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In this paper, we introduce a new class of functions called L-double fuzzy weakly semi-
preopen (semi-preclosed) functions in L-double fuzzy topological spaces. Some characterizations of
this class and its properties and the relationship with other classes in L-double fuzzy topological
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1. Introduction

The fuzzy concept has overrun almost all branches of mathe-
matics since the definition of the concept by Zadeh [1]. Fuzzy
sets have applications in many fields such as information [2] and
control [3]. The theory of fuzzy topological spaces was defined
and developed in the first time by Chang [4] and since then
various notions in general topology have been generalized to
Chang’s fuzzy topological spaces. Sostak [5] and Kubiak [6] in-
troduced the fuzzy topology as an extension of Chang’s fuzzy
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topology. It has been developed in many directions. Sostak [7]
also published a survey article of the developed areas of fuzzy
topological spaces. The topologistes used to call Chang’s fuzzy
topology by “L-topology” and Kubiak—Sostak’s fuzzy topology
by “L-fuzzy topology” where L is any an appropriate lattice.

Intuitionistic fuzzy sets [8] have been found to be highly prof-
itable to deal with vagueness. While fuzzy sets only give a mem-
bership degree to each element of the universe, and the non-
membership degree equals one minus the membership degree,
in intuitionistic fuzzy set theory the two degrees are more or
less independent.

Intuitionistic fuzzy sets followed the same steps of fuzzy sets
in topology. Coker and his colleague [9-11] defined intuitionistic
fuzzy topology in Chang’s sense and in Kubiak- Sostak’s sense.
Thereafter came the definition of intuitionistic fuzzy gradation
of openness by Samanta and Mondal [12,13].

Working under the term “intuitionistic” discontinuous due
to some doubts around it. In 2005, Dubois et al. [14] showed
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that there are terminological difficulties in intuitionistic fuzzy
set theory. In the same year, Atanassov [15] responded to
Dubois questions defending his concept.

Gutiérrez Garcia and Rodabaugh [16] ended these contro-
versy. They proved that this term is not suitable in mathematics
and also its applications. Their conclusion was to work under
the term “double”. The notions studied under the term “in-
tuitionistic” were given new names. Double fuzzy topology re-
placed intuitionistic fuzzy gradation of openness.

Our motivation in this paper is to define new functions in
L-double fuzzy topological spaces based on the concepts (r, 5)-
fuzzy semi-preopen and (r, s)-fuzzy semi-preclosed subsets and
investigate some of their properties.

2. Preliminaries

Throughout this paper (L, <, /\, \/,”) is a complete DeMorgan
algebra, X is a nonempty set. LY is the set of all L-subsets on X.
The smallest element and the largest element in L¥ are denoted
by L and T, respectively. A complete lattice L is a complete
Heyting algebra if it satisfies the following infinite distributive
law: For alla € L and all BC L,

an\/B=\/{anb|beB).

An element a in L is called a prime element if @ > bAc implies
a>bora>c. Anelement ain L is called co-prime if ¢ is prime
[17]. The set of non-unit prime elements in L is denoted by P(L).
The set of non-zero co-prime elements in L is denoted by J(L).

The binary relation < in L is defined as follows: for a, b €
L, a < b if and only if for every subset D C L, the relation b <
sup D always implies the existence of d € D with a < d[18]. In
a completely distributive DeMorgan algebra L, each element b
isasup of {« € Lla < b}. A set {a € Lla < b} is called the
greatest minimal family of 4 in the sense of [15,19], denoted by
B(b), and B*(b) = B(b) N J(L). Moreover, for b € L, we define
a(b) ={ae Lld < b'}and o*(b) = a(b) N P(L).

An L-fuzzy point in L* is an L-subset x,, where A € L, =
L — {1}, such that x;(y) = A when y = x and L otherwise.
For L-subsets U, V e LY, we write UgV to mean that U is
quasi-coincident (q-coincident, for short) with U, i.e., there ex-
ists at least one point x € X such that U(x) £ U(x)". Nega-
tion of such a statement is denoted as U~¢gV. Let f: X — Y be
a crisp mapping. Then an L-fuzzy mapping f;” : LY — LY is
induced by f'as usual, i.e, /7 (U)(1) =V cx. s, Ux) and
TN x) =V (f(x).

An L-topological space (or L-space, for short) is a pair (X,
7), where 7 is a subfamily of L¥ which contains L; T and
is closed for any suprema and finite infima. t is called an L-
topology on X. Members of t are called open L-subsets and
their complements are called closed L-subsets.

Definition 2.1 [12,13,16]. The pair of function 7, 7% : LY —
L is called an L-double fuzzy topology on X if it satisfies the
following conditions:

ONDTL =T =TandT*(L) =7T"(T) = L.

02) TWU) <T*WU)Y'.

O3) TWAV)>TW)ATW) and T*(U A V) < T*(U) v
T*(V) foreach U, Ve L*.

04 TNV ier U) = Nier TWUy) and T*(V;ir U) = Vi T°
(Uy) for any {U;};er C LY.

The triplet (X, 7, 7%) is called an L-double fuzzy topolog-
ical spaces. 7 (U) and T*(U) can be interpreted as the degree
to which U is an open L-subset and to which U is a closed L-
subset. A function f : (X, 71, 7)) = (Y, T2, T,") is said to be
continuous with respect to L-double fuzzy topologies (71, 7,*)
and (7o, T,) it Ti(f~ (V) = Ta(V) and T (f~ (V) < T,) (V)
holds for all Ve LY.

For a, b € L and the functions 7, 7* : LX — L, we use the
following notation:

Ty =14 € L¥|T(4) > a, T*(A4) < b}.

The proof of the following theorem is straightforward and so
omitted.

Theorem 2.1. Let (X, T,T*) be an L-double fuzzy topological
space. Then the following conditions are equivalent:

(1) (T, T%) is an L-double fuzzy topology on X;
(2) Tiap is an L-topology on X, for each a € J(L) and b € P(L).

Theorem 2.2 [11,20]. Let (X, T, T*) be an L-double fuzzy topo-
logical space. Then for eachr € L, , s € Lt and U € L*, we define
an operator Cr.p : LY x Ly x Lt — L as follows:

CrrW.rs)= NV el  |U<V,. TW)=r TV <s}.

For U, VelLX r,r €L, ands, s, € L+, the operator Cr 7+
satisfies the following statements:

(C1) Crr-(Lirs) = L

(C2) U< CT.T*(Us 7, 8).

(C3) Crr=(U,1,8)vCr=(V,r,8) =Cr(UV V,r15s).
(C4) Crr+U,1,8) <Crm=U,r,81)ifr<ryands=>sj.
(CS) CT.T* (CT,T* (U, T, S), T, S) = CT,’T* (U, T, S),

Theorem 2.3 [11,20]. Let (X, T, T*) be an L-double fuzzy topo-
logical space. Then for eachr € Lt,s € L, and U € LY, we define
an operator Iy 7+ : LY x L, x L+ — LY as follows:

IrreWU.rs)=\/IV e LY |V U, TV =r T(V) < s}.

For U, Ve LYandr,ry € Ly and s, s, € L., the operator
L7 7+ satisfies the following statements:

I1) Zr (U, 1,8) = Cr.+(U, 1,5).

(I12) Zr (T, 1, 9) = T.

(13) IT,T* ], r, S) <U.

I4) Zr (U, ) NI« (V, 1, 8) = Ly 7« (U AV, 1, 5).

(I15) Zr. (U, 11, 81) < Iy (U, 1, 8) if r <ryand s < sy.

(16) IT,’T* (IT.T* (U, I, S), I, S) = IT.T* (U, I, S).

AN If Iy (Cr= (U, 1,8),1,5) = U, then Cr«(Ty (U,
rs),ns)=U"

Definition 2.2. Let (X, 7, 7*) be an L-double fuzzy topological
space. For Ue LY, re L, and s € L, Uis called:

(1) An (r, s)-fuzzy preopen (resp. (r, s)-fuzzy preclosed) [21] if
U < Ir.7+(Cr.(U, 1,5), 1, ) (tesp. Cr o+ (Tr7= (U, 1, 9),
rs) < U).

(2) An (r, s)-fuzzy regular open (resp. (r, s)-fuzzy regular
closed) [22] if U = Z7 7+ (Cr.7+(U, 1,5),1,5) (resp. U =
Crr Ty (U, 1,5),15)).
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(3) An (r, s)-fuzzy a-open (resp. (r, s)-fuzzy a-closed) [22]
if U<Zrr(Cr@rrU,r5),15),15)(resp. Crre
Cr - (Crr (U, 1,8),1,8),1,8) < U).

Definition 2.3. Let (X, 7, 7*) be an L-double fuzzy topological
space. For Ue L¥,re L, and s € L+, Uis called an (r, s)-fuzzy
semi-preopen subset (resp. (r, 5)-fuzzy semi-preclosed) if

U < Crr Ty (Cr+ (U, 1,5),1,8), 1,.8)
(res. Zr 7+ (Crm« Ly (U, 1, 5),1,8), 1,8) < U).

The semi-preinterior spZy 7+ and semi-preclosur spCr 7+ op-
erators in L-double fuzzy topological space (X, 7) defined as
follows:

spLy (U, 1, 8) = \/{V eL¥|V <U and
V' is (r, s) — fuzzy semi-preopen},
spCr.r=(U, 1, 8) = /\{V e LU <V and

V is (r, s) — fuzzy semi-preclosed}.

Definition 2.4. Let /' : (X, 7, 7") — (Y, 72, 7,") be a function
from an L-double fuzzy topological space (X, 7y, 7;") into an
L-double fuzzy topological space (Y, 7>, 7,°). The function f;~
is called:

(1) An L-double fuzzy semi-preclosed (resp. L-double fuzzy
semi-preopen)if f,7(U) is (r, s)-fuzzy semi-preclosed
(resp. (r, s)-fuzzy semi-preopen) subset in LY for each
UeL* re L, and s € Lt such that 7,(U’) > r and
Ty (U') < s (resp. Ti(U) = rand T(U) < s),

(2) An L-double fuzzy almost open, if 7>(f;”(U)) > r and
T (f (U)) < s for each (r, s)-fuzzy regular open subset
UelX,relL andse Ly,

(3) An L-double fuzzy strongly continuous, if f;” (Cr 7
(U,r,9) < f;7(U)forevery Ue L*,re L, and s € L,

(4) An L-double fuzzy weakly open (resp. L-double fuzzy
weakly closed) [22], if

f:(U) SIBB*(f[‘_)(CTlTl*(U’ I, S)),r, S)

(resp. CT:T; T (ITI,TI*(Us r,8)),1,8) < fi(U)) for each
UelL* re L, and s € Lt such that 7;(U) > r and
THU) <s(resp. Ti(U') = rand T;*(U’) < s).

Definition 2.5. Let (X, 7, 7*) be an L-double fuzzy topological
space, U € LY, x;, € J(LY), r € L, and s € L+. U is called an
(r, s)-fuzzy Q-neighborhood of x; if 7(U) >r, T*(U) < s and
x3qU.

We will denote the set of all (r, s)-fuzzy open Q-
neighborhood of x; by Q7 7+ (xy, 1, 8).

Definition 2.6. Let (X, 7, 7*) be an L-double fuzzy topological
space, Ue L¥, x;, e J(LY),r€ L, and s € L+. x; is called an (r,
s)-fuzzy 0-cluster point of U if for each V' € Q7 7+ (x;, 1, 5), we
have Cr (V. 1, s)qU.

We denote Drr+(U,r,8) = \/{x, e JALX)|x, is (1,8) —
fuzzy 6 — cluster point of U}. Where D7 7+ (U, r, s) is called (r,
s)-fuzzy 6-closure of U.

The following theorem can be easily extended it from the
case L =0, 1].

Theorem 2.4. Let (X,7T,T*) an L-double fuzzy topological
space. For U, Ve LY andr € L,, s € L, we have the following:

(1) Drr(U,r,s) = NV e LX| U<Zr(V,1,5), TV
>, T*(V') < s}

(2) xy is (r, s)-fuzzy O-cluster point of Uiff x; € Dy (U, 1, 5).

3) Crr+U,r,s) < Drp(U,r,s).

@ If T(U) >rand T*(U) < s, then Cr (U, 1,5) = Dr 1+
U, r,s).

(5) If U is (r, s)-fuzzy preopen, then Cy+(U,r,s) = Dy 1+
U, r,s).

(6) If U is (r, s)-fuzzy preopen and » = Cy 1«(Ly (U, 1, 5),
1, 8), then Dy (U, r,s) = U.

The complement of (r, s)-fuzzy 6-closed set is called (r, )-
fuzzy 6-open and the (r, s)-fuzzy 6-interior operator denoted by
Tr 7+(U, 1, s) is defined by

Tr.r(U.r.s) = \J1V € LY|Crr(V. 1. 5)
<UTWIV)=r TV)<s}.

3. L-Double fuzzy weakly semi-preopen “semi-preclosed”
functions

Definition 3.1. A function f : (X, 71, 7) — (Y, T2, T5") is said
to be:

(a) An L-double fuzzy weakly semi-preopen function if
W) < spITZ_TZ* fr (CTlv'Tl*(U’ r,s)),r,s) for each
UelL* re L, and s € Lt such that 7;(U) > r and
T U) <.

(b) An L-double fuzzy weakly semi-preclosed function if
SpCTz,TZ*(fL_)(IT].TI*(U’ r,8)),rns) < f;7(U) for each U
e L* r e L, and s € Lt such that 7,(U’) > r and
THU") <.

Remark.

1. Every L-double fuzzy weakly open function is L-double
fuzzy weakly semi-preopen function and every L-double
fuzzy semi-preopen function is also L-double fuzzy weakly
semi-preopen function. But the converse need not be true in
general.

2. Every L-double fuzzy weakly closed function is L-double
fuzzy weakly semi-preclosed but the converse need not be
true in general.

Counter Example 3.1.

(1) Let L=1[0,1], X ={a, b, c} and Y = {x, y, z}. The fuzzy
subsets U, V and W are defined as:

U@ =0.5  Ub) =03, U()=0.2;
Vix)=09, Vy =1, V(z)=0.7;
Wix)=02, W()=09, W(z) =03.

Let 7i,7):1* -1 and 75,7, :I' — I defined as

follows:
I, if A=0 or 1;
Ti(4) =144 if 4=U; ;
0, otherwise.
0, if 4=0 or 1;
TrA) = {3, if A=U;
1, otherwise.
and
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A3)

1, ifB=0orl;
5, ifB=V;
R =1 o,
0, otherwise.
0, if B=0 or 1;
§ 5. if B=V;
D =01" i p_w,
1, otherwise.

Then the function f: (X, 7}, 7*) — (Y, T», T;*) defined
by
fla=z fb)=x, [fl)=n

is I-double fuzzy weakly semi-preopen but not I-double
fuzzy weakly open.

Let L=1=10,1]and X = {a, b, c¢}. The fuzzy subsets U,
V, Wand H are defined as follows:

U@ =04, U®B) =07 A()=0.2;

V(a)=03, V(b)) =0.1, V(c)=0.6;

Wa)=0.5 W(ob)=038, W()=0.3;

H(a) =04, H®) =02, H(c)=0.7.

Let 71,7 : 1" - I and T, T, :I¥ — I defined as
follows:

I, if A=0 or 1;
_— 1, if A=U;

1 = 1 : . s
3 if 4= V,
0, otherwise.

0, if 4=0 or 1;
) % if 4=U;
=31 .
1 1 if 4= V,
1, otherwise.

1, if A=0or 1;
_ 1 ifA=w;

2 = . . ,
1, if A=H;
0, otherwise.

0, if 4=0 or 1;
" 1, ifA=w;
= 1 . .
2 3 if 4= H,
1, otherwise.

Then the identity function i : (X, 71, 7,") — (X, 72, 7,°)
is I-double fuzzy weakly semi-preopen function but not
I-double fuzzy semi-preopen.

Let L=10,1], X = {a, b} and Y = {x, y}. The fuzzy sub-
sets U, V are defined as follows:

Ua) =0.5, Ub) =0.6;

V(x)=04, V() =0.23.

Let 71,7 :1" -1 and T, T : 1" — I defined as
follows:

1, if A=0or 1;
Ti4)={Li if 4=U; ,
0, otherwise.
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0, if 4=0 or 1;
THA) = {3, if A=U:

1, otherwise.
and

I, if B=0 or 1;
T(B) = {3, if B=V; ,

0, otherwise.

0, if B=0 or 1;
Tr(B)={3i if B=V;

1, otherwise.

The function f: (X, 71, 7{") — (Y, T2, T,") defined by

fla)y=x, f®)=y
is I-double fuzzy weakly semi-preclosed but not I-double
fuzzy weakly closed.

Theorem 3.1. Let (X, 71, T*) and (Y, T2, T,*) are L-double fuzzy
topological spaces. The function f: (X, T\, T") = (Y, T2, T5")
is L-double fuzzy weakly semi-preopen (resp. L-double fuzzy
weakly semi-preclosed) iff [ : (X, Tipp) = (Y, Tapupy) i fuzzy
weakly semi-preopen (resp. fuzzy weakly semi-preclosed) func-
tion for each a € J(L) and b € P(L).

Proof. Straightforward. O

Theorem 3.2. For a function [ : (X, T, T,") = (Y, T2, Ty"), the
following conditions are equivalent:

(1) f. is L-double fuzzy weakly semi-preopen function;

2) fL_)(TTI,Tl*(Ua rs)) < SPITZ‘TZ* (f ), 1) for each U €
LX,relL, andse L+;

3) TT],TI* (f-),rs) < ff(spZTz,Tz*(V, r,8)) for each V €
L, reL, ands e Lt;

4) fL‘_(spCTz,Tz*(V, rns)) < Dﬂyq—l*(fL‘_(V), 1, 8) for each V €
LY relL, andse Ly,

(5) For each x, € J(LY) and U € L* such that T, (L) >
r, TP <s and x;, < U there exists an (r, s)-fuzzy
semi-preopen subset V such that f;”(x;) <V and V <
fL_> (CTITI* (U, r, S))

Proof.
(1)=(@2): Let x, < T 7+(U, 1, 5). Then f;7(xy) < f7(U).

Since f;> is L-double fuzzy weakly semi-preopen
function, then

Jo () < f7 W)
< spIy7; (fy (Cr7p (U r5)),r,s).

Therefore, x, < f; (spZr, 73 (fp (Cro7 (U, 15.9), 7,
s)). Thus

TTI_TI*(U, 7, 8)

=< Ji GpLyr (f (Crp (U, 1 9)),1,5)),
ie.,
S (T, 7 (U, 1, 8)

< spLy7; (fL (Crigp (U, 1,.9)),159).

2)=(): Let Ue LY, r € L, and s € L+ such that T,(U) > r
and 7*(U) < s. Since U < T7, 72 (Cri 7 (U, 1,5), 1, 8)
and by using (2), we have
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fo W) = fi7 (Ig, 73 (Cry 7 (U, 1,8),1,9))
< spLy 7y (fy (Crgp (U, 1,9)),1208).

Hence f;” is L-double fuzzy weakly semi-preopen
function.

(2)=(@3): Let Ve LY. By using (2), we have f;~ (T7 77 (fa,
1,5)) < sply 1y (V. 1, 5). Therefore, Ty, 77 f=an,
rs) < f7 (splyy (V.1 ).

(3)=(2): It is trivial and omitted.

(3)=(): Let Ve LY,re L, and s € Lt. By using (3), we have

Dy 7o (f (V) 108) = Ty e (f (V) 15)

=Tn7 (V) rs) < ff(SPZTz,TZ*(V’, r,8))

= ff(spCerE*(V, rns)) = (ff(xpCTz.Tz*(V, rns)).
Therefore, we obtain f;~ (spCTz,Tz*(V, rs)) < DTI,TI*
(), 1s).

4)=(3): Itis trivial and omitted.

1)=(5): Let x, € J(LY) and U € L* such that 7,(U) >r,
T(U) <sand x;, < U. Since f;” is L-double fuzzy
weakly semi-preopen, f7”(U) < spZp 73 (f7 (Cr 7
,rs)),rs). Let V= spZng? (f;(CTl,T]*(U, 7)),
r,s). Then V < fj(CTl_Tl*(U, r,s)) with f;7(x;) <
V.

(3)=(1): Let Ue LY, r € L, and s € Lt such that 7;(U) >
r, T*(U) <s and let yg < f;7(U). By using (2),
we have V' < f;7(Cr (U, r,5)) for some (r, s)-fuzzy
semi-preopen subset ¥ € LY and ys < V. Hence
we have, yg <V < spLy 7y (ff(CTl,T]*(U, 7,8)), 1, 8).
This shows that f;7(U) < SPITZ,TZ* fT (CTI,TI*(U’
rs)),ns). O

Theorem 3.3. For a function [ : (X, T\, T{") = (Y, T2, T,"), the
following conditions are equivalent:

(1) fy is L-double fuzzy weakly semi-preopen function;

) f (IT],TI*(U, ns)) < SPITZ.TZ* (f;7 W), 1) for each U e
L* re L, ands € Lt such that T,(U") > r and T (U'") <
S5

3) fo @y, 7:(Cr 73 (U, 1, 8), 1,5)) < splyy 7y (ff (Crp7e (U,
1,8)),1,8) for each U e LX, r € L and s € L such that
TiU)=rand T*(U) <s;

@ fo W) =spZ(fp (Cr 7+ (U, 1,8)),1,8) for each (r, s)-
fuzzy preopen subset U € LX;

(5) [ (U) < spTry 7z (fi (Crir (U.1.5)). 1. ) for each (r,
s)-fuzzy a-open subset U € L*.

Proof.

M)=(2): Let T{(U’) > r and T;*(U’) < s for each U € L%, r
€ L, and s € L+, then Iﬂ=7]*(U’ rs) = 1-7—]'7'1* (CTlaTl*
U, r,s),r15). By using (1),
JT @7 (U, 9) = fi7 gy 70 (Cry 7 (U, 1y 9), 15))
< spIp 7 (7 @57 (Cr e (U, 15), 145))
=spIln fr (CT],TI*(U, 18)), 1),
foreach Ue L*,r e L, and s € Lt such that 7;(U’) >
rand 7,*(U’) <.
(2)=(3): Itis trivial and omitted.
(3)=4): Let U € LY be an (r, s)-fuzzy preopen subset, then
U <15 7+ (Cq 7 (U, 1, 5), 1, 5). By using (3), we have
JoWU) £ fi gy 77 (Cry 736 (U, 1, 9), 14 5))
< spLy7; (fy (Cr 7 (U, 1,5)), 1, 8).

(4)=(5): Itis trivial and omitted.

(B)=(1): Itis trivial and omitted. [

Theorem 3.4. If f : (X, T(,7]) = (Y, T2, T,") is L-double fuzzy
weakly semi-preopen and L-double fuzzy strongly continuous,
then [, is L-double fuzzy semi-preopen.

Proof. Let Ue L¥,re L, and s € Ly such that 7;(U) > r and
T(U) < s.Since f;~ is L-double fuzzy weakly semi-preopen

[ W) < spTyy 72 (7 (Crge (U, 105). 12 8).

However, since f;” is L-fuzzy strongly continuous, f;”(U) <
SPITz.TZ* (f77(U),r,s) and therefore ;" (U) is (r, s)-fuzzy semi-
preopen subset. [

Theorem 3.5. If f : (X, T(,7*) — (Y, T2, T,*) is L-double fuzzy
almost open function, then f; is L-double fuzzy weakly semi-
preopen.

Proof. Let U € LX, r € L, and s € Lt such that 7;(U) >r
and 7;*(U) < s. Since f;” is L-double fuzzy almost open and
Ir 77 (Crir (U, 1,8), 1, 8) is (r, s)-fuzzy regular open, then

ITZ,TZ* (f; (ITIT]* (CTZ’TZ* (U, 1, S), T, S)), I, S)
=/ .7 (Crorz (U, 1,5),1,8))

and hence

o) < ff(Iﬂ‘ﬂ*(CTlﬂ*(U, r,Ss),r.s)
< Ing (L (Cre U 15)),1,s)
< spLp7; (fy (Cr7p (U, 1,9)), 1, 8).
This shows that f;~ is L-double fuzzy weakly semi-preopen. [

Theorem 3.6. For the function f: (X, T, T}) — (Y. T2, T,"),
the following conditions are equivalent:

(1) f. is L-double fuzzy weakly semi-preclosed;

(2) SPCTzﬂ'Z* (fo W), rns) < f17 (C7~1171*(U, 1, 8)) for each U €
LY, reL, ands e Lt suchthat T{(U) > rand T*(U) < s;

3) SPCTZ,T; (fo W), rns) < f1” (CT],TI*(U, 1, 8)) for each an
(r, 8)-fuzzy regular open subset U € L*;

(4) Foreach Ve LY, Ue L¥,r e L, and s € Lt such that
TiU) =1, TFWU) <s and f;~(V) < U, there exists an
(r, 5)-fuzzy semi-preopen subset W e LY with V < W and
Jo V) =G (U, s);

(5) For each x;, € J(LY), Ue LY, r € L, and s € Lt such
that f;(x;) < U, there exists an (r, s)-fuzzy semi-preopen
subset Ve LY with x, < Vand f;~(V) < Cr. 7+ (U, 1, 5).

(6) spCr, (f” L7y, 7 (Cry 7 (U, 1,8), 7, 8)), 1, 5) <
S (Cri7: (U, 1,9)) for each U € LY, re L, and s €
LT,‘

(7 SpCTz,Tz* o (IT].TI* (D777 (U, 1, 8),1,5)), 1, 5) <
S (D17 (U, 1,5)) for each U e LY, r € L, and s €
LT,'

®) spCry7x (S (U),1,8) = [ (Cry, 7+ (U, 1,5)) for each (r,
8)-fuzzy Semi-Preopen subset U € L.

Proof.
M)=Q): Let Ue LY, r € L, and s € L+ such that 7;(U) > r
and 7;*(U) < s. Then
spCr 7y (f7 (U), 1,5) = spCry 73 (f” (L7, 77 (U, 1, 9)))
< spCr 73 (I T3, 77 (Cri 7 (U 1,5), 128)), 1 5)
< fi (Cr .1 (U, 1,9)).
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2)=(1): Let Ue L¥,r e L, and s € L+ such that T,(U’") > r
and 7;°(U’) < 5. Then
spCry, 73 (f Ty 7 (U, 1,5)), 17 8)
< Ji (Cr Ty 7 (U, 15), 13 9))
< fi (Cr U, 1 9)
= f.U).
B)=@): Let Ue L*, Ve LY, r e L, and 5 € Lt such that
TiU)=r, TFWU) <s and f;~ (V) <U. Then f;~
V) _‘qCTl,T]*(Cﬁ.TI*(Ua r,s), 1, s). This implies to V'
—-qf; (CTl,T]* (CT]TI*(U, I, S)/, I, S)) Since CTMTI*(U’ r,
)" 18 (r, s)-fuzzy regular open subset, V' —qspCr, 75
- (CT]_TI*(U, rs)),rns). Let W= spCTZ,TZ* -
(CTI_TI*(U, r,8)),r,s). Then W is (r, s)-fuzzy semi-
preopen subset with ¥ < W and

frw) = ff(.spCTz,E*(CnTl*(U, rs),rs))

< fi U (Cr7r (U, 1,9))) < Cpy 7 (U, 15 9).

(5)=(1): Let Ve LY, r e L, and s € L+ such that T,(V') >
r, T(V') <sand yg < f;7 (V). Since f;~ (yg) < V",
there exists (r, s)-fuzzy semi-preopen subset W e LY
such that yg < W and f;~(W) < CTI_TI*(V’, rs) =
ITI,T]*(V, r,s). Therefore W —qf;” (ITI.TI*(V, ).
Then ys < SPCTZ,T; fr (17—1,7—1*(V, rs)),ns). O

Theorem 3.7. If the function f: (X, Ti,T") = (Y, T, T,") isa

bijective function. Then the following conditions are equivalent:

(1) fr is L-double fuzzy weakly semi-preopen function;

2) spCB.B*(ff(U), ns) < f_ (CTI.TI*(U, 1, 8)) for each U €
LY, re L, ands e L+ such that T{(U) > rand T*(U) < s;

3) spCTZ.TZ* fo Ty 72 (Vo 1,8)),1,8) < (V) for each V €
LY, re L, ands e Ly such that i (V') > rand T (V') <
s.

Proof.

(D)=@B): Let Ue L¥,r € L, and s € L+ such that T,(U") > r
and 7;°(U’) < 5. Then

W) =17 WH
< spLp7; (fy (Cri7p (U’ 1,9)), 1, 8)

and so

(fi" U)) < (pCrrz (fy” Trire (U 1.9)). 7.5)) -
Hence,

spCr7: (i T (U)o rs) < f7 (U).

3)=Q): Let Ue L¥, r e L, and 5 € Ly such that 7;(U) >
r. Since Ti(Cry 7+ (U, 1,5)) 2 rand U < Iy, 7 (Cry 77
(U, r,s),r,s) and by using (3), we have
spCr 1 (f (U, 1y 9)
< spCr, (f;” (@1 7 (Cri 1 (U, 1,5, 1. 8)). T2 8)
< f (Criz (U, 1),
(2)=(3): It is trivial and omitted.
(3)=(1): It is trivial and omitted. [

Theorem 3.8. For the function f: (X, Ti,T) — (Y, T2, T,),
the following conditions are equivalent:

(1) fr is L-double fuzzy weakly semi-preclosed;

2 spCTz.Tz*(ff(IleT]*(U, rs)), 1) < fi(U) for (r, s)-
fuzzy semi-preclosed subset U € LY;

3) spCTZ.TZ*(ff 7,72 (U, 1,9),1,8) < fo W) for each (r,
8)-fuzzy a-closed subset U € L¥.

Proof. Straightforward. [J

Theorem 3.9. If the function [ : (X, T\, T{") = (Y, >, T,") is L-
double fuzzy weakly semi-preopen and L-double fuzzy strongly
continuous, then f;” is L-double fuzzy semi-preopen function.

Proof. Let U € LX, r € L, and s € Lt such that 7;(U) > r
and 7;*(U) < s. Since f;~ is L-double fuzzy strongly continu-
ous, f[’(CTl,Tl»«(U, r,8)) < f;(U)foreach Ue L¥, r € L, and
s € L+. But f;~ is L-double fuzzy weakly semi-preopen, then

foW) < spIsz—z»« (ff(CT],Tl*(U, rs)),rns) < f (U).

This is implies to that f,”(U) is an (r, s)-fuzzy semi-
preopen subset. Therefore, f;~ is L-double fuzzy semi-preopen
function. O

Definition 3.2. The function f: (X, 7, 7;) — (Y, T2, T5) is
said to be:

(1) An L-double fuzzy contra-semi-preclosed function if
fi7(U) is an (r, s)-fuzzy semi-preopen subset, for each
UeL* re L, and s € Lt such that 7;(U’) > r and
TH(U') <.

(2) An L-double fuzzy contra-semi-preopen if an (r, s)-fuzzy
semi-preclosed subset, for each U e LY, r € L, and s €
L+ such that 7;(U) = rand 7*(U) < s.

Theorem 3.10. If the function f:(X,Ti,7)— (Y, T2, T,
is L-double fuzzy contra-semi-preclosed (resp. L-double fuzzy
contra-semi-preopen), then it is an L-double fuzzy weakly semi-
preopen (resp. L-double fuzzy weakly semi-preclosed).

Proof. Let U € LY, r € L, and s € Lt such that
Ti(U)=r and T*(U) <s (resp. T1(U') >r and T,*(U’) <
5). Then, we have /" (U) < [ (Cr 7+ (U, 1,5)) = spIp, 73 (f1
(Cr7 (U, 1, 9)),1,8) (tesp. spCry 7z (f7 Ty 72 (U, 18)), 1, 5) =
Jr @7 U, r9) < fr(U)). O

4. Some applications of L-double fuzzy weakly semi-preopen
“semi-preclosed” functions

In this section, we will present some applications for this kind
of functions in separation and connectedness in L-double fuzzy
topology.

Definition 4.1. Let (X, 7, 7*) be an L-double fuzzy topologi-
cal space. An L-subsets U, V € LY are (r, s)-fuzzy strongly sep-
arated if there exist H, N € L* such that T(H) > r, T*(H) < s,
T(N)>rand T*(N) <swith U< H, V< N and

CT,T* (H, I, S) -q CT,T* (N, I, S).

Definition 4.2. An L-double fuzzy topological space (X, T, T*)
is called (r, s)-semi pre T if for each x,,, x;, with different sup-
ports there exist (r, s)-fuzzy semi-preopen sets U, V e L* such
thatx, < U < x/kz, X, <V < x/Al and U—q V.

Theorem4.1. If f: (X, T1,7") — (Y, T2, T,") is L-double fuzzy
weakly semi-preclosed surjective function and all fibers are (r, s)-
fuzzy strongly separated, then (Y, Ty, T,*) is (r, s)-semi pre-T».
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Proof. Let yg,. ys, € J(LY) and let U, V € L*, r € L, and s
€ Ly such that T7(U) > r, T*(U) <5, TT(V) =1, T (V) <,
I p) < U and f;~(yp,) < V respectively with

CTI.TI*(U, r,8) —q CTl,Tl*(Vv 7,8).

By using Theorem 3.6, there are (r, s)-fuzzy semi-preopen sets
H,Ne L suchthat ys, < H,ys, <N, f[{(U) < Cr 7 (U, 1, 5)
and f;7(N) < Cr (Vo1 9). Therefore H—¢N, because

Crir(U,r,8) =q Croy (V. 1, 9)

and f;~ is surjective. Thus (Y, 7, 7,°) is (r, s)-fuzzy semi-pre-
7,. O

Definition 4.3. Let (X, 7, 7*) be an L-double fuzzy topologi-
cal space, r € L, and s € Lt. The two L-subsets U, V e LY
are said to be (r, s)-fuzzy separated ift U —¢ Cr (V. 1, s) and
V —q Cr (U, r,s). An L-subset which cannot be expressed as
the union of two (r, s)-fuzzy separated subsets is said to be (r,
s)-fuzzy connected.

Definition 4.4. Let (X,7,7*) an L-double fuzzy topolog-
ical space. For L-subsets U, V e LY such that U # L
and V # L, are said to be (r, s)-fuzzy semi-preseparated if
U —q spCrp+(V,1,8) and V =g spCr 7+ (U, r, s) or equivalently
if there exist two (r, s)-fuzzy semi-preopen subsets H, N such
that U< H, V< N, U~q N and V—q H. An L-double fuzzy topo-
logical space which cannot be expressed as the union of two (r,
s5)-fuzzy semi-preseparated subsets is said to be (r, s)-fuzzy semi-
preconnected space.

Theorem 4.2. If f: (X, T\, 7*) — (Y, T2, T,") is injective L-
double fuzzy weakly semi-preopen and L-double fuzzy strongly
continuous function of space (X, Ti, T;*) onto an (r, s)-fuzzy semi-
preconnected space (Y, T», T,"), then (X, Ty, T*) is (r, s)-fuzzy
connected.

Proof. Let (X, 71, 7{") be not (v, s5)-fuzzy connected. Then there
exist (r, s)-fuzzy separated sets U, V' € L¥ suchthat U v V' = T.
Since U and V are (r, s)-fuzzy separated, there exists H, N € L*
suchthat 7 (H) > r, T1(N) > rsuchthat U< H, V<N, U~¢qN,
V=q H. Hence we have f”(U) < f"(H), f;7(V) = fi” (N),
f7(U) =~q [ (N) and f;> (V) =g f;7 (H). Since f;” is L-
double fuzzy weakly semi-preopen and L-double fuzzy strongly
continuous function, from Theorem 3.4 we have f;”(H) and
fi”(N) are (r, s)-fuzzy semi-preopen. Therefore, f;”(U) and
fi (V) are (r, s)-fuzzy semi preseparated and

T=/O=/UvV)=/"7WU)V[f7F)

which is contradiction with (Y, 72, 7;) is (r, s)-fuzzy semi pre-
connected. Thus (X, 7y, 7{") is (r, s)-fuzzy connected. [
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