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Abstract In this paper, exp-function method is used to construct generalized solitary solutions of
the Zakharov—Kuznetsov—Benjamin—-Bona—Mahony equation. It is shown that the exp-function
method, with the help of symbolic computation, provides a straightforward and powerful mathema-
tical tool to solve such nonlinear equations.The performance of the method is reliable, efficient and
it gives useful exact solutions.
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1. Introduction

The nonlinear partial differential equations play a pivotal role in
the mathematical modeling of diversified physical phenomena.
Finding exact solutions [1-27] of nonlinear evolution equations
(NLEEs) has become one of the most exciting and extremely
active areas of research investigation. The investigation of exact
travelling wave solutions to nonlinear evolution equations plays
a vital role in the study of nonlinear physical phenomena. The
wave phenomena are observed in fluid dynamics, plasma, elastic
media, optical fibers, etc. Many effective methods have been pre-
sented such as variational iteration method [1], homotopy per-
turbation method [2], Adomian’s decomposition method [3]
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and others [4]. The aim of the present paper was to extend the
exp-function method to find new solitary solutions and periodic
solutions for Zakharov—Kuznetsov—Benjamin—Bona—Mahony
equation. Recently, Shakeel and Mohyud-Din [5] used the
(G'/G)-expansion method to obtain solutions of Zakharov—
Kuznetsov—Benjamin—-Bona—Mahony equation.

2. Exp-function method

Consider the general nonlinear partial differential equation of
the type

)=0 (1)

Using a transformation

P(u7 Upy Uy Upgy Uy Usxy - -

n =kx + ot, (2)
where k and o are constants, we can rewrite Eq. (1) in the fol-
lowing nonlinear ODE,

)=0 (3)
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where the prime denotes derivative with respect to #.

According to the exp-function method, which was devel-
oped by He and Wu, we assume that the wave solutions can
be expressed in the following form

Zj:_(anexp(nn) @)

) =55 bexplmn)

where p, ¢, ¢ and d are positive integers which are known to be
further determined, a, and b,, are unknown constants. We can
rewrite Eq. (4) in the following equivalent form

u() = acexp(en) + -+ + a_qexp(—dn)
byexp(pn) + -+ + b-yexp(—qn)

(5)

To determine the value of ¢ and p, we balance the linear
term of highest order of Eq. (4) with the highest order nonlin-
ear term. Similarly, to determine the value of d and ¢, we bal-
ance the linear term of lowest order of Eq. (3) with lowest
order nonlinear term.

3. Solution procedure

3.1. Zakharov—Kuznetsov—Benjamin—Bona—Mahony equation

Consider the following Zakharov—Kuznetsov—Benjamin—
Bona—Mahony (ZK-BBM) equation

u; + uy — 2auu, — bug, = 0. (6)

Introducing a transformation as n = kx + wt we can con-
vert Eq. (6) into ordinary differential equations

o + ki — 2akuu’ — biou” =0, (7)

where the prime denotes the derivative with respect to #.The
trial solution of the Eq. (7) can be expressed as follows,

_ acexp(en) + -+ + a_qsexp(—dn)
byexp(pn) + -+ +b-yexp(=qn)’

To determine the value of ¢ and p we balance the linear
term of highest order of Eq. (7) with the highest order nonlin-
ear term and to determine the value of d and ¢ we balance the
linear term of lowest order of Eq. (7) with the lowest order
nonlinear term. We obtain p = ¢ and d = ¢.

3.1.1. Case 3.1.1

we can freely choose the values of ¢ andp, we balance the linear
term of highest order of Eq. (7) with the highest order nonlin-
ear term, but we will illustrate that the final solution does not
strongly depend upon the choice of values of ¢ and d. For sim-
plicity, we set p =c =1 and d = ¢ = 1 Eq. (5) reduces to

_ arexp(n) + ap + a_exp(—n)
biexp(n) + ap + b_1exp(—n)

®)

Substituting Eq. (8) into Eq. (7), we have
C, = wa,by + kaby — akaib_, + 2waghiby + 2kagh, by
— akaghy + ka b} + wa_\b; — 20ka_ya,b, — 4pwk’a b
+ Bak*agh by — 20kagayby — ok’ a by + 4pok’abib_,
+ 2wa byb_y + 2kabb_,

C_\ = wa_ by + ka_by — aka” \b_; + 2waph_;by + 2kagh_ by
— akayhy + kab* | + wab* | — 2oka_ab_,
— 4Bok’ab® | + Pok’agh by — 2akaga_ by
— BokPa_\b} + ABok’a_bib_ 4 2wa_1byb_
+ 2ka_1byb_,

C2 = —dkd%bo + 2(L)a|b1b0 + 2k(11b1b0 + kaob% + waob%
— BakPagh; + pok*abiby — 2ukaga; by

C_y — aka® by + 2wa_ib_ by + 2ka_1b_by + kaph” | + wagh*,
— BokPagh® | + pwk*a_b_by — 2ukaga b,

C; = fockafbl + kalbf + walbf
C;3= fakailb,] + ka,]bil + wa,lbil

Cy = —akalby + 2wa_byby + 20aphib_| + 20ab_1by
+ 2ka_1byby + 2kaghib_y 4 2karb_ by + kagby
+ wayh; — 3pwk’ab_ by — 3pwk*a_bby
+ 6Bwk’aghbib_y — 2okaga_1by — 2akaya_i by
— 2akaga,b_, 9)

are constants obtained by Maple 15. Equating the coefficients
of exp(nn) to be zero, we obtain

{C3=0C,=0, C,=0, C3=0C,=0, C,
=0, Cy=0} (10)

Solution of (10) we have following solution sets satisfy the
given equation,

3.1.1.1. 1st Solution set.

a2 (1-2k%+k*)

— — — —1
a1=0, aqg=ap, a=0, b =5 T

__k
D=5

by =LA =,

(11)

Figure 3.1a  Singular Kink wave solution of Eq. (12).
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We therefore, obtained the following generalized solitary
solution u(x, 7) of Eq. (6) (see Fig. 3.1a)

3.1.2.2. 2nd Solution set. Therefore, proceeding as before, we
obtain

3600/(417] 2
u(x,t) = 5 - _k_ - — - = _2k
(36bek S et +{ ao(— l+k)e Srea +12k2b1}ao(71+k2)> @ e 942 0, a=0, ag=ap, a 14K
_1_Kn _ 1+k2)
(12) a fzaﬂ(wig)ub-z =0, b.1=0, b= ) (18)
»
3.1.1.2. 2nd Solution set. by=b, b= %wa
= k a :Lllﬁ(l‘F/cz) “—=a a = Kb,
e L T e e (13) Hence we get the generalized solitary wave solution of Eq.
b :1176%(*’;2*"4) by = %%erkz)’ by, = b, (6) as follows (see Fig. 3.1d)
k™ by k
Koxtkle)
( [) (36016’ (k+D)(k=1) kb)
u(x, 1) =

k(—x+xk=+1)

We therefore, obtained the following generalized solitary
solution u(x, r) of Eq. (6) (see Fig. 3.1b)

36a0k* b,
u(x,) = —
(%617 Pyt +a0{a0( 1+K )cifw + 12k%b, }(—1 +k2)>
(14)
3.1.2. Case 3.1.2
If p=c=2and ¢ =d=2 then Eq. (5) reduces to
u(n) = arexp(2n) + arexp(n) + ap + a_jexp(—n) (15)
byexp(2n) + brexp(n) + bo + b_yexp(—n)
Proceeding as before, we obtain
3.1.2.1. Ist Solution set.
:%W, a,=0, a1=0, ay=0, ay=a;, a=0, b_,=0, »
2 2 4
by =0, by=bhy, bl:%M7 by = ! M

K 36 Kby

Hence we get the generalized solitary wave solution of Eq.
(6) as follows (see Fig. 3.1c)

(—xxk? 1)
(36[116’ "*'J

Sy

(a%(k — 1) (k+ 1)23*72?141)““) + 36k2b0{a1 (—1+1k)e

/(( x4 \A-

B 1 ion) )

3.1.2.3. 3rd Solution set.

—_k — — — —
w_71+k27 a72_07 a*l_oa ap=dap, a;=da,

a; =0, b,=0, by=bh,,
2 222 2kt 2
(ul =2ark”+ayk” —12k a0b2+1200h2k4>

—1 =
by =1 byk* > b

(20)

1L aoa (122 1kY)
36 byk? ’

a +aj 212 +3k>agby
lk

by=by,b =

We therefore, obtained the following generalized solitary solu-
tion u(x, 1) of Eq. (6) (see Fig. 3.1¢)
(36are T K by)
<a$(k— 1) (k -+ 1)2¢ i +36k2b0{a, (7;%1&)5%%%})
(21)

u(x,1)=

3.1.2.4. 4th Solution set.

)
_ bok® _ 1 Y
w=- 1+k” a2=0, a1 =0, a= 1+k2’ Qr=di, B=3670 (22)

2

a
110422 +k4)
16 pok*

b2=0, b_1=0, b

_ _ la(l+k2 o
=by, by=—44 b=

We therefore, obtained the following generalized solitary
solution u(x, r) of Eq. (6) (see Fig. 3.1f)

u(x, 1) =

k(=x+xk=+1) x+xk2 +1)

2h(—x+xk2+1)
(a%(k — 1) (k+1)e =D + 36k2b0{a1(—§+§k2)e EOED ko bo})
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k(—xxk2 4

(36,0 T K4bg)

Figure 3.1b  Singular Kink wave solution of Eq. (14).

Figure 3.1¢  Singular Kink wave solution of Eq. (17).

Figure 3.1d  Singular Kink wave solution of Eq. (19).

2Ue(—x+xk>+1) k(—x+xk2+1)
(af(k — 1) (k+1)%e =En 4 36k2b0{a1 (141K Fom + kzbo})

(23)

0

Figure 3.1e  Singular Kink wave solution of Eq. (21).
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Figure 3.1f  Singular Kink wave solution of Eq. (23).

In both cases, for different choices of ¢, p, d and ¢ we do not
get the same solitary solutions which clearly illustrate that final
solution does not strongly depends upon these parameters.

4. Conclusion

The exp-function method has been used to obtain generalized
solitary solutions of the Zakharov—Kuznetsov—Benjamin—
Bona-Mahony equation. This method can also be extended
to other nonlinear evolution equations (NLEEs). The exp-
function method is a promising and powerful method for
problems arising in mathematical physics. It is also observed
that the exp-function method is useful for finding solutions
of a wide class of nonlinear problems.
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