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In this paper, we prove a generalization of Chatterjea’s fixed point theorem, based on a
recent result of Pata. Also, we establish common fixed point results of Pata-type for two maps, as
well as a coupled fixed point result in ordered metric spaces. An example is given to show that new
results are different from the known ones.
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1. Introduction and preliminaries

Throughout this paper, (X, d) will be a given complete metric
space. Let us select an arbitrary point x, € X, and call it the
“zero of X”’; further, denote

lIx|| = d(x,x,), forall xe X.

It will be clear that the obtained results do not depend on the
particular choice of point xy. Also, ¥ : [0, 1] — [0, 00) will be a
fixed increasing function, continuous at zero, with (0) = 0.
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In a recent paper [1], Pata obtained the following refine-
ment of the classical Banach Contraction Principle.

Theorem 1.1 [1]. Let f: X — X and let A > 0,00 = 1 and
B € [0,0] be fixed constants. If the inequality

d(fx. fr) < (1= e)d(x,y) + A ()1 + [1x] + |1v]])] (L.1)

is satisfied for every ¢ € [0,1] and all x,y € X, then f has a
unique fixed point z € X. Furthermore, the sequence {f"x¢}
converges 1o z.

Chakraborty and Samanta extended in [2] the result of Pata
to the case of Kannan-type contractive condition.

In this paper, we prove a further extension of Pata’s result,
using contractive condition of Chatterjea’s type [3,4]. Also, we
establish common fixed point results of Pata-type for two
maps, as well as a coupled fixed point result in ordered metric
spaces. An example is given to show that new results are
different from the known ones.

1110-256X © 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2014.09.001&domain=pdf
mailto:kadelbur@matf.bg.ac.rs
mailto:radens@ beotel.net
mailto:radens@ beotel.net
http://dx.doi.org/10.1016/j.joems.2014.09.001
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2014.09.001

78

Z. Kadelburg, S. Radenovic¢

1.1. An auxiliary result

Assertions similar to the following lemma were used (and
proved) in the course of proofs of several fixed point results
in various papers.

Lemma 1.1 [5]. Let (X,d) be a metric space and let {y,} be a
sequence in X such that d(y,.,,y,) is nonincreasing and that

}ngcd(yn+l ’ yn) =0.

If {y,,} is not a Cauchy sequence then there exist a 6 > 0 and
two strictly increasing sequences {my.} and {n;} of positive inte-
gers such that the following sequences tend to 6 when k — oo:
d()’zm,,»)/znk)a d(yZmHyanJrl)’ d()’zmrn)’znk)v

(1.2)
d(yZMk—] 1y2nk+l)7 d(y2m;\+1 7y2n/(+1 )

2. A Chatterjea-type fixed point result

Theorem 2.1. Letf: X — Xandlet A = 0,00 = 1 and § € [0, 0]
be fixed constants. If the inequality

1—¢

+ AP ()L + x|+ Iyl + Il -+ Il @)
is satisfied for every ¢ €[0,1] and all x,y € X, then f has a
unique fixed point z € X.
Proof.

1. Uniqueness.For any two fixed u, v € X, we can write (2.1) in
the form

i ) < (o) + (v i) + Ko,
If fu = u and fv = v then
() < Kb,

for all ¢ € (0, 1], which implies that d(u,v) = 0.
2. Existence of z.
Starting from x,, we introduce the sequences

K> 0.

Xp =X,y =f'x0 and ¢, = [|x,]

2.1. First, we have that the sequence d(x,1,x,) is nonin-
creasing, that is
d(xn+luxn) < d(xmxn—l) <o <d(xl7x0)7 (22)
for all n € N.
Indeed, putting ¢ =0,x = x,,,y = x,_; in (2.1), we obtain
(2.2).
2.2. The sequence {c,} is bounded.
Using (2.2), we deduce the following estimate
en = d(xy, X0) < d(Xy, Xps1) + d(Xp1, x1) + d(x1, X0)
< d(x11,x1) + 21 = d(fx,, fx,) + 2¢1.
Therefore, we infer from (2.1) that

1—¢
Cp < T[d(xmxl) + d(xn+lax0)]

+ A (e)[1 + NP+ 2¢;.

|+ [l +

X X1

USing d(xm xl) < d(xm X()) + d(x07 X1 )a d(xn+l ) X()) < d(xn+l7
Xy) + d(x,,x0) and (2.2), as f < a, the previous inequality
implies that

en < (1 =8)(cu + 1) + AP (&)1 + 2¢, + 2¢1]" + 2¢
Now,

(14 2¢, 4 2¢1]" < (14 2¢,)"(1 4 2¢1)" < 2°E(1 + 2¢1)",
which implies that

en < (1 —8)e, +ag™y(e)ct + b,

for some a,b > 0. Hence,

ec, < ag”y(e)c + b.

Now, for the same reason as in [1], it follows that the
sequence {c,} is bounded.
2.3. lim,_ood (Xpi1,%x,) = 0.
For all ¢ € (0, 1] and for x = x,, y = x,_; we have

1—¢
d(x,,+1 s Xn) = d(fxn,fxn,l) < T (d(xna xn) + d(xn—l ) xn+1))

+ AP (&)[1 4 2[|xal + [ |
—¢€
(d(xp-1,x4)
K> 0. (2.3)

) <
() + K (),
If lim,, oo d(Xpy1,x,) = d° > 0, it follows from (2.3) that

d < Ki(e),

that is & = 0. A contradiction.
2.4. The sequence {x,},.y is a Cauchy sequence.
If it is not the case, choose 6 > 0, {m;} and {n;} as in
Lemma 2.1. Putting x = xo)—1, ¥ = X2, in (2.1), we
obtain
l—¢

5 (d(X2m(t)-15 X2u(i)+1)

+ d(Xam(k), Xan(r))) + Kep(e), (2.4)

where  d(Xomw), Xy +1) = 05 d(Xam)—1, Xan(y+1) — 0 and
d(Xom(k), Xanry) — 0. Letting k — oo in (2.4), we obtain

0 < Ki(e),

d(Xom(k), Xan(y+1) <

that is 0= 0, a contradiction.
Taking into account the completeness of (X, d), we can now
guarantee the existence of some z € X to which {x,} con-
verges.Finally, all that remains to show is:
2.5. z is a fixed point for f.
For this we observe that, for all » € N and for ¢ = 0,

d(f27 Z) < d(fzv xn+]) + d(xn+l7z) = d(fZLf:’Cn) + d(anrle)

1 .
3 (d(z, xp41) + d(fz, x,)) + d(Xny1,2)-

Hence, d(fz,z) <1id(fz,z), that is fz =z, which is the
required result. [

N

The classical Chatterjea’s result [3] is a consequence of
Theorem 2.1, since the condition

e, ) < 5 (0w, ) + 0, 1)

for some 2 €[0,1) and all x,y € X, implies condition (2.1).
This can be proved in the same way as in [I, Section 3], or
[2, Section 3].
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3. Common fixed point results

In this section, we deduce some common fixed point results
using a Pata-type contractive condition.

Let fand g be two self-mappings of the given metric space
(X, d), such that fX C gX, and at least one of these subspaces
of X is complete. Choose arbitrary x, € X and denote
Yo = fx,; this time, for x € X, denote ||x|| = d(x, y,). Suppose
that the function s has the same properties as in the previous
section.

Theorem 3.1. Let A > 0, o > 1 and f € [1,a] be fixed con-
stants such that the inequality

d(fx,fy) < (1 —¢) d(gx,gy)
+ Ay (@)1 + Jlgx] + llgyl]’ (3.1)

holds for each ¢ € [0,1] and for all x,y € X. Then the pair (f,g)
has a unique point of coincidence. If, moreover, the pair (f,g) is
weakly compatible then f and g have a unique common fixed
point z € X and for an arbitrary initial point x € X, each corre-
sponding Jungck sequence y, = fx, = gx, . converges to z.

Proof. First of all, note that A can be supposed to be positive,
otherwise we have the classical Jungck’s result.

Starting from the given point xy, and using that /X C gX,
construct a usual Jungck sequence {y,} by y, = fx, = gx,,1,
n=0,1,2,... We proceed by proving the following steps.

1. If the pair (f,g) has a point of coincidence w then it is
unique.
Indeed, let wy = fu, = gu, and w, = fu, = gu,, and let
¢ = 0 be arbitrary. Then
d(wi, w2) = d(fu,, fu,)
< (1= &)d(guy, guy) + Ae (&)1 + [|guy || + [lgus )"
= (1 = &)d(wi, w2) + Ke"§ (e),
where K = A[l + ||gu, || + ||lgus|]]’ > 0. Hence, d(wy,w,) <
Ke* W (e). Using the properties of function y, it follows

that w; = w,.
2.d(y,1,,) L= 0.

This is obtained by putting e = 0, x = x,,1,y = x, in (3.1).
3. The sequence {c,}, where ¢, = d(y,,,), is bounded.

We have

en = d(y,,30) < Ay, Y1) +d(@er 1) +dvi,30)
= d(ymynJrl) + d(ﬁcnﬂvfxl) + d(yl»yo)
<2+ (1 —¢) d(ng“gxl)
+ AW [T+ [ || + llgxa )]’
= 2¢1 + (1= &)d(y,, vo) + AW ()1 + [y, || + [lyoll)
<2¢1 4 (1 = ¢&)e, + AP (e)[1 + )"
< (1 —&)e, +aey(e)c + b, a>0, b>0,
ie.
ec, < ag™y(e)ch + b.

If we suppose that {c,} is not bounded, we obtain a contra-
diction, similarly as in [1].

4.6=0.
First of all, we have that

d(yn+17yn) = d(fxn+l7.fx11)
< (1 - 8) d(gx11+17gxn)
+ AP (e)[1+ ||gx, || +

B
I
Now, using that {c,} is bounded and modifying the con-
stant A, we get that

d(yn+l7yn) < (1 - 8) d(ymyn—l) + Kgxl//(gx
wherefrom, passing to the limit as n — oo,
0 < (1 —¢&)o+ Ke*y(e),

ie., 6 < Ke* '(e), hence § = 0. (Note that we have taken
g€ (0,1]).

5. Using now Lemma 1.1 in the usual way and taking into
account that {¢,} is bounded, we can prove that {y,} is a
Cauchy sequence.

6. Suppose that gX is a complete subspace of X (the proof
when fX is complete is similar). We have that
YV, =8gx,. — gz, for some zeX. But then, putting
e=0,x=x,,y==z in (3.1), and passing to the limit, we
get that fz=gz=1im, .y, Hence, fz=gz=w is a
(unique) point of coincidence of (f,g).

7. If the pair (f, g) is weakly compatible, by a classical result,
it follows that z is a unique common fixed point of fand g.

g%y

Finally, note that the choice of the initial point x for the
Jungck’s sequence is irrelevant. [

Putting g = iy in the previous theorem, we get Theorem 1.1
as a consequence.

Clearly, Theorem 3.1 generalizes the classical Jungck’s
result [6].

In a very similar way, the following results of Pata—Kannan
and Pata—Chatterjea type can be proved for two mappings.

Theorem 3.2. Let A > 0,00 = 1 and f € [1,0] be fixed con-
stants such that the inequality

d(f ) < 1 () + d(f, )

+ A (@) [1+ ]+ I+ gl + llgo )

holds for each ¢ € [0,1] and for all x,y € X. Then the pair (f,g)
has a unique point of coincidence. If, moreover, the pair (f,g) is
weakly compatible then f and g have a unique common fixed
point z € X and for an arbitrary initial point x € X, each corre-
sponding Jungck sequence y, = fx, = gx,, converges to z.

Theorem 3.3. Let A > 0,00 > 1
constants such that the inequality

and Be|[l,a] be fixed

() <15 A ) + g )

+ Ay () [+ ]+ Il + gl + llgw)”-

holds for each ¢ € [0,1] and for all x,y € X. Then the pair (f,g)
has a unique point of coincidence. If, moreover, the pair (f,g) is
weakly compatible then f and g have a unique common fixed
point z € X and for an arbitrary initial point x € X, each corre-
sponding Jungck sequence y, = fx, = gx,,, converges to z.
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4. Coupled fixed point results

First of all, note that all the obtained results can be easily for-
mulated and proved in versions adapted to ordered metric
spaces. For example, the following form can be given to the
basic Pata’s Theorem 1.1.

Theorem 4.1. Let (X, <,d) be a complete ordered metric space
and let A = 0,0 > 1 and B €[0,0] be fixed constants. Let
f: X — X be a non-decreasing map such that there exists x
satisfying xo = fxq. If the inequality

d(fx.fy) < (1= e)d(x,y) + AP(e)[1 + [Ix] + |]) (4.1)

is satisfied for every ¢ € [0, 1] and all comparable x,y € X (i.e.,
such that either x Xy or y X x holds), then f has a fixed point
zeX.

X

The notions of a coupled fixed point and a mixed monotone
mapping were introduced and investigated by Guo and
Lakshmikantham in [7]. Further, a lot of authors obtained
several results of this kind.

Recall the following notions.

Let (X, <) be a partially ordered set and F: X x X — X.

(1) F is said to have the mixed monotone property if the
following two conditions are satisfied:

(Vx1,x2,y € X) X1 2 x2 = F(x1,¥) 2 F(x2,),
(VX, 01,00 € X) py 2 yy = F(x, 1) = F(x, ).

(2) A point (x,y) € X x X is said to be a coupled fixed point
of Fif F(x,y) =x and F(y,x) = y.

Coupled fixed point results under Pata-type contractive
conditions were obtained by Eshaghi et al. in [§]. Their basic
result was the following.

Theorem 4.2 [8]. Let (X,=,d) be a complete ordered metric
space and let F : X x X — X be a continuous mapping having the
mixed monotone property. Suppose that there exists xo,y, € X
such that xy < F(xq,y,) and yy = F(yy, x0), for x,y € X, denote
lx, y|| = d(x,x0) +d(y,y0). Let A = 0,00 = 1 and € [0, 0] be
fixed constants. If the inequality

AU, ), Fl ) < ) + ()]

+ A ()1 + [lx, ]+ fl, v} (4.2)

is satisfied for every ¢ € [0,1] and all (x,y), (u,v) € X x X with
u=x,y 2, then F has a coupled fixed point in X x X.

A new approach to these problems was initiated by
Berinde in [9] and further developed, e.g., in [10—12]. The
basic idea is to exploit results for mappings with one variable
and apply them to mappings defined on products of spaces.
We are going to apply this approach to problems with
Pata-type conditions and we are going to show that better
results can be obtained in this way than by a classical
procedure used, e.g., in [8].

The following lemma is easy to prove.

Lemma 4.1 [11].

(i) Let (X, =,d) be an ordered metric space. If the relation C
is defined on X* by

YOV < x=Xulyrv, Y=(x,),V=_(uv) €X?

and D : X* x X* — R" is given by

DY, V) =d(x,u) +d(y,v), Y=(x),V=(uvr) X,

then (X*,C, D) is an ordered metric spaces. The space
(X*,C, D) is complete iff (X,=,d) is complete.
(it) If F: X x X — X has the mixed monotone property, then
the mapping Tr : X* — X° given by
TrY = (F(x,y),F(y,x)), Y= (x,y) € X
is nondecreasing w.r.t. C, i.e.
YOV = TYC T:V.
(iil) (x,») € X x X is a coupled fixed point of Fiff Y = (x,y) is
a fixed point of Tr.
(iv) If F is continuous from (X*,D) to (X,d) (i.e. x, — x and
Y, — yimply F(x,,v,) — F(x,y)) then Tp is continuous in
(X*,D).

Using these results, we can formulate and prove the follow-
ing coupled fixed point result under Pata-type contractive
condition.

Theorem 4.3. Suppose that all the conditions of Theorem 4.2
hold, except that the condition (4.2) is replaced by
d(F(x,y), F(u,v)) + d(F(y, x), F(v,u))
< (1 - B)[d(x7 ll) + d(y7 V)}
+ A (&) [+ [|x, yl| + [lu, ] (4.3)
Then F has a coupled fixed point in X x X.

Proof. Consider the space (X*,C,D) and the mapping
Tr: X* — X? described in Lemma 4.1. It is easy to show that
they satisfy all the conditions of Theorem 4.1; in particular
the contractive condition of the form

D(TvY, TpV) < (1= &)D(Y, V) + A (&)[1 + || Y] + || V]])"
holds for all comparable (w.rt. C) Y,V € X? where
Y]l = [I(x, »)ll = D((x,»), (X0, 0)). Applying Theorem 4.1,
we obtain the desired result. [

Remark 4.1. It is easy to show that each example which can be
handled using Theorem 4.2 can also be handled using
Theorem 4.3. The example that follows this remark will show
that the converse is not true.

Indeed, suppose that (x,y),(u,v) € X> are comparable
w.r.t. C. Applying (4.2) to the pairs (x,y) and (u,v), we get
that

—¢
2
+ AW (&)1 + D(Y, Yo) + D(V, Yy))".
(4.4)

d(F(x,y), F(u,v)) < ! D(Y,V)
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Applying the same inequality to the pairs (y,x) and (v,u), we
obtain

d(F(y,x),F(v,u))
TP+ AP+, 30) + )+, )+ )

<SPV, V) + ALY DY, Vo) + DV, Vo) +-4d(x 3]

(4.5)

Adding up the inequalities (4.4) and (4.5), and writing tempo-
rarily A = D(Y, Y,) + D(V, Yy), we get the following estimate:

D(T;Y, TpV) < (1 — &)D(Y, V) + Ae"Y(e){[1 + 4"
+ [T+ A+ 4d(x0, )"} (4.6)
Now,

4d(x0,¥0) !
1+4

<O AP[L+ (14 4d(xap)"] = Cl1+ AT,

1+ A+ [14+ 4 +4d(x0,3,)) =1+ 4)"

(1

where C is a constant (not depending on Y, V' and &). Hence,
putting A, = AC, (4.6) can be written as
D(TwY, TeV) < (1 - &)D(Y, V)

+ A (e)[1 + D(Y, Yo) + D(V, Yy)),

which means that all the conditions of Theorem 4.3 are
fulfilled.

Example 4.1. Let X =R be equipped with the usual metric
and order. The mapping F:Xx X — X defined by
F(x,y) = 1(x —4y) is obviously mixed monotone. It is easy
to obtain that

x—4y u—4v
6 6
‘y—4x_v—4u‘

d(F(xvy)>F(u7 v)) +d(F(y7 x),F(v, u)) -

6 6

<Ly oy
S 6"

bl =l +gl—u
6" 6

5
= 2{d(x,u) +dly, )

ie., D(TpY, TrV) < AD(Y, V), where 4 = 2. Further, we follow
the procedure as in [1, Section 3], only we write it with some
details that were skipped in [1].

First of all, for arbitrary ¢ € [0,1], write the obtained
inequality in the form

D(THY, TpV) < (1 —e)D(Y, V) + (A +&— 1)D(Y, V)

S0 =e)D(Y, V) + (A +e— DY+ V-

We want to prove that there are some y > 0 and A4 > 0 such
that

(Z4e= DY+ V) < 471+ (| Y] + V),
holds for each ¢ € [0, 1] and all comparable ¥, ¥ € X*. Indeed,
this will be the case if one can find 4 > 0 such that

Ate—1
T

A=

holds for some y > 0 and each ¢ € [0, 1]. By a routine proce-
dure, it is easy to show that this is the case if we chose y such

that 14 > 1 — A and then
v

Y 1
Hence, we have that, for the chosen y and 4,
d(F(x,p), F(u,v)) +d(F(y, x), F(v,u)) < (1 =) [d(x,u) +d(y,)]
+Ae 1+ [yl + vl

for each ¢ > 0 and all x, y,u,v € X with u < x, y < v. Thus, the
conditions of Theorem 4.3 are fulfilled (with o = f = 1), and
the mapping F has a coupled fixed point (which is (0, 0)).

On the other hand, suppose that the condition (4.2) of
Theorem 4.2 holds, i.e.,

1

x—4y u—4v —¢&
S < -+ -]

6 6

+ AP+ [, ]+ [l ]

is satisfied for each ¢€[0,1] and all x,y,u,v€ X with
u < x,y < v Taking ¢ =0 and x = u, we obtain that

2= <t
3}/ V\zy v

which obviously cannot hold (except when y = v).

5. An open question

The following would be a Pata-version of the well-known
Ciri¢’s result on quasicontractions (see, e.g., [4]).

Question 5.1. Prove or disprove the following. Let f: X — X
and let 4 > 0, « > 1 and € [0,0] be fixed constants. If the
inequality

d(fx.fy) < (1 —¢)
x max{d(x,y), d(x,/x),d(y, /), d(x.fy), d(y./x)}
+ Ay (&)1 + |1x] + Ivll)"

is satisfied for every ¢ € [0, 1] and all x,y € X, then f has a
unique fixed point z € X. Furthermore, the sequence {f"x,}
converges to z.
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