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Abstract

We determine all permutation graphs of order <9. We prove that every bipartite graph

of order <50 is a permutation graph. We convert the conjecture stating that “every tree is a permu-
tation graph” to be “‘every bipartite graph is a permutation graph”.
© 2011 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

Open access under CC BY-NC-ND license.

1. Introduction

Hegde and Shetty [1] define a graph G with p vertices to be a
permutation graph if there exists an injection f from the set
of vertices of G to {1, 2, 3,...,p} such that the induced edge
function g, defined by

i) < )
b i flu) < S00)
is injective, where pﬁ'\‘; denotes the number of permutations of
f(u) things taken f{v) at a time.

They prove: K,, is a permutation graph if and only if n < 5;
They said: ““Since the edge values in any permutation labelings
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are large numbers, investigations of suitable additional con-
straints to control edge values is a scope for further study”. Also
they strongly believe that all trees admit permutation labelings.
Baskar Babujee and Vishnupriya [2] prove the following graphs
are permutation graphs: P,; C,; stars; graphs obtained adding a
pendent edge to each edge of a star; graphs obtained by joining
the centers of two identical stars with an edge or a path of length
2, and complete binary trees with at least three vertices. Here we
investigate the permutation labelings for graphs of order <9, we
conjecture that every bipartite graph is a permutation graph,
armed with proving this conjecture for bipartite graphs of order
<50. Hence the conjecture that every tree is a permutation graph
by Hegde and Shetty is true for trees of order <50.

2. Permutation labeling

Lemma 2.1. If G is a permutation graph then G\e( = the graph
obtained from G by deleting the edge e) is also a permutation

graph.

Proof. Since there is no repeated edge labels in G then we use
the same labeling of G to label G\e, so G\e has no repeated
edge labels. O

Now suppose i, j, k, [ be positive integers and let us verify
when p/ = Py, wherei#k,j# /1. 1fj > land i > k then it is clear
that pf > ph. So without any loss of generality a necessary con-
dition for p} to be equal to piisj > land i < k. For example
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pi=p3=6. Note that if pj=p},j>1 e NG=D'=1/ V24N V[25] = {368406749739154248105984000000}
(I=k) =/l = (- - )':>P1(, )= (, ; i+h)" 30 _ p29 30 _

For obtaining all pairs of permutation of this type we define = Py=Pi=P' =P
the following sequences. V35| N V[36]
{1y ={i;i=2,3,4,...} = {278771055109698392568083850445339597209600000000}
{2} ={ii+1);i=2,3,4,...} =>Pi=Pl=P"=

{3} ={ii+ D)(i+2);i=2,3,4,...}
(Y =i+ D+ 2)(i+3);i=2,3,4,...}

(X ={ii+D)(i+2)...(i+j-1)i=2,3,4,...}

For each sequence {x/} let Z/ = (i+j+ 1).

Every common member between two sequences gives us
two pairs of equal permutations. For example 720 = 8 x 9x
10=x3 € {x]} also 720=2x3x4x5x6=x] € {x}} ie.
101/7! = 6!/1! = 10'/6' = 7'/1' and that gives us the following
permutations: p1° —p5 = pid =pl.

Note that pll =7 x8x9x10¢€ {x}},pl0 =2 x 3 x 4x
5x6x7¢€{x}. ie. it is a common member between these
two sequences. By using mathematica e.g. we collect those
common members between every two sequences, where Z, is
not greater than 50, we denote the elements of the sequence
{x/}, in which Z, < 50 by V[j] since j is fixed within every
sequence.

Then we execute the intersection between V[j;] and V],
J1 < ja, if max V[j|] = min V[j,], since otherwise the intersec-
tion will be empty set.

For j; = 2, 3,...,48 we get:

V11N V2] = {6,12,20,30,42} and that means:

6=2x3=06!/5!=3/1l= P} =P} = P;="P;
12=3x4=12/11!=4!/2! = P> = P} = P’ = P}/
20 =4 x5=20!/19! = 5!/3! = P’ = P} = P} = P},
30 =5x 6=30!/29! = 6!/4! = P = P§ = P3| = P
2=6x7=421/411=7!/5= PP = P] = P}; = Py
V(1N V3] = {24}
24=2x3x4=241/231=41/11 = P* = Pi =
V(2] N V3] = {210}

210 = 14 x 15 = 15!/13!

24 __ p23
P207P22

=PP210=5x6x7="7/4=P]

= P = Pl = pis = pi3
similarly,

VBN VA = (120) > P = P = Pl = P}
VBN VS = {720} = P = P{ = Pl = P]
V4 N V6] = {5040} = P}’ = P] = P}* = P§

V(8] N V[9] = {19958400, 259459200}
= PP =P = P’ =P P =P = P’ = P}
V[15] N V[16] = {20274183401472000}
= Pis=Pig= P" =P}
V[20) N V]22] = {25852016738884976640000}

= Py =P =P'="r;

Finally, we put these pairs in a table, where {j,i} and {Lk},
{iy—1} and {j—1ij—/—1i+ k} are the indices that cause
the pairs of equal permutations.

n U, 1} L, k} UJi—0 U—ij—Il—i+k}
<10 {61} (3.2} (6,3} (5.4}

<12 {103} (6.5} {10,4} (7,6}

<15 {121} {42} (12,8} (11,9}

<20 {152} (7.3} (15,8} (13,9}

<24 {201} {52} (20,15} (19,16}

<30 {241} (4.3} (24,20} (23,22}

<42 (301} {52} (30,25} (29,26}

<50 (42,1} (7.2} (42,35} (41,36}

Let G be a graph of order n < 50 We can easily see all pairs
of permutations p, = p, and p(/; p(/ , i) , wherej < n.

Now to check whether this graph is a permutation graph
or not, we try to avoid one of the pairs (j, i) or (/, k) to be
labels of two adjacent vertices. Also we avoid one of the pairs
(G,j—Dor (j—i,j—1—1i+ k) to be labels of two adjacent
vertices.

If this is possible for all these pairs, then the graph G is a
permutation graph.

3. Results

Theorem 3.1. Among all graphs of order <9 the only graphs,
which are permutation graphs, are K,,K,\e,wheren = 6,7, 8, 9.

Proof. In K,,n = 6 each of the pairs: {6,1}, {3,2}, {6,3} and
{5,4} will be found as labels of adjacent vertices, in K,\e we
can avoid just one of them, but it remains the others, which
cause repeated edge labels.

All graphs of order <5 are permutation graphs (there are
no pairs of equal permutation). For the remaining graphs we
prove first that the graphs {Kg\e;}\e, are permutation graphs
as follows: we have two possibilities to remove e; and e,.

(1) They are adjacent, so we leave two vertices of degree 4
and one of degree 3. (2) they are not adjacent, so we leave four
vertices of degree 4. In (1) we give the vertex of degree 3 the
label 6 and give the two other vertices of degree 4 the labels 1
and 3. So each of the permutations P¢ and P; appears just
once. In (2) we give the four vertices of degree 4 the labels 3, 2,
4 and 5.

Hence we avoid repeated edge labels in both cases. The
same argument can be applied for the graphs {K,\e}\ ez, n =
7,8, 9.

Here Lemma 2.1 completes our proof. [

Theorem 3.2. All bipartite graphs of order n <
tion graphs.

50 are permuta-
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Proof. We prove this theorem for complete bipartite graphs
K, s, then Lemma 2.1 completes the proof. First if n = r +
s < 5 then K, is a permutation graph. Now it is always possi-
ble for us to put the vertex labels that cause repeated edge
labels in one partite set as follows: when 6 < n < 10, this case
is excluded by Theorem 3.1 and Lemma 2.1.

When 10 < 7 < 12, we put the vertex labels 1, 3, 4, 6, 10 in
one partite set, hence each of the permutations P¢, P§, P’ and
Pio might appears once, so there is not repeated edge labels.

And so on when 12 <n < 15,ifn = 12, r = s = 6, we put
the vertex labels 1, 3, 4, 6, 10, 12 in one partite set, and we put
the vertex labels 9, 11 in the other, otherwise we put 1, 3, 4, 6,
10, 12, 8 in the partite set of the greater order, so there is not
repeated edge labels in both cases.

When 15 <n < 20, we put the vertex labels 2, 3, 4, 6, 8, 10,
12, 15 in one partite set, so there is not repeated edge labels.

When 20 < n < 24, we put the vertex labels 2, 3, 4, 6, 8, 10,
12, 15, 5, 20 in one partite set, so there is not repeated edge
labels.

When 24 < n < 30, we put the vertex labels 2, 3, 4, 6, 8, 10,
12, 15, 5, 20, 24 in one partite set, so there is not repeated edge
labels.

When 30 < n < 42, we put the vertex labels 2, 3, 4, 6, 8, 10,
12, 15, 5, 20, 24, 25, 30 in one partite set, so there is not
repeated edge labels.

When 42 < n < 50, we put the vertex labels 2, 3, 4, 6, 8, 10,
12, 15, 5, 20, 24, 25, 30, 7, 35, 42 in one partite set, so there is
not repeated edge labels.

By Lemma 2.1 we deduce that every bipartite graph is a
permutation graph. (since it is a complete bipartite graph after
a sequence of removing edges). [

Remark 3.3. We see by mathematica that, when the order of a
bipartite graph increases exceeding 50,then the frequency of
the appearance of the pairs {j, i}, {/, k}, {j, j— [} and {j — i,

j—1—1i+ k}, which cause equal permutations, is low com-

pared with the widen of the partite set of the greater order, that
allows us to stand the following open problem:

Open Problem 3.4. Prove that every bipartite graph has a per-
mutation labeling for n > 5I.

Corollary 3.5. Every tree of order <50 is a permutation graph.

Proof. Straight forward since every tree is a bipartite
graph. [
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