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Xpyl =

o+ ﬁ]ynfl

) n+1 —
ar + bix,

In this paper, we study the boundedness and persistence, existence and uniqueness of
positive equilibrium, local and global behavior of positive equilibrium point, and rate of conver-
gence of positive solutions of following system of rational difference equations

o [2%] + ﬂzxn—l
a + by, '

where the parameters «;, f5;, a;, b; for i € {1,2} and initial conditions xo, x_;, y,, y_, are positive
real numbers. Some numerical examples are given to verify our theoretical results.
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1. Introduction

Systems of nonlinear difference equations of higher-order are
of paramount importance in applications. Such equations also
appear naturally as discrete analogues and as numerical
solutions of systems differential and delay differential equa-
tions which model various phenomena in biology, ecology,
physiology, physics, engineering and economics. For applica-
tions and basic theory of rational difference equations we refer
to [1-3]. It is very interesting to investigate the behavior of
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solutions of a system of nonlinear difference equations and
to discuss the local asymptotic stability of their equilibrium
points. Competitive and anti-competitive systems of rational
difference equations are very important in population dynam-
ics. The theory of these systems has remarkable applications in
biological sciences.

Gibbons et al. [4] investigated the qualitative behavior of
the following second-order rational difference equations

o+ fx,y
X,

Xnt1 =

Recently, Din et al. [5] studied the qualitative behavior of
the following competitive system of rational difference
equations

o +ﬂ1xn—l _a2+ﬁ2yn—l

X1 = Y1 = .
" a+ by, ’ il a + byx,
n
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Motivated by above study, our aim in this paper was to
investigate the qualitative behavior of positive solutions of fol-
lowing second-order system of rational difference equations:
o+ By P o + BaXni (1)
ay+byx, ! a + by, ’

Xnt1 =

where the parameters oy, f5;, a;, b; for i € {1,2} and initial
conditions xy, X_1, J,, V_, are positive real numbers.

More precisely, we investigate the boundedness character,
persistence, existence and uniqueness of positive steady-state,
local asymptotic stability and global behavior of unique posi-
tive equilibrium point, and rate of convergence of positive
solutions of system (1) which converge to its unique positive
equilibrium point.

2. Boundedness and persistence

In the following theorem we show the boundedness and persis-
tence of the positive solutions of system (1). We refer to [5-8]
for similar methods to prove boundedness and persistence.

Theorem 1. Assume that [\, < aias, then every positive
solution {(x,,y,)} of system (1) is bounded and persists.

Proof. For any positive solution {(x,,y,)} of system (1), one
has

Xpp1 S A1+ By, Vo KA+ Bx,n, n=0,1,2,..,
2

where 4; =% and B, = for i € {1,2}. Consider the following

system of difference equations

Upyy = A1+ Byvy, Ve =Ar+ Bou,, n=0,1,2,....
(3)

Solution of system (3) is given by

where ¢; for i€ {1,2,3,4} depend upon initial conditions
u_y, uy, v_1, vo. Assume that f8,f, < aja,, then the sequences
{u,} and {v,} are bounded, which implies that the sequences
{x,} and {y,} are also bounded. Suppose that u_; =x_j,

uy = X, v_1 = y_; and vy = y,, then by comparison we have
e tab o cmatab o,
aay — BB, aay — B,
(4)
Furthermore, from system (1) and (4) we obtain that
T e (s — fyfy) —Li, (5)
ar+bix, — a(aiay — Py By) +bi(cnar + o)
o o (aja, —
Y1 2 - 21>~ ) =L, (6)

=
ay+byy, ~ a(aiar — B, fy) + ba(ma; + o4 f5y)
From (4)—(6), it follows that
Li<x,<U, L<y<U, n=12,....

Hence, theorem is proved. [

Lemma 1. Let {(x,,y,)} be a positive solution of system (1).
Then, [Ly, U,| X [La, U, is invariant set for system (1).

Proof. The proof follows by induction. [

3. Stability analysis

To construct corresponding linearized form of system (1) we
consider the following transformation:

(xn7yn7xn*17yn—])H(f;g>fi>gl)7 (7)

where f=Xx,,1,8 =¥,.1,./i =X, and g, = y,. The linearized
system of (1) about (X, ) is given by

Zn+1 = FJ(“‘E’)?)ZVH

_ A+ 4B VBic, ((—\VE\VE)H - (\4/5#1{4/3_2)” - i(i\yB_N/B_z)” + i(—in_lyB_Z)n)

= 1 - BB, 4Bg/4

VEe((VBVE) + (VBB — (BB (WBE))

4B,

Ae((VEVE)  (VEE) + (WEVE) « (7R

(VBB — (VBB — i(-iBrE) + (/BB

4YB/B,

, }1:1727...7

Bt Ay VEa((—VBYE) — (VBB — (BB +i(—idBYE)")

= 1-B\B, 4B‘f/4

V(BB + (VBB — (VBB ~ (VBE)')

4VB;

el(VEVE) (VR (WEE) (5 E))

a((=VBiVB)" ~ (VBB —i(—iV/Bi/B:)" +i(i¥/BiV/Br)")

4B, /B,

, n=1,2,...,
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Xn
where Z,, = Vn and the Jacobian matrix about the fixed
n—1
Yn-1
point (X, ¥) under the transformation (7) is given by
b X B
- al+lb15c 0 0 a1+;71.?
0 __by B
F](.;C,y) = a+byy  ay+byy
1 0 0 0
0 1 0 0

Lemma 2 [3]. Assume that X,i1 = F(X,),n=0,1,---, be a
system of difference equations such that X be a fixed point of F.
If all eigenvalues of the Jacobian matrix Jp about X lie inside the
open unit disk |A| < 1, then X is locally asymptotically stable. If
one of them has a modulus greater than one, then X is unstable.

Arguing as in [5-11], the following theorem shows the
existence and uniqueness of positive equilibrium point of
system (1).

Theorem 2. Assume that B, < aiaa, then there exists unique
positive equilibrium point of system (1) in [Ly, U] x [L, Ua], if
the following conditions are satisfied:

Li(ay+biLy)(paz + boLi(a) + b1 Ly))

+ o7 < B+ PoLn) +oufra

+oayLi(ay + b Ly)(1 + by), (8)
Ui(ai + b Uy)(Baz + byUy(ay + b1 Uy))

+ai > Bi(on+ BUn) + By

+0(1U1(611 +b1U1)(1 +b2), (9)
2b,y0 +ﬂ < ﬁldz + 2b2L1(¢l| +b1L1) (10)
a +2b1L1

Proof. Consider the following system of equations:

_ o + By
a, + bx’

o+ fhx
ar + byy '

> (11)
Assume that (x,y) € [L;, U)] x [Ly, Uy, then it follows from
(11) that

_ x(ar +bix) — o

B> By

‘- (@ + bry) — o

Taking
by A b

where f(x) = W and x € [Ly, Uj]. Assume that condi-
tion (8) holds, then it follows that

S (a2 + bof(Ly)) —
B

Furthermore, under the condition (9) we have

F(Ly) = —~ L <0.

SU) (a2 + bof(U))) — o

Ao = .

— U, >0.

Hence, F(x) =0 has at least one positive solution in
[Li, Ui].

Furthermore, assume that condition (10) is satisfied, then
one has

iy L2000,
_ (e +2bi1x)(@2 £+ 2bo/(%)) |
BB
- (a1 +2b1Ly)(ar + 2b,f(L1))

BB

Hence, F(x) = 0 has a unique positive solution in [L, U;]. The
proof is therefore completed. [

—-1>0.

Theorem 3. The unique positive equilibrium point (X,¥) of sys-
tem (1) is locally asymptotically stable if

blUl b2U2 bleUl UZ
a; + blLl a + b2L2 (a1 + b]Ll)(az + b2L2)
f1B:

<L

+
(ay 4+ b Ly)(ar + by Ls)

Proof. The characteristic polynomial of Jacobian matrix
F;(x,y) about (%,y) is given by

blx bZJ7 ) 13
POy =2
( ) + (a1 +b.)’c a +b2_}7 *
n b b, Xy 5
(a1 4+ b1X) (a2 + b1y)

BiB
a +b15c)(22+b2y)' (12)

Let D) =24, and

¥ (7) :_( hi | by )/13_

aj+bx ar+byy

bibyXp )2 Bib bLU, b Uy
(a|+h11v)(a2‘+hzy) A+ (a|+[71x])(a2+bzy)' Assume  that ulJiln]L] + ar+byLy +
b1y U U BB B
(11|+b11L|)(¢172j/72L2) ((l|+17|L11)(32+b2L2) <1, and |;V| = 1, then one has
b x byy b\ b, Xy
|P(2)] < - - = -
a+biX  a+by) (a4 bix)(a + bay)
B\ B
(a1 + bl)?)(az + b2)7)
blUl b2U2 bleUlUZ
a, + b1L1 a + szz (al + b]Ll)(az + szz)
BB,

< L.

+ (a1 + b1 Ly)(ax + by Ly)

Then, by Rouche’s Theorem @(Z4) and @(1) — ¥(4) have same
number of zeroes in an open unit disk |4| < 1. Hence, all the
roots of (12) satisfies |4| < 1, and it follows from Lemma 2 that
the unique positive equilibrium point (%, 7) of the system (1) is
locally asymptotically stable. [

Arguing as in [2], we have following result for global behav-
ior of (1).

Lemma 3. Assume that f:(0,00) x (0,00) — (0,00) and
g:(0,00) x (0,00) — (0,00) be continuous functions and
a, b, ¢, d are positive real numbers with a<b,c<d.
Moreover,  suppose  that  f:[a,b] X [¢,d] — [a,b]  and
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g:la,b] x [¢c,d] — [e,d] such that following conditions are
satisfied:

(i) f(x,y) is decreasing in x and increasing in y,g(x,y) is
increasing in x and decreasing in y.
(ii) Let my, My, my, M, are real numbers such that

my = f(My,my),M, = f(mi,M),my = g(m;,M,) and M, =
g(My,my), then my =M, and my = M,. Then the system of
difference equalions Xn+1 :f(xmyn—l)7 Yni1 :g(xn*hyn) has
a unique positive  equilibrium  point (X,y) such that
limnam(xmyn) = (5‘7)7)'

Theorem 4. The unique positive equilibrium point of system (1)
is global attractor if aja,#p, f,.

Proof. Let f(x,y) = % apd g(x,y) = % Thep, it is easy
to see that f(x,y) is decreasing in x and increasing in y. More-
over, g(x,y) is increasing in x, and decreasing in y. Let

(my, My,my, M) be a solution of the system

my = f(My,my), M, = f(m, M)

my = g(my, M), M,y =g(M,my).
Then, one has
o + Bimy o + B M,
m=——— M =—-—->— 13
! ay +b1M1 ! ay +blml ( )
and
oy + By o + By M,
m=———— M,=— 14
2 Elz+b2M2 : a +b2m2 ( )

Furthermore, from (13) we have

myi(ay +biMy) = oy + fimy, (15)
and
Ml(a| +b1n11) = +ﬂ]M2. (16)

On subtracting (16) from (15) we obtain
al(M| —ml):ﬂl(Mz—WZz). (17)

Similarly, from (14) we obtain

az(Mz—mZ):ﬁz(Ml —?ﬂ]). (]8)

Furthermore, from (17) and (18) we obtain

(7““’2/3;5‘52) (M, —my) = 0. (19)

Finally, from (19) it follows that m; = M. Similarly, it is easy
to see that m, = M,. [0

Lemma 4. Under the conditions of Theorems 3 and 4 the unique
positive equilibrium of (1) is globally asymptotically stable.

4. Rate of convergence

In this section we will determine the rate of convergence of a
solution that converges to the unique positive equilibrium

point of the system (1). Similar methods can be found in
[5,7,8,11-13].

The following result gives the rate of convergence of solu-
tions of a system of difference equations

Xoi1 = (A + B(n)) X, (20)
where X, is an m-dimensional vector, 4 € C"™" is a constant
matrix, and B: Z" — C"™ is a matrix function satisfying

1B(n)| — 0 1)

as n — oo, where || - || denotes any matrix norm which is asso-
ciated with the vector norm

G = Vo2 + 52

Proposition 1 (Perron’s Theorem [14]). Suppose that condition
(21) holds. If X,, is a solution of (20), then either X, = 0 for all
large n or

p = lim (||, )" (22)

exists and is equal to the modulus of one of the eigenvalues of
matrix A.

Proposition 2 [14]. Suppose that condition (21) holds. If X, is a
solution of (20), then either X, = 0 for all large n or

Xl
p = lim (23)
n—c0 || X, ||

exists and is equal to the modulus of one of the eigenvalues of
matrix A.

Let {(x,,»,)} be an arbitrary solution of the system (1) such
that lim,_..x, = X, and lim,_.y, = 7, where ¥ € [L,, U,] and
¥ € [Ly, Uy]. To find the error terms, one has from the system

(1)

o+ By

a, —l—b]fc

_’_ﬁ](ynfl 7y)7
ay +bix,

gt Biyu
A+l 7 a, + blx,,
o bl)_c(xn 7)_(:)

o a +b1xn

and
oy + frx
a + by

Ba(xu1 — X)
a +byy,

- 05 + ﬁzxn—l
yn+1 — V= -

a + by,
_ by, - )
a + byy,

Let el =x, — X, and €2 =y, — , then one has

2

1 _ 1
en+l = danpe), + b”en—l7

and

2 2 1
€n+l - c"en + dne}kl’

where
b x B
n = T 1 > b =
@ ay + bix, " a + bix,
by
¢, = oy d ﬁz

Cw+by, " atby,
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Moreover,

. b\ x .
hmaz,,f—lixf7 hmbn:Lf7
n—oo a; + b|x n—00 a; + b.x

. byy .
lime, = — 2y limd, = e =
1n—00 a + by’ oo a + by

Now the limiting

1 __hx Bi 1
en+1 aj+bi X 0 0 aj+b X en
2 by B 2
e _ by 2 e
'Hl’l — 0 ay+byy  ay+byy 0 ln ,
€y 1 0 0 0 o
2 2
e, 0 1 0 0 €1

which is similar to linearized system of (1) about the equilib-
rium point (¥,7). Using Proposition 1, one has following

result.

Theorem 5. Assume that {(x,,,)} be a positive solution of the
system (1) such that lim,_..x, = X, and lim,_«y, = y, where
vector

Xe[L,U] and ye€|[L,,Uy). Then, the error

e

S I —

ey =
1

1
637
Cu-1

of every solution of (1) satisfies both of the

following asymptotic relations

1

lim (|fe,
n—0o0

)= |A23aFr(X,7)],

el

n—oo Hen”

bl

system of error terms can be written as

5. Periodicity nature of solutions of (1)

Theorem 6. Assume that aja,#p,p,, then system (1) has no

prime period-two solutions.

Proof. On contrary suppose that the system (1) has a distinc-

tive prime period-two solutions

s @), P2 42)s (P 1),

where p,#p,,q,7¢,, and p,, ¢, are positive real numbers for

i € {1,2}. Then, from system (1) one has

:a1+5|% :0‘1+ﬁlqz
"Ta+ bip,’ T +bip,’
and
o+ fop _w+ b,
1 — ) 2 = :
ay + byq, ax + baq,

From (24) and (25) we obtain
aipy +bip\py = o1 + Brgy,
ap, +bipipy = o + Brg,
gy + brg,q; = 0o + Bopy,
g, + bagqy = 02+ Bop,.

e On subtracting (26) and (27) it follows that
/bl,2.3,4FJ(va)|7

ai(py —p2) = Bilgr — ¢2)-

where Ay234F;(X,¥) are the characteristic roots of Jacobian

matrix F;(X,7).

k]

57.4
57.2
57.0
56.8
56.6
56.4
56.2

Similarly subtracting (28) and (29) we have

Ya
53.0

52.8
52.6

52.4
52.2
52.0
518

TR L T 1 L M Ll N

50 w0 B0 om0 250
(a) Plot of z;, for the system (33)
P
53.0 |
528 |
526 |
524
s22F
520

joo 50 100 150 200 250

(b) Plot of y, for the system (33)

Xon

562 564 566 568 SN0 512 ST4
(c¢) An attractor of the system (33)

Figure 1  Plots for the system (33).

(24)
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0.380 w\,‘\w"’mw"'—"mﬁ> - 0370 b W\W”__—"
0.375 | w - \
0.370 [ ||| 0.360
0.365 0.355
0.360 I | 0.350 EJ {
0.355 0.345
5Il] ll;ll 15I0 ZI;IJ 25Il] 3ll‘ll " 5Ill ll;ll lSIll ZIiIl 25Ill 3lllll i
(a) Plot of z,, for the system (34) (b) Plot of y, for the system (34)
Y
0.370 | 7
0.365 | £
0.360 | Pl —— —— <
035 |
0.350 | B
0.345 |
|1.3I55 I].3.5l] l].3‘|15 n.3l'm n.3l15 |1.3Ia|1 -
(c) An attractor of the system (34)
Figure 2 Plots for the system (34).
ax(q, = 43) = o (py — pa)- (31) X1 = 0i53+ 12y, 4 Ve = 0.1+ 17x,- 7 (34)
From (30) and (31) one has +0.2x, 175+ 03y,
(@a — B Bo)(py — py) = 0. (32) v)v}10t11: (1)1’1;231 conditions x_; =0.37, xy =0.36, y_, = 0.35,

Assume that aya,7f, 8,, then it follows from (32) that p, = p,.
Similarly, one can show that ¢, = ¢,, which is a contradiction.
Hence the proof is completed. [

6. Examples

Example 1. Let o« =10, , =1.5, a; = 1.5, by =0.001,
o =12, f, =23, a =251, b =0.002. Then, system (1)
can be written as

10 + 1.5y, 12 + 23x,_
Nt = el e ST L (33)

1.5+ 0.001x,’ 25.1+0.002y,’
with initial conditions xy = 57, x_; =56, y_, =52, y, = 53.
In this case the unique positive equilibrium point of the
system (33) is given by (%, ) = (56.942,52.4369). Moreover, in
Fig. 1 the plot of x,, is shown in Fig. la, the plot of y, is shown
in Fig. 1b, and an attractor of the system (33) is shown in
Fig. lc.

Example 2. Let o, =0.5, , =12, ay =13, b, =02, 0 =
0.1, B, =17, ay =175, b, = 0.3. Then, system (1) can be
written as

In this case the unique positive equilibrium point of the
system (34) is given by (X,7) = (0.380527,0.372984). More-
over, in Fig. 2 the plot of x, is shown in Fig. 2a, the plot of y,
is shown in Fig. 2b, and an attractor of the system (34) is
shown in Fig. 2c.

7. Conclusion

Anti-competitive system of planar rational difference equa-
tions has been studied by several authors [15]. It is very inter-
esting mathematical problem to study the qualitative behavior
of anti-competitive systems in higher dimension. This work is
related to qualitative behavior of an anti-competitive system
of second-order rational difference equations. We have inves-
tigated the existence and uniqueness of positive steady-state
of system (1). Under certain parametric conditions the bound-
edness and persistence of positive solutions is proved. More-
over, we have shown that unique positive equilibrium point
of system (1) is locally as well as globally asymptotically stable
under certain parametric conditions. Furthermore, rate of
convergence of positive solutions of (1) which converge
to its unique positive equilibrium point is demonstrated.
Furthermore, periodicity nature of positive solutions of this
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anti-competitive system is given. Illustrative numerical exam-
ples are provided to support our theoretical discussion.
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