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. Introduction 

he fuzzy concept has overrun almost all branches of mathe- 
atics since the definition of the concept by Zadeh [1] . Fuzzy 

ets have applications in many fields such as information [2] and 

ontrol [3] . The theory of fuzzy topological spaces was defined 

nd developed in the first time by Chang [4] and since then
arious notions in general topology have been generalized to 

hang’s fuzzy topological spaces. Šostak [5] and Kubiak [6] in- 
roduced the fuzzy topology as an extension of Chang’s fuzzy 
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opology. It has been developed in many directions. Šostak [7] 
lso published a survey article of the developed areas of fuzzy
opological spaces. The topologistes used to call Chang’s fuzzy 
opology by “L -topology” and Kubiak–Šostak’s fuzzy topology 
y “L -fuzzy topology” where L is any an appropriate lattice. 

Intuitionistic fuzzy sets [8] have been found to be highly prof-
table to deal with vagueness. While fuzzy sets only give a mem-
ership degree to each element of the universe, and the non-
embership degree equals one minus the membership degree, 

n intuitionistic fuzzy set theory the two degrees are more or
ess independent. 

Intuitionistic fuzzy sets followed the same steps of fuzzy sets 
n topology. Çoker and his colleague [9–11] defined intuitionistic 
uzzy topology in Chang’s sense and in Kubiak- Šostak’s sense. 
hereafter came the definition of intuitionistic fuzzy gradation 

f openness by Samanta and Mondal [12,13] . 
Working under the term “intuitionistic” discontinuous due 

o some doubts around it. In 2005, Dubois et al. [14] showed
duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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that there are terminological difficulties in intuitionistic fuzzy
set theory. In the same year, Atanassov [15] responded to
Dubois questions defending his concept. 

Gutiérrez Garcia and Rodabaugh [16] ended these contro-
versy. They proved that this term is not suitable in mathematics
and also its applications. Their conclusion was to work under
the term “double”. The notions studied under the term “in-
tuitionistic” were given new names. Double fuzzy topology re-
placed intuitionistic fuzzy gradation of openness. 

Our motivation in this paper is to define new functions in
L -double fuzzy topological spaces based on the concepts ( r , s )-
fuzzy semi-preopen and ( r , s )-fuzzy semi-preclosed subsets and
investigate some of their properties. 

2. Preliminaries 

Throughout this paper (L, ≤, 
∧ 

, 
∨ 

, ′ ) is a complete DeMorgan
algebra, X is a nonempty set. L 

X is the set of all L -subsets on X .
The smallest element and the largest element in L 

X are denoted
by ⊥ and � , respectively. A complete lattice L is a complete
Heyting algebra if it satisfies the following infinite distributive
law: For all a ∈ L and all B ⊂ L , 

a ∧ 

∨ 

B = 

∨ 

{ a ∧ b | b ∈ B} . 

An element a in L is called a prime element if a ≥ b ∧ c implies
a ≥ b or a ≥ c . An element a in L is called co-prime if a ′ is prime
[17] . The set of non-unit prime elements in L is denoted by P ( L ).
The set of non-zero co-prime elements in L is denoted by J ( L ). 

The binary relation ≺ in L is defined as follows: for a , b ∈
L , a ≺ b if and only if for every subset D ⊆ L , the relation b ≤
sup D always implies the existence of d ∈ D with a ≤ d [18] . In
a completely distributive DeMorgan algebra L , each element b
is a sup of { a ∈ L | a ≺ b }. A set { a ∈ L | a ≺ b } is called the
greatest minimal family of b in the sense of [15,19] , denoted by
β( b ), and β∗(b) = β(b) ∩ J(L ) . Moreover, for b ∈ L , we define
α(b) = { a ∈ L | a ′ ≺ b ′ } and α∗(b) = α(b) ∩ P(L ) . 

An L-fuzzy point in L 

X is an L -subset x λ, where λ ∈ L ⊥ =
L − {⊥} , such that x λ(y ) = λ when y = x and ⊥ otherwise.
For L -subsets U , V ∈ L 

X , we write UqV to mean that U is
quasi-coincident (q-coincident, for short) with U , i.e., there ex-
ists at least one point x ∈ X such that U (x ) �≤ U (x ) ′ . Nega-
tion of such a statement is denoted as U ¬qV . Let f : X → Y be
a crisp mapping. Then an L-fuzzy mapping f → 

L : L 

X → L 

Y is
induced by f as usual, i.e., f → 

L (U )(y ) = 

∨ 

x ∈ X, f (x )= y U (x ) and
f ← 

L (V )(x ) = V ( f (x )) . 
An L -topological space (or L -space, for short) is a pair ( X ,

τ ), where τ is a subfamily of L 

X which contains ⊥ ; � and
is closed for any suprema and finite infima. τ is called an L -
topology on X . Members of τ are called open L -subsets and
their complements are called closed L -subsets. 

Definition 2.1 [12,13,16] . The pair of function T , T ∗ : L 

X −→
L is called an L-double fuzzy topology on X if it satisfies the
following conditions: 

(O1) T ( ⊥ ) = T ( � ) = � and T ∗( ⊥ ) = T ∗( � ) = ⊥ . 
(O2) T (U ) ≤ T ∗(U ) ′ . 
(O3) T (U ∧ V ) ≥ T (U ) ∧ T (V ) and T ∗(U ∧ V ) ≤ T ∗(U ) ∨

T ∗(V ) for each U , V ∈ L 

X . 
(O4) T ( 

∨ 

i∈ � U i ) ≥
∧ 

i∈ � T (U i ) and T ∗( 
∨ 

i∈ � U i ) ≤
∨ 

i∈ � T ∗
(U i ) for any { U i } i ∈ � ⊂ L 

X . 
The triplet (X , T , T ∗) is called an L-double fuzzy topolog-
ical spaces. T (U ) and T ∗(U ) can be interpreted as the degree
to which U is an open L -subset and to which U is a closed L -
subset. A function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is said to be
continuous with respect to L -double fuzzy topologies (T 1 , T ∗1 )
and (T 2 , T ∗2 ) if T 1 ( f ← 

L (V )) ≥ T 2 (V ) and T ∗1 ( f ← 

L (V )) ≤ T ∗2 (V )

holds for all V ∈ L 

Y . 
For a , b ∈ L and the functions T , T ∗ : L 

X → L, we use the
following notation: 

T [ a,b] = { A ∈ L 

X |T (A ) ≥ a, T ∗(A ) ≤ b} . 

The proof of the following theorem is straightforward and so
omitted. 

Theorem 2.1. Let (X , T , T ∗) be an L-double fuzzy topological
space. Then the following conditions are equivalent: 

(1) (T , T ∗) is an L-double fuzzy topology on X; 
(2) T [ a,b] is an L-topology on X , for each a ∈ J ( L ) and b ∈ P ( L ) .

Theorem 2.2 [11,20] . Let (X , T , T ∗) be an L-double fuzzy topo-
logical space. Then for each r ∈ L ⊥ , s ∈ L � and U ∈ L 

X , we define
an operator C T , T ∗ : L 

X × L ⊥ × L � → L 

X as follows: 

 T , T ∗ (U, r, s ) = 

∧ 

{ V ∈ L 

X | U ≤ V, T (V 

′ ) ≥ r, T ∗(V 

′ ) ≤ s } .

For U , V ∈ L 

X , r , r 1 ∈ L ⊥ and s , s 1 ∈ L � , the operator C T , T ∗

satisfies the following statements: 

(C1) C T , T ∗ ( ⊥ , r, s ) = ⊥ . 
(C2) U ≤ C T , T ∗ (U, r, s ) . 
(C3) C T , T ∗ (U, r, s ) ∨ C T , T ∗ (V, r, s ) = C T , T ∗ (U ∨ V, r, s ) . 
(C4) C T , T ∗ (U, r, s ) ≤ C T , T ∗ (U, r 1 , s 1 ) if r ≤ r 1 and s ≥ s 1 . 
(C5) C T , T ∗ (C T , T ∗ (U, r, s ) , r, s ) = C T , T ∗ (U, r, s ) . 

Theorem 2.3 [11,20] . Let (X , T , T ∗) be an L-double fuzzy topo-
logical space. Then for each r ∈ L � , s ∈ L ⊥ and U ∈ L 

X , we define
an operator I T , T ∗ : L 

X × L ⊥ × L � → L 

X as follows: 

I T , T ∗ (U, r, s ) = 

∨ 

{ V ∈ L 

X | V ≤ U, T (V ) ≥ r, T ∗(V ) ≤ s } . 

For U , V ∈ L 

X and r , r 1 ∈ L � and s , s 1 ∈ L ⊥ , the operator
I T , T ∗ satisfies the following statements: 

(I1) I T , T ∗ (U 

′ , r, s ) = C T , T ∗ (U, r, s ) ′ . 
(I2) I T , T ∗ ( � , r, s ) = � . 
(I3) I T , T ∗ (U, r, s ) ≤ U . 
(I4) I T , T ∗ (U, r, s ) ∧ I T , T ∗ (V, r, s ) = I T , T ∗ (U ∧ V, r, s ) . 
(I5) I T , T ∗ (U, r 1 , s 1 ) ≤ I T , T ∗ (U, r, s ) if r ≤ r 1 and s ≤ s 1 . 
(I6) I T , T ∗ (I T , T ∗ (U, r, s ) , r, s ) = I T , T ∗ (U, r, s ) . 
(I7) If I T , T ∗ (C T , T ∗ (U, r, s ) , r, s ) = U, then C T , T ∗ (I T , T ∗ (U 

′ ,
r, s ) , r, s ) = U 

′ . 

Definition 2.2. Let (X , T , T ∗) be an L -double fuzzy topological
space. For U ∈ L 

X , r ∈ L ⊥ and s ∈ L ⊥ , U is called: 

(1) An ( r , s )-fuzzy preopen (resp. ( r , s )-fuzzy preclosed) [21] if
U ≤ I T , T ∗ (C T , T ∗ (U, r, s ) , r, s ) (resp. C T , T ∗ (I T , T ∗ (U, r, s ) ,
r, s ) ≤ U ). 

(2) An ( r , s )-fuzzy regular open (resp. ( r , s )-fuzzy regular
closed) [22] if U = I T , T ∗ (C T , T ∗ (U, r, s ) , r, s ) (resp. U =
C T , T ∗ (I T , T ∗ (U, r, s ) , r, s ) ). 
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and 
(3) An ( r , s )-fuzzy α-open (resp. ( r , s )-fuzzy α-closed) [22]
if U ≤ I T , T ∗ (C T , T ∗ (I T , T ∗ (U, r, s ) , r, s ) , r, s ) (resp. C T , T ∗

(I T , T ∗ ( C T , T ∗ ( U, r, s ) , r, s ) , r, s ) ≤ U ). 

efinition 2.3. Let (X , T , T ∗) be an L -double fuzzy topological
pace. For U ∈ L 

X , r ∈ L ⊥ and s ∈ L � , U is called an ( r , s )-fuzzy
emi-preopen subset (resp. ( r , s )-fuzzy semi-preclosed) if 

 ≤ C T , T ∗ (I T , T ∗ (C T , T ∗ (U, r, s ) , r, s ) , r, s ) 

 res. I T , T ∗ (C T , T ∗ (I T , T ∗ (U, r, s ) , r, s ) , r, s ) ≤ U ) . 

The semi-preinterior spI T , T ∗ and semi-preclosur spC T , T ∗ op- 
rators in L -double fuzzy topological space (X , T ) defined as
ollows: 

pI T , T ∗ (U, r, s ) = 

∨ 

{ V ∈ L 

X | V ≤ U and 

 is (r, s ) − fuzzy semi-preopen } , 
pC T , T ∗ (U, r, s ) = 

∧ 

{ V ∈ L 

X | U ≤ V and 

 is (r, s ) − fuzzy semi-preclosed } . 
efinition 2.4. Let f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) be a function

rom an L -double fuzzy topological space (X , T 1 , T ∗1 ) into an
 -double fuzzy topological space (Y , T 2 , T ∗2 ) . The function f → 

L 
s called: 

(1) An L -double fuzzy semi-preclosed (resp. L -double fuzzy 
semi-preopen)if f → 

L (U ) is ( r , s )-fuzzy semi-preclosed 

(resp. ( r , s )-fuzzy semi-preopen) subset in L 

Y for each 

U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r and
T ∗1 (U 

′ ) ≤ s (resp. T 1 (U ) ≥ r and T ∗1 (U ) ≤ s ), 
(2) An L -double fuzzy almost open, if T 2 ( f → 

L (U )) ≥ r and
T ∗2 ( f → 

L (U )) ≤ s for each ( r , s )-fuzzy regular open subset
U ∈ L 

X , r ∈ L ⊥ and s ∈ L � , 
(3) An L -double fuzzy strongly continuous, if f → 

L (C T 1 , T ∗1 
(U, r, s )) ≤ f → 

L (U ) for every U ∈ L 

X , r ∈ L ⊥ and s ∈ L � , 
(4) An L -double fuzzy weakly open (resp. L -double fuzzy 

weakly closed) [22] , if 

f → 

L (U ) ≤ I T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) 

(resp. C T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) ) for each
U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r and
T ∗1 (U ) ≤ s (resp. T 1 (U 

′ ) ≥ r and T ∗1 (U 

′ ) ≤ s ). 

efinition 2.5. Let (X , T , T ∗) be an L -double fuzzy topological
pace, U ∈ L 

X , x λ ∈ J ( L 

X ), r ∈ L ⊥ and s ∈ L � . U is called an
 r , s )-fuzzy Q -neighborhood of x λ if T (U ) ≥ r, T ∗(U ) ≤ s and
 λqU . 

We will denote the set of all ( r , s )-fuzzy open Q -
eighborhood of x λ by Q T , T ∗ (x λ, r, s ) . 

efinition 2.6. Let (X , T , T ∗) be an L -double fuzzy topological
pace, U ∈ L 

X , x λ ∈ J ( L 

X ), r ∈ L ⊥ and s ∈ L � . x λ is called an ( r ,
 )-fuzzy θ -cluster point of U if for each V ∈ Q T , T ∗ (x λ, r, s ) , we
ave C T , T ∗ (V, r, s ) qU . 

We denote D T , T ∗ (U, r, s ) = 

∨ { x λ ∈ J(L 

X ) | x λ is (r, s ) −
uzzy θ − cluster point of U } . Where D T , T ∗ (U, r, s ) is called ( r ,
 )-fuzzy θ -closure of U . 

The following theorem can be easily extended it from the 
ase L = [0 , 1] . 

heorem 2.4. Let (X , T , T ∗) an L-double fuzzy topological
pace. For U , V ∈ L 

X and r ∈ L ⊥ , s ∈ L � , we have the following: 
(1) D T , T ∗ (U, r, s ) = 

∧ { V ∈ L 

X | U ≤ I T , T ∗ (V, r, s ) , T (V 

′ )
≥ r, T ∗(V 

′ ) ≤ s } . 
(2) x λ is ( r , s ) -fuzzy θ -cluster point of U iff x λ ∈ D T , T ∗ (U, r, s ) .
(3) C T , T ∗ (U, r, s ) ≤ D T , T ∗ (U, r, s ) . 
(4) If T (U ) ≥ r and T ∗(U ) ≤ s, then C T , T ∗ (U, r, s ) = D T , T ∗

(U, r, s ) . 
(5) If U is ( r , s ) -fuzzy preopen, then C T , T ∗ (U, r, s ) = D T , T ∗

(U, r, s ) . 
(6) If U is ( r , s ) -fuzzy preopen and λ = C T , T ∗ (I T , T ∗ (U, r, s ) ,

r, s ) , then D T , T ∗ (U, r, s ) = U . 

The complement of ( r , s )-fuzzy θ -closed set is called ( r , s )-
uzzy θ -open and the ( r , s )-fuzzy θ -interior operator denoted by
 T , T ∗ (U, r, s ) is defined by 

 T , T ∗ (U, r, s ) = 

∨ 

{ V ∈ L 

X | C T , T ∗ (V, r, s ) 

≤ U, T (V ) ≥ r, T ∗(V ) ≤ s } . 

. L -Double fuzzy weakly semi-preopen “semi-preclosed”
unctions 

efinition 3.1. A function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is said
o be: 

(a) An L -double fuzzy weakly semi-preopen function if 
f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) for each
U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r and
T ∗1 (U ) ≤ s . 

(b) An L -double fuzzy weakly semi-preclosed function if 
spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) for each U
∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r and
T ∗1 (U 

′ ) ≤ s . 

emark. 

1. Every L -double fuzzy weakly open function is L -double 
fuzzy weakly semi-preopen function and every L -double 
fuzzy semi-preopen function is also L -double fuzzy weakly 
semi-preopen function. But the converse need not be true in 

general. 
2. Every L -double fuzzy weakly closed function is L -double 

fuzzy weakly semi-preclosed but the converse need not be 
true in general. 

ounter Example 3.1. 

(1) Let L = [0 , 1] , X = { a, b, c } and Y = { x, y, z } . The fuzzy
subsets U , V and W are defined as: 

U (a ) = 0 . 5 , U (b) = 0 . 3 , U (c ) = 0 . 2 ;
V (x ) = 0 . 9 , V (y ) = 1 , V (z ) = 0 . 7 ;
W (x ) = 0 . 2 , W (y ) = 0 . 9 , W (z ) = 0 . 3 . 

Let T 1 , T ∗1 : I X → I and T 2 , T ∗2 : I Y → I defined as
follows: 

T 1 (A ) = 

⎧ ⎨ 

⎩ 

1 , if A = 0 or 1 ;
1 
2 , if A = U ;
0 , otherwise. 

, 

T ∗1 (A ) = 

⎧ ⎨ 

⎩ 

0 , if A = 0 or 1 ;
1 
2 , if A = U ;
1 , otherwise. 
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T 2 (A ) = 

⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

1 , if B = 0 or 1 ;
1 
2 , if B = V ;
1 
4 , if B = W ;
0 , otherwise. 

, 

T ∗2 (A ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

0 , if B = 0 or 1 ;
1 
2 , if B = V ;
1 
4 , if B = W ;
1 , otherwise. 

Then the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) defined
by 

f (a ) = z, f (b) = x, f (c ) = y, 

is I -double fuzzy weakly semi-preopen but not I -double
fuzzy weakly open. 

(2) Let L = I = [0 , 1] and X = { a, b, c } . The fuzzy subsets U ,
V , W and H are defined as follows: 

U (a ) = 0 . 4 , U (b) = 0 . 7 , A (c ) = 0 . 2 ;
V (a ) = 0 . 3 , V (b) = 0 . 1 , V (c ) = 0 . 6 ;
W (a ) = 0 . 5 , W (b) = 0 . 8 , W (c ) = 0 . 3 ;
H (a ) = 0 . 4 , H (b) = 0 . 2 , H (c ) = 0 . 7 . 

Let T 1 , T ∗1 : I X → I and T 2 , T ∗2 : I X → I defined as
follows: 

T 1 (A ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

1 , if A = 0 or 1 ;
1 
2 , if A = U ;
1 
4 , if A = V ;
0 , otherwise. 

, 

T ∗1 (A ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

0 , if A = 0 or 1 ;
1 
2 , if A = U ;
1 
4 , if A = V ;
1 , otherwise. 

T 2 (A ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

1 , if A = 0 or 1 ;
1 
2 , if A = W ;
1 
4 , if A = H ;
0 , otherwise. 

, 

T ∗2 (A ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

0 , if A = 0 or 1 ;
1 
2 , if A = W ;
1 
4 , if A = H ;
1 , otherwise. 

Then the identity function i : (X , T 1 , T ∗1 ) → (X , T 2 , T ∗2 )
is I -double fuzzy weakly semi-preopen function but not
I -double fuzzy semi-preopen. 

(3) Let L = [0 , 1] , X = { a, b} and Y = { x, y } . The fuzzy sub-
sets U , V are defined as follows: 

U (a ) = 0 . 5 , U (b) = 0 . 6 ;
V (x ) = 0 . 4 , V (y ) = 0 . 3 . 

Let T 1 , T ∗1 : I X → I and T 2 , T ∗2 : I Y → I defined as
follows: 

T 1 (A ) = 

⎧ ⎨ 

⎩ 

1 , if A = 0 or 1 ;
1 
2 , if A = U ;
0 , otherwise. 

, 
T ∗1 (A ) = 

⎧ ⎨ 

⎩ 

0 , if A = 0 or 1 ;
1 
2 , if A = U ;
1 , otherwise. 

and 

T 2 (B) = 

⎧ ⎨ 

⎩ 

1 , if B = 0 or 1 ;
1 
2 , if B = V ;
0 , otherwise. 

, 

T ∗2 (B) = 

⎧ ⎨ 

⎩ 

0 , if B = 0 or 1 ;
1 
2 , if B = V ;
1 , otherwise. 

The function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) defined by 

f (a ) = x, f (b) = y, 

is I -double fuzzy weakly semi-preclosed but not I -double
fuzzy weakly closed. 

Theorem 3.1. Let (X , T 1 , T ∗1 ) and (Y , T 2 , T ∗2 ) are L-double fuzzy
topological spaces. The function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 )
is L-double fuzzy weakly semi-preopen (resp. L-double fuzzy
weakly semi-preclosed) iff f : (X , T 1 [ a,b] ) → (Y , T 2 [ a,b] ) is fuzzy
weakly semi-preopen (resp. fuzzy weakly semi-preclosed) func-
tion for each a ∈ J ( L ) and b ∈ P ( L ) . 

Proof. Straightforward. �

Theorem 3.2. For a function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) , the
following conditions are equivalent: 

(1) f → 

L is L-double fuzzy weakly semi-preopen function; 
(2) f → 

L (T T 1 , T ∗1 (U, r, s )) ≤ spI T 2 , T ∗2 ( f → 

L (U ) , r, s ) for each U ∈
L 

X , r ∈ L ⊥ and s ∈ L � ; 
(3) T T 1 , T ∗1 ( f ← 

L (V ) , r, s ) ≤ f ← 

L (spI T 2 , T ∗2 (V, r, s )) for each V ∈
L 

Y , r ∈ L ⊥ and s ∈ L � ; 
(4) f ← 

L (spC T 2 , T ∗2 (V, r, s )) ≤ D T 1 , T ∗1 ( f ← 

L (V ) , r, s ) for each V ∈
L 

Y , r ∈ L ⊥ and s ∈ L � ; 
(5) For each x λ ∈ J ( L 

X ) and U ∈ L 

X such that T 1 (λ) ≥
r, T ∗1 (λ) ≤ s and x λ ≤ U there exists an ( r , s ) -fuzzy
semi-preopen subset V such that f → 

L (x λ) ≤ V and V ≤
f → 

L (C T 1 , T ∗1 (U, r, s )) . 

Proof. 

(1) ⇒ (2): Let x λ ≤ T T 1 , T ∗1 (U, r, s ) . Then f → 

L (x λ) ≤ f → 

L (U ) .
Since f → 

L is L -double fuzzy weakly semi-preopen
function, then 

f → 

L (x λ) ≤ f → 

L (U ) 

≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

Therefore, x λ ≤ f ← 

L (spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r,
s )) . Thus 

T T 1 , T ∗1 (U, r, s ) 

≤ f ← 

L (spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s )) , 

i.e., 

f → 

L (T T 1 , T ∗1 (U, r, s )) 

≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

(2) ⇒ (1): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r
and T ∗1 (U ) ≤ s . Since U ≤ T T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )
and by using (2), we have 
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f → 

L (U ) ≤ f → 

L (T T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) 

≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

Hence f → 

L is L -double fuzzy weakly semi-preopen 

function. 
(2) ⇒ (3): Let V ∈ L 

Y . By using (2), we have f → 

L (T T 1 , T ∗1 ( f ← 

L (V ) ,

r, s )) ≤ spI T 2 , T ∗2 (V, r, s ) . Therefore, T T 1 , T ∗1 ( f ← 

L (V ) ,

r, s ) ≤ f ← 

L (spI T 2 , T ∗2 (V, r, s )) . 
(3) ⇒ (2): It is trivial and omitted. 
(3) ⇒ (4): Let V ∈ L 

Y , r ∈ L ⊥ and s ∈ L � . By using (3), we have 

D T 1 , T ∗1 ( f ← 

L (V ) , r, s ) ′ = T T 1 , T ∗1 ( f ← 

L (V ) ′ , r, s ) 

= T T 1 , T ∗1 ( f ← 

L (V 

′ ) , r, s ) ≤ f ← 

L (spI T 2 , T ∗2 (V 

′ , r, s )) 

= f ← 

L (spC T 2 , T ∗2 (V, r, s ) ′ ) = ( f ← 

L (spC T 2 , T ∗2 (V, r, s ))) ′ .

Therefore, we obtain f ← 

L (spC T 2 , T ∗2 (V, r, s )) ≤ D T 1 , T ∗1 
( f ← 

L (V ) , r, s ) . 
(4) ⇒ (3): It is trivial and omitted. 
(1) ⇒ (5): Let x λ ∈ J ( L 

X ) and U ∈ L 

X such that T 1 (U ) ≥ r,
T ∗1 (U ) ≤ s and x λ ≤ U . Since f → 

L is L -double fuzzy
weakly semi-preopen, f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 
(U, r, s )) , r, s ) . Let V = spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) ,
r, s ) . Then V ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) with f → 

L (x λ) ≤
V . 

(5) ⇒ (1): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥
r, T ∗1 (U ) ≤ s and let y β ≤ f → 

L (U ) . By using (2),
we have V ≤ f → 

L (C T 2 (U, r, s )) for some ( r , s )-fuzzy
semi-preopen subset V ∈ L 

Y and y β ≤ V . Hence 
we have, y β ≤ V ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) .
This shows that f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, 

r, s )) , r, s ) . �
heorem 3.3. For a function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) , the

ollowing conditions are equivalent: 

(1) f → 

L is L-double fuzzy weakly semi-preopen function; 
(2) f → 

L (I T 1 , T ∗1 (U, r, s )) ≤ spI T 2 , T ∗2 ( f → 

l (U ) , r, s ) for each U ∈
L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r and T ∗1 (U 

′ ) ≤
s ; 

(3) f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, 

r, s )) , r, s ) for each U ∈ L 

X , r ∈ L and s ∈ L such that
T 1 (U ) ≥ r and T ∗1 (U ) ≤ s ; 

(4) f → 

L (U ) ≤ spI( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) for each ( r , s ) -
fuzzy preopen subset U ∈ L 

X ; 
(5) f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) for each ( r ,
s ) -fuzzy α-open subset U ∈ L 

X . 

roof. 

1) ⇒ (2): Let T 1 (U 

′ ) ≥ r and T ∗1 (U 

′ ) ≤ s for each U ∈ L 

X , r
∈ L ⊥ and s ∈ L � , then I T 1 , T ∗1 (U, r, s ) = I T 1 , T ∗1 (C T 1 , T ∗1 
(U, r, s ) , r, s ) . By using (1), 

f → 

L (I T 1 , T ∗1 (U, r, s )) = f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) 

≤ spI T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) 

= spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

for each U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥
r and T ∗1 (U 

′ ) ≤ s . 
2) ⇒ (3): It is trivial and omitted. 
3) ⇒ (4): Let U ∈ L 

X be an ( r , s )-fuzzy preopen subset, then
U ≤ I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s ) . By using (3), we have 

f → 

L (U ) ≤ f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) 

≤ spI T 2 , T ∗ ( f → 

L (C T 1 , T ∗ (U, r, s )) , r, s ) . 

2 1 
4) ⇒ (5): It is trivial and omitted. 
5) ⇒ (1): It is trivial and omitted. �
heorem 3.4. If f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is L-double fuzzy
eakly semi-preopen and L-double fuzzy strongly continuous, 

hen f → 

L is L-double fuzzy semi-preopen. 

roof. Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r and
 

∗
1 (U ) ≤ s . Since f → 

L is L -double fuzzy weakly semi-preopen 

f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

owever, since f → 

L is L -fuzzy strongly continuous, f → 

L (U ) ≤
pI T 2 , T ∗2 ( f → 

L (U ) , r, s ) and therefore f → 

L (U ) is ( r , s )-fuzzy semi-
reopen subset. �

heorem 3.5. If f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is L-double fuzzy
lmost open function, then f → 

L is L-double fuzzy weakly semi- 
reopen. 

roof. Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r
nd T ∗1 (U ) ≤ s . Since f → 

L is L -double fuzzy almost open and
 T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s ) is ( r , s )-fuzzy regular open, then 

 T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (C T 2 , T ∗2 (U, r, s ) , r, s )) , r, s ) 

= f → 

L (I T 1 , T ∗1 (C T 2 , T ∗2 (U, r, s ) , r, s )) 

nd hence 

f → 

L (λ) ≤ f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s ) 

≤ I T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) 

≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) . 

his shows that f → 

L is L -double fuzzy weakly semi-preopen. �

heorem 3.6. For the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) ,
he following conditions are equivalent: 

(1) f → 

L is L-double fuzzy weakly semi-preclosed; 
(2) spC T 2 , T ∗2 ( f → 

L (U ) , r, s ) ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) for each U ∈
L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r and T ∗1 (U ) ≤ s ;
(3) spC T 2 , T ∗2 ( f → 

L (U ) , r, s )) ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) for each an
( r , s ) -fuzzy regular open subset U ∈ L 

X ; 
(4) For each V ∈ L 

Y , U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that
T 1 (U ) ≥ r, T ∗1 (U ) ≤ s and f ← 

L (V ) ≤ U, there exists an
( r , s ) -fuzzy semi-preopen subset W ∈ L 

Y with V ≤ W and
f ← 

L (V ) ≤ C T 1 , T ∗1 (U, r, s ) ; 
(5) For each x λ ∈ J ( L 

Y ), U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such
that f ← 

L (x λ) ≤ U, there exists an ( r , s ) -fuzzy semi-preopen
subset V ∈ L 

Y with x λ ≤ V and f ← 

L (V ) ≤ C T 1 , T ∗1 (U, r, s ) . 
(6) spC T 2 ( f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) , r, s ) ≤
f → 

L (C T 1 , T ∗1 (U, r, s )) for each U ∈ L 

X , r ∈ L ⊥ and s ∈
L � ; 

(7) spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (D T 1 , T ∗1 (U, r, s ) , r, s )) , r, s ) ≤
f → 

L (D T 1 , T ∗1 (U, r, s )) for each U ∈ L 

X , r ∈ L ⊥ and s ∈
L � ; 

(8) spC T 2 , T ∗2 ( f → 

L (U ) , r, s ) ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) for each ( r ,
s ) -fuzzy Semi-Preopen subset U ∈ L 

X . 

roof. 

1) ⇒ (2): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r
and T ∗1 (U ) ≤ s . Then 

spC T 2 , T ∗2 ( f → 

L (U ) , r, s ) = spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )))

≤ spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) , r, s ) 

≤ f → 

L (C T 1 , T ∗ (U, r, s )) . 

1 
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(2) ⇒ (1): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r
and T ∗1 (U 

′ ) ≤ s . Then 

spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) 

≤ f → 

L (C T 1 , T ∗1 (I T 1 , T ∗1 (U, r, s ) , r, s )) 

≤ f → 

L (C T 1 , T ∗1 (U, r, s )) 

= f → 

L (U ) . 

(3) ⇒ (4): Let U ∈ L 

X , V ∈ L 

Y , r ∈ L ⊥ and s ∈ L � such that
T 1 (U ) ≥ r, T ∗1 (U ) ≤ s and f ← 

L (V ) ≤ U . Then f ←L 
(V ) ¬ qC T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) ′ , r, s ) . This implies to V 

¬ q f → 

L (C T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) ′ , r, s )) . Since C T 1 , T ∗1 (U, r,
s ) ′ is ( r , s )-fuzzy regular open subset, V ¬ qspC T 2 , T ∗2 
( f → 

L (C T 1 , T ∗1 (U, r, s ) ′ ) , r, s ) . Let W = spC T 2 , T ∗2 ( f →L 
(C T 1 , T ∗1 (U, r, s ) ′ ) , r, s ) . Then W is ( r , s )-fuzzy semi-
preopen subset with V ≤ W and 

f ← 

L (W ) = f ← 

L (spC T 2 , T ∗2 (C T 1 , T ∗1 (U, r, s ) ′ , r, s )) ′ 

≤ f ← 

L ( f → 

L (C T 1 , T ∗1 (U, r, s ) ′ ) ′ ) ≤C T 1 , T ∗1 (U, r, s ) .

(5) ⇒ (1): Let V ∈ L 

Y , r ∈ L ⊥ and s ∈ L � such that T 2 (V 

′ ) ≥
r, T ∗2 (V 

′ ) ≤ s and y β ≤ f → 

L (V ) ′ . Since f ← 

L (y β ) ≤ V 

′ ,
there exists ( r , s )-fuzzy semi-preopen subset W ∈ L 

Y

such that y β ≤ W and f ← 

L (W ) ≤ C T 1 , T ∗1 (V 

′ , r, s ) =
I T 1 , T ∗1 (V, r, s ) ′ . Therefore W ¬ q f → 

L (I T 1 , T ∗1 (V, r, s )) .
Then y β ≤ spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (V, r, s )) , r, s ) ′ . �

Theorem 3.7. If the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is a
bijective function. Then the following conditions are equivalent: 

(1) f → 

L is L-double fuzzy weakly semi-preopen function; 
(2) spC T 2 , T ∗2 ( f → 

L (U ) , r, s ) ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) for each U ∈
L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r and T ∗1 (U ) ≤ s ;
(3) spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (V, r, s )) , r, s ) ≤ f → 

L (V ) for each V ∈
L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (V 

′ ) ≥ r and T ∗1 (V 

′ ) ≤
s . 

Proof. 

(1) ⇒ (3): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r
and T ∗1 (U 

′ ) ≤ s . Then 

( f → 

L (U )) ′ = f → 

L (U 

′ ) 

≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U 

′ , r, s )) , r, s ) 

and so 

( f → 

L (U )) ′ ≤ (spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s )) ′ . 

Hence, 

spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) . 

(3) ⇒ (2): Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥
r . Since T 1 (C T 1 , T ∗1 (U, r, s ) ′ ) ≥ r and U ≤ I T 1 , T ∗1 (C T 1 , T ∗1 
(U, r, s ) , r, s ) and by using (3), we have 

spC T 2 , T ∗2 ( f → 

L (U ) , r, s ) 

≤ spC T 2 ( f → 

L (I T 1 , T ∗1 (C T 1 , T ∗1 (U, r, s ) , r, s )) , r, s ) 

≤ f → 

L (C T 1 , T ∗1 (U, r, s )) . 

(2) ⇒ (3): It is trivial and omitted. 
(3) ⇒ (1): It is trivial and omitted. �

Theorem 3.8. For the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) ,
the following conditions are equivalent: 
(1) f → 

L is L-double fuzzy weakly semi-preclosed; 
(2) spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) for ( r , s ) -
fuzzy semi-preclosed subset U ∈ L 

X ; 
(3) spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) for each ( r ,
s ) -fuzzy α-closed subset U ∈ L 

X . 

Proof. Straightforward. �
Theorem 3.9. If the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is L-
double fuzzy weakly semi-preopen and L-double fuzzy strongly
continuous, then f → 

L is L-double fuzzy semi-preopen function. 

Proof. Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U ) ≥ r
and T ∗1 (U ) ≤ s . Since f → 

L is L -double fuzzy strongly continu-
ous, f → 

L (C T 1 , T ∗1 (U, r, s )) ≤ f → 

L (U ) for each U ∈ L 

X , r ∈ L ⊥ and
s ∈ L � . But f → 

L is L -double fuzzy weakly semi-preopen, then 

f → 

L (U ) ≤ spI T 2 , T ∗2 ( f → 

L (C T 1 , T ∗1 (U, r, s )) , r, s ) ≤ f → 

L (U ) . 

This is implies to that f → 

L (U ) is an ( r , s )-fuzzy semi-
preopen subset. Therefore, f → 

L is L -double fuzzy semi-preopen
function. �
Definition 3.2. The function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is
said to be: 

(1) An L -double fuzzy contra-semi-preclosed function if
f → 

L (U ) is an ( r , s )-fuzzy semi-preopen subset, for each
U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that T 1 (U 

′ ) ≥ r and
T ∗1 (U 

′ ) ≤ s . 
(2) An L -double fuzzy contra-semi-preopen if an ( r , s )-fuzzy

semi-preclosed subset, for each U ∈ L 

X , r ∈ L ⊥ and s ∈
L � such that T 1 (U ) ≥ r and T ∗1 (U ) ≤ s . 

Theorem 3.10. If the function f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 )
is L-double fuzzy contra-semi-preclosed (resp. L-double fuzzy
contra-semi-preopen), then it is an L-double fuzzy weakly semi-
preopen (resp. L-double fuzzy weakly semi-preclosed). 

Proof. Let U ∈ L 

X , r ∈ L ⊥ and s ∈ L � such that
T 1 (U ) ≥ r and T ∗1 (U ) ≤ s (resp. T 1 (U 

′ ) ≥ r and T ∗1 (U 

′ ) ≤
s ). Then, we have f → 

L (U ) ≤ f → 

L (C T 1 , T ∗1 (U, r, s )) = spI T 2 , T ∗2 ( f →L 
(C T 1 , T ∗1 (U, r, s )) , r, s ) (resp. spC T 2 , T ∗2 ( f → 

L (I T 1 , T ∗1 (U, r, s )) , r, s ) =
f → 

L (I T 1 , T ∗1 (U, r, s )) ≤ f → 

L (U ) ). �

4. Some applications of L -double fuzzy weakly semi-preopen 
“semi-preclosed” functions 

In this section, we will present some applications for this kind
of functions in separation and connectedness in L -double fuzzy
topology. 

Definition 4.1. Let (X , T , T ∗) be an L -double fuzzy topologi-
cal space. An L -subsets U , V ∈ L 

X are ( r , s )-fuzzy strongly sep-
arated if there exist H , N ∈ L 

X such that T (H ) ≥ r, T ∗(H ) ≤ s,
T (N) ≥ r and T ∗(N) ≤ s with U ≤ H , V ≤ N and 

 T , T ∗ (H, r, s ) ¬ q C T , T ∗ (N, r, s ) . 

Definition 4.2. An L -double fuzzy topological space (X , T , T ∗)
is called ( r , s )-semi pre T 2 if for each x λ1 , x λ2 with different sup-
ports there exist ( r , s )-fuzzy semi-preopen sets U , V ∈ L 

X such
that x λ1 ≤ U ≤ x 

′ 
λ2 

, x λ2 ≤ V ≤ x 

′ 
λ1 

and U ¬q V . 

Theorem 4.1. If f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is L-double fuzzy
weakly semi-preclosed surjective function and all fibers are ( r , s ) -
fuzzy strongly separated, then (Y , T 1 , T ∗1 ) is ( r , s ) -semi pre-T 2 . 
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roof. Let y β1 , y β2 ∈ J(L 

Y ) and let U , V ∈ L 

X , r ∈ L ⊥ and s
 L � such that T 1 (U ) ≥ r, T ∗1 (U ) ≤ s, T 1 (V ) ≥ r, T ∗1 (V ) ≤ s,

f ← 

L (y β1 ) ≤ U and f ← 

L (y β2 ) ≤ V respectively with 

 T 1 , T ∗1 (U, r, s ) ¬ q C T 1 , T ∗1 (V, r, s ) . 

y using Theorem 3.6 , there are ( r , s )-fuzzy semi-preopen sets
 , N ∈ L 

Y such that y β1 ≤ H, y β2 ≤ N, f ← 

L (U ) ≤ C T 1 , T ∗1 (U, r, s )
nd f ← 

L (N) ≤ C T 1 , T ∗1 (V, r, s ) . Therefore H ¬qN , because 

 T 1 , T ∗1 (U, r, s ) ¬ q C T 2 , T ∗2 (V, r, s ) 

nd f → 

L is surjective. Thus (Y , T 2 , T ∗2 ) is ( r , s )-fuzzy semi-pre-
 2 . �

efinition 4.3. Let (X , T , T ∗) be an L -double fuzzy topologi-
al space, r ∈ L ⊥ and s ∈ L � . The two L -subsets U , V ∈ L 

X 

re said to be ( r , s )-fuzzy separated iff U ¬ q C T , T ∗ (V, r, s ) and
 ¬ q C T , T ∗ (U, r, s ) . An L -subset which cannot be expressed as

he union of two ( r , s )-fuzzy separated subsets is said to be ( r ,
 )-fuzzy connected. 

efinition 4.4. Let (X , T , T ∗) an L -double fuzzy topolog-
cal space. For L -subsets U , V ∈ L 

X such that U � = ⊥
nd V � = ⊥ , are said to be ( r , s )-fuzzy semi-preseparated if
 ¬ q spC T , T ∗ (V, r, s ) and V ¬ q spC T , T ∗ (U, r, s ) or equivalently

f there exist two ( r , s )-fuzzy semi-preopen subsets H , N such
hat U ≤ H , V ≤ N , U ¬q N and V ¬q H . An L -double fuzzy topo-
ogical space which cannot be expressed as the union of two ( r ,
 )-fuzzy semi-preseparated subsets is said to be ( r , s )-fuzzy semi-
reconnected space. 

heorem 4.2. If f : (X , T 1 , T ∗1 ) → (Y , T 2 , T ∗2 ) is injective L-
ouble fuzzy weakly semi-preopen and L-double fuzzy strongly 
ontinuous function of space (X , T 1 , T ∗1 ) onto an ( r , s ) -fuzzy semi-
reconnected space (Y , T 2 , T ∗2 ) , then (X , T 1 , T ∗1 ) is ( r , s ) -fuzzy
onnected. 

roof. Let (X , T 1 , T ∗1 ) be not ( r , s )-fuzzy connected. Then there
xist ( r , s )-fuzzy separated sets U , V ∈ L 

X such that U ∨ V = � .
ince U and V are ( r , s )-fuzzy separated, there exists H , N ∈ L 

X 

uch that T 1 (H ) ≥ r, T 1 (N) ≥ r such that U ≤ H , V ≤ N , U ¬q N ,
 ¬q H . Hence we have f → 

L (U ) ≤ f → 

L (H ) , f → 

L (V ) ≤ f → 

L (N) ,

f → 

L (U ) ¬ q f → 

L (N) and f → 

L (V ) ¬ q f → 

L (H ) . Since f → 

L is L -
ouble fuzzy weakly semi-preopen and L -double fuzzy strongly 
ontinuous function, from Theorem 3.4 we have f → 

L (H ) and 

f → 

L (N) are ( r , s )-fuzzy semi-preopen. Therefore, f → 

L (U ) and
f → 

L (V ) are ( r , s )-fuzzy semi preseparated and 

 = f → 

L ( � ) = f → 

L (U ∨ V ) = f → 

L (U ) ∨ f → 

L (V ) 

hich is contradiction with (Y , T 2 , T ∗2 ) is ( r , s )-fuzzy semi pre-
onnected. Thus (X , T 1 , T ∗1 ) is ( r , s )-fuzzy connected. �
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