof. The proof is trivial from Theorem 1.2 and Definition
2.6. O

Corollary 2.1. Let H be a globalizable local top space with finite
number of identities then e~!(e(x)), for every x € H, is a global-
izable local Lie group.

Theorem 2.2. The local top space (H,uy, U, iy, V) with finite
number of identities, satisfying (1) and (2), is globalizable if
and only if it is globally associative.

Proof. If H is globalizable then it is globally associative since it
is homeomorphic with an associative local top space. Con-
versely, if it is globally associative then e~!(e;) is associative
and consequently it is globalizable. Since it is globalizable, there
is a neighborhood, N, of the identity element of a Lie group G
and a map @, : e~'(e;) — (N, pt, Uy, i, Viy). Now since e~!(¢;) is
homeomorphic with e7!(¢;), one can define a covering map
from H to N by ¢o(h) = ¢y(¢;(h)), where e(h) = e, Using
Lemma 2.2, e '(e;) is a local Lie group. In addition
@|(e7'(e;)) is local homeomorphism, since ¢, and ¢, are local
homeomorphisms.

@ % @(ur,u2) = (9o (@ (11)), o (Pri(112)))

= (0o (un (e ) ei), 0o (p (g e, 2),
Let e(7) =e;.
@ (@;i(e(1)))

e))) CUy.

@01 (pn(ere(), e))
1(u(o(er); @o(e(1))), @oler))
n(u(e(po(er)), e(po(1)), e(polei)))
= e(@o(uu(un((er, 1), €)))) = e(o(1)).
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If e(h) = ey, e(s) = e; and p(ex,e;) = e; then

@(ulh,s)) = wo(w,,(uy( $))) = @0 (rr(@3i(h), 9;(5)))
= p((h), (s))-
In addition we have ¢(iy(v)) = i(¢(v)), which completes the
proof. [
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