Journal of the Egyptian Mathematical Society (2016) 24, 83-85

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

‘
€ — o ) WWWw.etms-eg.org
“’G@.&uﬂ‘”’ www.elsevier.com/locate/joems

ORIGINAL ARTICLE

Characterization of distributions by conditional ) comvin
expectation of record values

A.H. Khan, Ziaul Haque *, Mohd. Faizan

Department of Statistics and Operations Research, Aligarh Muslim University, Aligarh 202002, India

Received 1 February 2014; revised 24 July 2014; accepted 3 August 2014
Available online 3 March 2015

KEYWORDS Abstract A family of continuous probability distributions has been characterized by two
Characterization; conditional expectations of record statistics conditioned on a non-adjacent record value. Besides
Continuous distributions; various deductions, this work extends the result of Lee [8] in which Pareto distribution has been
Conditional expectation; characterized.

Record values
2010 MATHEMATICS SUBJECT CLASSIFICATION: 62E10; 62G30; 60E05

© 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

1. Introduction

1 - 11 /)
—— |—InF(y) + In F(x =
G —p - MW Il E
Characterizations of distributions through conditional expec- x <y, (1.1)
tations of record values have been considered among others _
by Nagaraja [1], Franco and Ruiz [2], Wu and Lee [3], Ragab  Where Flx)=1- F(x) o -

[4], Athar et al. [5], Gupta and Ahsanullah [6]. Lee [8] has characterized Pareto distribution by conditional

Let X,, Xa, ... be a sequence of independent, identically expectation of two records X, and X, conditioned on X,,(,.,,)
distributed continuous random variables with the distribution ~ [or all s > r>m, where s =7 + I, r + 2 and r + 3. In this
function (df) F(x) and the probability density function (pdf) paper we have characterized a general class of distributions
S(x). Let X, be the s-th upper record value, then the condi- F(x) = [ah(x) fb]t by the conditional expectation of X
tional pdf of X, given X,y = x, 1 <r < s is Ahsanullah [7] and X, conditioned on X, for all s > r > m, thus extend-

ing the results of Lee [8].

f(Xu(v) |Xll(l) = X) =

2. Characterization results
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variable with the df F(x) and the pdf f(x) on the support
: (a,B), where o and p may be finite or infinite. Then for
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E[h(Xu(r)) |Xu(m) = X} = LZ*E[h(
if and only if

F(x) = [ah(x) + b], (2.2)

Xu(r‘)) |Xu(m) = X] + b (21)

where a* = (‘—) o and b* =

c+1

b1 —a).

Proof. In view of the Athar et al. [5], we have

E[1( X)) | Xuomy = x] = ajh(x) + by, (233)
where,

. ¢ s—m . b .
al:(c+1) and b1:—5(1—a1)

and
E[/’I(Xu(,)) |X,,(m) = X} = d;]’l(x) + b; (24)
where

. c r—m . b .
aZ:(C_H) and bzz—a(l—az).

Using (2.3) and (2.4), it is easy to establish (2.1).

For sufficiency part, we have

B .
ﬁ W) [ F) + In F)] )y

4 /h
+HEX) (2.5)

Differentiate both the sides of (2.5) w.r.t. x, to get

(s—m _l/h
_ (r—m —l/h

—InF(y) + nF(x)] ™" fy)dy

—InF(y) + InFx)]"" ?%f(y)dy

r—m—2

—InF(y) + In F(x)]

Y (x)
= —b .
< B0y~ 1)
after noting that if B = fl f(x,y)dy then
OB N du O af(x, y)
e =g fsu g [0y
Therefore,

1 B - = s—m—2
T MO T+ ) )y
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- —m-2 ,
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+ b F(x).

Similarly, differentiating (r — m — 1) times both the sides w.r.t.

X, we get

/h
I'(s—r) J,

a'h(x) +b" = g, (x).

—InF(y) + InF(x)]"" %d

Using the result (Khan et al. [9]),
E[h (X"(S)) |X"(r) = X] = gslr(x)
we get,

F(x) — f:A(z)dt

where
gy, (1) ach' (1) [
A(t) = . =— and lim A(t)dt =
( ) gs\r([) — 8yjr+1 (I) [ah(t) +b} =By ( )
Thus,

F(x) = [ah(x) + ]

and hence the theorem. [

Remark 2.1. At r = m, h(x) = x, we get the result as obtained
by Franco and Ruiz [2,10], Athar et al. [5], Ahsanullah and
Wesolowski [11], Dembinska and Wesolowski [12], Khan
and Alzaid [13].

Remark 2.2. Lee [8] has obtained characterization result for
Pareto distribution

Fx)=x" x>1, 0>0, 0#1,
which can be obtained by putting ¢ =1, b =0, ¢ = — 0,

h(x) =xats=r+ 1,r + 2and r + 3 in the Theorem 2.1.

Remark 2.3. Ata=—-¢b=1,¢c— o0

F(x) = e
et al. [14].

,a > 0, reduces to the result as obtained by Khan

3. Examples based on the distribution function

F(x) = 1 — [a h(x) + b

Proper choice of @, b and h(x) characterize the distributions as
given below:
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Distribution F(x) a b @ h(x)

Power function a ’xt —a? 1 1 X’
0<x<a

Pareto 1—d’x? a’! 0 —p x,p#1
a<x < oo a’ 0 —plq xlq>0p#q

Beta of the first kind 1—(1—x)Y 1 0 plq 1-x%qg>0
0<x«<l1 -1 1 )4 X

Weibull 1 = @ 1 0 0lq e ™ g>0
0<x < o0

Inverse Weibull Ca -1 1 1 e
0<x < oo

Burr type 11 1+ e " -1 1 1 1+ e
—00 < Xx < 00

Burr type 111 1+ x* =il 1 1 a+x9*
0<x < oo . .

_x\ /]~ —x\1/e] ™

Burr type IV [1 + (&) F] -1 1 1 [1 + (&) C]
0<x<c¢

Burr type V [1 + ¢ e 7% -1 1 1 [1 + ¢ etk
—7m/2 < X < /2 .

Burr type VI [1 + ¢ e Fsinhx)=k 1 1 1 [+ ¢ okoim*
—00 < x < 00

Burr type VII 2751 + tanhx) — 1 1 [1 + tanhx]®
—00 < x < 00

Burr type VIII (2 tan’lex)k 7(%)" 1 1 (tan"ex)k
—00 < X <k 00 .

Burr type X (1 — e’x2> -1 1 1 (1 — e’x2>
0<x<o0

Burr type XI (x — Z'—nsinan)k —1 1 1 (x — ﬁsiancx)k
0<x<1

Burr type XII I—(1 +0x")™ 0 1 —m X, m# 1
0<x < o0

Cauchy % 4F %tan’lx —% % 1 tan~'x
—00 < X < @
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