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1. Introduction

Entropy is a fundamental concept in statistical distribution that provides important insights into the
characteristics of a probability distribution. It is a measure of the uncertainty or randomness associated
with the outcomes of a random variable. In other words, it is a measure of the degree of disorder or un-
predictability in a system. It is a measure of how much information is needed to describe the probability
distributions. The entropy plays a crucial role in a variety of field in science and engineering including
in information theory, thermodynamics, statistical physics, signal processing, agricultural products,
economics, financial markets and machine learning. Entropy measures help us understand how likely
it is for a random variable to take on any given value, how different outcomes of a random variable
are distributed, and how likely it is for the outcomes to cluster around certain values. Entropy mea-
sures can also be used to assess the amount of information that is lost when a probability distribution
is approximated by a simpler model, and can help us understand how different probability distribu-
tions compare with each other. Entropy measures can also be used to construct new distributions from
existing ones, and to determine the most efficient coding scheme for a given set of probabilities. By
combining entropy and statistical reliability, it is possible to gain a better understanding of how data is
distributed and how it can be used to draw valid conclusions.

There are several different formulas for calculating entropy, which can be used to measure the
degree of disorder or randomness in a system. In this paper we will discuss some of the most common
measure of entropy used for statistical life distributions, namely, Shannon entropy (HS E) [1, 2] and
Rényi entropy (Hρ

RE) [3, 4]. Suppose a non-negative and absolutely continuous random variable X with
probability density function (PDF) denoted by f (x;ω) and cumulative distribution function (CDF)
denoted by F(x;ω), where ω is a vector of parameters. Then, HS E and Hρ

RE of X which are defined
respectively as follow

HS E = −

∫ ∞

−∞

f (x;ω) log ( f (x;ω))dx, (1.1)

and

Hρ
RE =

1
1 − ρ

log
(∫ ∞

−∞

( f (x;ω))ρdx
)
, ρ ≥ 0, ρ , 1 (1.2)

where ρ is a positive real parameters. Many authors have studied the estimation of entropy for
different life distributions by using various methods, see for example [5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17].

The generalized exponential distribution (Gen-Ex distribution) is a flexible probability distribution
which can be used for modeling a wide range of data and can be used to generate accurate predictions
[18]. It has applications in various fields, including finance, economics, and engineering. In finance,
it is used to model stock returns, while economics, it is used to model income distributions. In engi-
neering, it is used to model the failure times of electronic devices. Also, the Gen-Ex distribution is a
flexible distribution that can fit data sets including those with heavy tails, skewness, and asymmetry.
It is a non-symmetric distribution around zero. The Gen-Ex distribution is a particular member of the
exponentiated Weibull distribution [19]. It has a distribution function similar to that of the Weibull
distribution, but with an additional parameter that allows for more flexibility in modeling skewed life-
time data [20] and has several properties that are quite similar to the gamma distribution [21]. It was
introduced and studied quite extensively by references [22, 23, 24, 25, 26, 27].
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Figure 1. Graphical representation of PDF and RF of Gen-Ex distribution at different values
α and β

The random variable X has the two-parameter α and β, denoted by Gen−Exdistribution(α, β), with
PDF and CDF are respectively given as

f (x;α, β) =
α

β
e
−x
β

(
1 − e

−x
β

)α−1
; x ≥ 0 (1.3)

F(x;α, β) =
(
1 − e

−x
β

)α
; x ≥ 0 (1.4)

where α > 0 and β > 0 are the shape and scale parameters respectively, and when α = 1, it coincides
with exponential distribution. Also, the reliability function (RF), denoted by R, is given as

R = 1 − F(x;α, β) = 1 −
(
1 − e

−x
β

)α
(1.5)

The behavior of Gen-Ex distribution at different values of α and β can be shown in Figure 1.

1.1. Expressions of Entropy under Gen-Ex distribution

Shannon entropy (HS E) Let X be a random variable following the Gen-Ex distribution, then using
Equations (1.1) and (1.3), the Shannon entropy (HS E) of the random variable X can be obtain based on
Equations (1.1) and (1.3) as

HS E = −

∫ ∞

0

α

β
e−x/β

(
1 − e

−x
β

)α−1
log

(
α

β
e
−x
β

(
1 − e

−x
β

)α−1
)

dx

thus, the above integration can be written in a closed form as (for more details see [28])

HS E = ψ(α + 1) − ψ(1) − ln
(
α

β

)
−
α − 1
α

(1.6)

where ψ(.) = Γ′(.)
Γ(.) is the digamma function, Γ(.) is the complete gamma function, and Γ′(.) is the

ordinary derivative of Γ(.).
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Rényi entropy (Hρ
RE) Similarly to HS E, using equation 1.2 and equation 1.3, the Hρ

RE of X can be
written as

Hρ
RE =

1
1 − ρ

log
(∫ ∞

0

(
α

β
e
−x
β

(
1 − e

−x
β

)α−1
)ρ

dx
)

thus, the above integration can be rewritten as (for more details see [28])

Hρ
RE =

1
1 − ρ

[ρ logα − (ρ − 1) log β + logΓ(ρ(α − 1) + 1) + logΓ(ρ) − logΓ(αρ + 1)] (1.7)

with ρ > 0, ρ , 1.

1.2. Generalized Type-II Hybrid Censoring Scheme (GT2HCS)

Hybrid censoring schemes (HCS) are a combination of Type-I and Type-II censoring schemes that
is used in reliability studies [29, 30, 31, 32, 33, 34, 35]. The HCS was first introduced by Epstein [36].
The experiment is conducted in two stages in Type-I hybrid censoring scheme (T1HCS). In the first
stage, an initial sample of units is tested until the first failure is observed. Then the remaining units are
tested until the predetermined number of failures are observed. The Type-II hybrid censoring scheme
(T2HCS) is a type of censoring scheme in which the experiment is stopped at certain pre-specified
times or when a certain number of failures have occurred, whichever comes first. The T1HCS and
T2HCS both have some drawbacks [37]. In T1HCS, the number of failures can be very small, leading
to inefficient inferential procedures. Additionally, the limited information available makes it difficult
to determine the optimal censoring points. In T2HCS, the length of the experiment may be longer than
necessary, as it must wait for a certain number of failures before the experiment can be completed. To
overcome the previous drawbacks, the generalized type hybrid censoring scheme (GHCS) One such
scheme has been developed to handle such situations [37]. This paper concentrates on the generalized
Type-II hybrid censoring scheme (GT2HCS). When using this scheme, the experimenter will fix a
value for r ∈ {1, 2, . . . , n}. Additionally, two time points are chosen T1,T2 ∈ (0,∞) and T1 < T2, with
T2 serves as the absolute maximum time for the experiment. Three cases of GT2HCS can occur:

Case 1: The rth failure can be occur before the time point T1, then, the experiment is terminated at T1

and the observed failure items are:
{
x(1) < . . . < x(D1)

}
.

Case 2: The rth failure can be occur between T1 and T2, then, the experiment is terminated at x(r) and
the observed failure items are:

{
x(1) < . . . < x(r)

}
.

Case 3: The rth failure can be occur after T2, then the experiment is terminated at T2 and the observed
failure items are:

{
x(1) < . . . < x(D2)

}
.

Where Dk indicate the number of failures that occur before time Tk, k = 1, 2. Figure 2 represents this
GT2HCS strategy.
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(a) Case 1 of GT2HCS

(b) Case 2 of GT2HCS

(c) Case 3 of GT2HCS
Figure 2. Schematic representation of GT2HCS

The likelihood functions for three different cases are as follows:

L(ω | x) =


n!

(n−D1)!

∏D1
i=1 f

(
x(i), ω

)
(1 − F (T 1, ω))n−D1 , i = 1, . . . ,D1,

n!
(n−r)!

∏r
i=1 f

(
x(i), ω

)
(1 − F (xr, ω))n−r , i = 1, . . . , r,

n!
(n−D2)!

∏D2
i=1 f

(
x(i), ω

)
(1 − F (T 2, ω))n−D2 , i = 1, . . . ,D2.

(1.8)

equation 1.8 can be rewritten in a general form, for sample x = x(1) < . . . < X(D), as follows:

L(ω | x) =
n!

(n − D)!

D∏
i=1

f
(
x(i)

)
[1 − F(A)]n−D , (1.9)

where:

D =


D1 for Case 1
r for Case 1
D2 for Case 3

, A =


T1 for Case 1
x(r) for Case 2
T2 for Case 3
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This HCS ensures that the experiment will be completed by time T2. This ensures that the exper-
iment will be completed by the time T2, and thus T2 serves as an absolute maximum time that the
experiment can go for. One of the advantages of the GT2HCS is a valuable tool in reliability analysis
and can help researchers make more accurate and informed decisions based on partially observed data.
Recently, many different life distributions have been studied by using GT2HCS [38, 39, 40].

In this study, our aim is to investigate the estimation of model parameters and delve into crucial
aspects of entropy criteria and the RF within the Gen-Ex distribution. By concentrating on RF and
entropy measures, such as Shannon entropy (HS E) and Rényi entropy (Hρ

RE), we aim to reveal the
underlying patterns in the Gen-Ex distribution using GT2HCS data. We employ both maximum like-
lihood estimation (MLE) and Bayesian estimation (BE) methods to estimate entropy measures and
RF. Subsequently, we derive asymptotic confidence intervals (ACIs) for these quantities. The study
concludes with a numerical investigation.

The research is structured as follows: In Section 2, we derive MLE and ACIs for entropy and RF
under the Gen-Ex distribution in the presence of GT2HCS data. Section 3 discusses the BE procedure
under two different loss functions, namely, squared error and linear exponential (LINEX), utilizing
Markov chain Monte Carlo. Section 4 covers data analysis and a numerical study of the produced
estimators. The study’s summary and conclusions are presented in Section 5.

2. Maximum Likelihood Estimation

In this section, the maximum likelihood (ML) approach is used to obtain the point and interval
estimates of the unknown parameters of the Gen-Ex distribution as well as the reliability and proposed
entropy measures based on a GT2HCS.

2.1. MLEs for α and β

The likelihood function for the unknown parameters α and β of the Gen-Ex distribution under the
general case of GT2HCS, as given in Equation (1.9), is as follows:

L(α, β|x) =
n!

(n − D)

D∏
i=1

[
α

β
e
−x(i)
β

(
1 − e

−x(i)
β

)α−1
] [

1 −
(
1 − e

−A
β

)α]n−D
(2.1)

The nature logarithm of equation 2.1, ℓ(α, β) = log L(α, β|x), can be given as

ℓ(α, β) ∝ D logα − D log β −
D∑

i=1

x(i)

β
+ (α − 1)

D∑
i=1

log
(
1 − e

−x(i)
β

)
+ (n − D) log

(
1 −

(
1 − e

−A
β

)α)
put: z(i) = 1 − e

−x(i)
β and zA = 1 − e

−A
β , thus, ℓ(α, β) can be rewritten as:

ℓ(α, β) ∝ D logα − D log β −
D∑

i=1

x(i)

β
+ (α − 1)

D∑
i=1

log
(
z(i)

)
+ (n − D) log (1 − (zA)α) (2.2)

The first partial derivative of Equation (2.2) with regard to the unknown parameters are given as
follows

∂ℓ(α, β)
∂α

=
D
α
+

D∑
i=1

log
(
z(i)

)
−

(n − D) log (zA)
(1 − zA)α

(2.3)
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∂ℓ(α, β)
∂β

=
−D
β
−

D∑
i=1

−x(i)

β2 −
(α − 1)x(i)e−

x(i)
β(

z(i)
)
β2 +

(n − D)αA (zA)α−1 e
−A
β

(1 − (zA)α) β2 (2.4)

The maximum likelihood estimates (MLEs) of α and β, denoted by α̂ and β̂, can be computed by
setting the first partial derivative of the log-likelihood function with respect to α and β (as given by
Equations (2.3) and (2.4)) equal to zero, and then solving the resulting system of two normal equations
simultaneously.

2.2. MLEs for R, HS E and Hρ
RE

Based on invariance property of MLEs, the corresponding MLE of R and entropy’s measures HS E

and Hρ
RE, for the Gen-Ex distribution in presences of GT2HCS can be directly obtained on substituting

of α̂ and β̂ in equation 1.5, 1.6, and 1.7, respectively obtained as shown in the following:

R̂(x) = 1 −
(
1 − e

−x
β̂

)α̂
, (2.5)

ĤS E = ψ(α̂ + 1) − ψ(1) − ln
(
α̂

β̂

)
−
α̂ − 1
α̂

, (2.6)

and

Ĥρ
RE =

1
1 − ρ

[ρ log α̂ − (ρ − 1) log β̂ + logΓ(ρ(α̂ − 1) + 1) + logΓ(ρ) − logΓ(α̂ρ + 1)], (2.7)

2.3. Confidence Interval Estimation

To obtain the confidence intervals of the Gen-Ex distribution (α, β), reliability estimates (R) and
measures of entropy’s HS E and Hρ

RE, we need to obtain the approximate asymptotic variance-covariance
matrix of MLEs of α and β. The approximate asymptotic variance-covariance can be obtained using
the inverse of the observed Fisher information matrix, denoted by I(.), as demonstrated below:

Î−1 =

(
var(α̂) cov(α̂, β̂)

cov(β̂, α̂) var(β̂)

)
=

 −∂2ℓ(α,β)
∂α2 −

∂2ℓ(α,β)
∂α∂β

−
∂2ℓ(α,β)
∂α∂β

−
∂2ℓ(α,β)
∂β2


−1

(α,β)=(α̂,β̂)

(2.8)

The elements of (2.8) are given by

∂2ℓ(α, β)
∂α2 = −

D
α2 − (n − D)

(zA)α (log(zA))2

(1 − (zA)α)2

∂2ℓ(α, β)
∂β2 =

D
α2 − 2

D∑
i=1

x(i)

β3 − (α − 1)
D∑

i=1

(
x(i)

β2

)
e−

x(i)
β

[
x(i)

β2 −
2
β
+ 2

β
e−

x(i)
β

]
(z(i))2

+ α(n − D)
(zA)αe−

A
β

(
A
β2

) [
A
β2 −

2
β

]
+ (zA)α−1e−

2A
β

(
A
β2

)2 [
α − 1 − α(zA)α−1

]
(1 − (zA))2

∂2ℓ(α, β)
∂α∂β

= −

D∑
i=1

(
x(i)

β2

)
e−

x(i)
β

(z(i))
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+ (n − D)
(zA)2α−1e−

A
β

(
A
β2

) [
α log(zA) − 1

]
+ (zA)α−1e−

A
β

(
A
β2

) [
α log(zA) + 1

]
(1 − (zA)α)2

Asymptotic Confidence Interval (Asy-CI) of the MLE

The Asy-CI is constructed based on the fact that the MLEs, α̂ and β̂, exhibit asymptotic normality
under certain assumptions. This implies that their joint distribution can be approximated by a bivariate
normal distribution with a mean vector of (α, β) and a covariance matrix Î−1

(
(α̂, β̂

)
. So, the (1−γ)100%

Asy-CIs for α and β are

α̂ ± Zγ/2
√

Var(α̂) and β̂ ± Zγ/2
√

Var(β̂)

where 0 < γ < 1 and Zγ/2 is the percentile of the standard normal distribution with probability γ/2. To
obtain Asy-CI for R, for this purpose, we use the delta method [10, 28] as well. Let

τ
′

R(x) =

(
∂R(x)
∂α

,
∂R(x)
∂β

)
where

∂R(x)
∂α

= −
[
1 − e

−x
β

]α
log

[
1 − e

−x
β

]
∂R(x)
∂β

= αx
[
1 − e

−x
β

]α
e
−x
β

Thus, using Delta method, the variances of R̂(x) can be approximated by

V̂ar(R̂(x)) =
[
τ
′

R(x) Î
−1(α̂, β̂)τR(x)

]
Further, R̂(x)−R(x)

V̂ar(R̂(x))
follow standard normal distribution asymptotically Therefore, the 100(1 − γ)% Asy-

CIs for R is given by

R̂(x) ± Zγ/2

√
V̂ar(R̂(x))

Also, to create the Asy-CIs of the entropy measures: HS E and Hρ
RE, one can use the Delta approach to

obtain the approximate variances of the entropy measures HS E and Hρ
RE, respectively, as

V̂ar
(
ĤS E

)
=

[
τ
′

HS E
Î−1(α̂, β̂)τHS E

]
and V̂ar

(
Ĥρ

RE

)
=

[
τ
′

Hρ
RE

Î−1(α̂, β̂)τHρ
RE

]
where

τ
′

HS E
=

(
∂HS E

∂α
,
∂HS E

∂β

)
and τ

′

Hρ
RE
=

(
∂Hρ

RE

∂α
,
∂Hρ

RE

∂β

)
and

∂HS E

∂α
= ψ(α + 1) −

α + 1
α2

∂HS E

∂β
= ψ(α + 1) −

α + 1
α2

Computational Journal of Mathematical and Statistical Sciences Volume 4, Issue 1, 96–138



104

∂Hρ
RE

∂α
=

ρ

1 − ρ

[
ψ(ρ(α − 1) + 1) − ψ(ρα + 1) +

1
α

]
∂Hρ

RE

∂β
=

1
β

Further, ĤS E−HS E

V̂ar(ĤRS ) and Ĥρ
RE−Hρ

RE

V̂ar(Ĥρ
RE) follow standard normal distribution asymptotically. Therefore, the 100(1−

γ)% Asy-CIs for HS E and Hρ
RE are respectively given by

ĤS E ± Zγ/2
√

V̂ar
(
ĤS E

)
and Ĥρ

RE ± Zγ/2
√

V̂ar
(
Ĥρ

RE

)
Normal Approximation of the Log-Transformed MLE

One limitation of the 100(1−γ)% Asy-CIs, as discussed earlier, is that they can yield negative lower
bounds for parameters that are inherently positive. In such cases, substituting a negative value with zero
might be considered. To address this shortcoming in the accuracy of the normal approximation, Meeker
and Escobar [41] proposed a solution in the form of log-transformed MLE-based Asy-CIs. Their
findings suggest that this type of confidence interval offers improved coverage probability. The NA-
CI, which is a 100(1 − γ)% normal approximate confidence interval, is calculated for log-transformed
MLEs and can be expressed as follows:

log (α̂) ± Zγ/2
√
τ11 and log

(
β̂
)
± Zγ/2

√
τ22

where τ11 and τ22 are the estimated variance of log(α̂) and log
(
β̂
)
, respectively. Thus, based on log-

transformed, 100(1 − γ)% NA-CI for α and β are respectively given by

α̂ × e±
Zγ/2

√
τ11

α̂ and β̂ × e±
Zγ/2

√
τ11

β̂

Using similar approach, 100(1 − γ)% NA-CI for R, HS E and Hρ
RE is given by

R̂(x) × e±
Zγ/2
√

v̂ar(R̂(x))
R̂(x)

and for each HS E and Hρ
RE are respectively given by

ĤS E × e±
Zγ/2

√
V̂ar(ĤS E)

ĤS E and Ĥρ
RE × e

±
Zγ/2

√
V̂ar(ĤρRE)

ĤρRE .

3. Bayesian Estimation

The Bayes estimation (BE) of the R and entropy measures HS E and Hρ
RE for Gen-Ex distribution

under the GT2HCS will be covered in this section. Different loss functions, such as the squared error
(SE) and Linear exponential (LINEX), can be taken into consideration for the BE. For informative
prior (IP) distribution of the parameters α and β of the Gen-Ex distribution, we can suggest using
independent gamma priors having PDFs

π(α) ∝ αa1−1e−b1α α > 0, a1 > 0, b1 > 0,
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π(β) ∝ βa2−1e−b2β β > 0, a2 > 0, b2 > 0

where the hyper-parameters a1, b1, a2 and b2 are chosen to represent the prior knowledge about the
unknown parameters. Thus, the joint prior density can be given as

π(α, β) ∝ αa1βa2e−b1α−b2β (3.1)

The corresponding posterior density given the observed data x =
(
x(1), x(2), . . . , x(D)

)
is given by:

π(α, β | x) =
π(α, β)L(α, β | x)∫ ∞

0

∫ ∞
0
π(α, β)L(α, β | x)dαdβ

∝ π(α, β)L(α, β | x).

As a result from Equations (2.1) and (3.1), the posterior density function can be written as follows:

π(α, β | x) ∝ αa1+1βa2−1e−b1α−b2β
D∏

i=1

[
e
−x(i)
β

(
1 − e

−x(i)
β

)α−1
] [

1 −
(
1 − e

−A
β

)α]n−D
. (3.2)

The BEs of any function of parameters, say g(α, β), with respect to SE loss function can given by:

ĝS E = E
[
g(α, β) | x

]
=

∫ ∞

0

∫ ∞

0
g(α, β)π(α, β | x)dαdβ. (3.3)

The SE loss function exhibits asymmetry by attributing the same significance to both underestima-
tion and overestimation. However, practical scenarios often involve situations where the severity of
underestimation is more significant than that of overestimation, or vice versa. To address this, an alter-
native approach is to consider a LINEX loss function, represented as LN, which offers an alternative
to the SE loss. This can be defined using the following equation:

(g(α, β), ĝ(α, β)) = eĝ(α,β)−g(α,β) − v (ĝ(α, β) − g(α, β)) − 1,

where v , 0. In this context, when v > 1, it indicates a situation where overestimation carries more
substantial consequences compared to underestimation. Conversely, for v < 0, the emphasis is on the
severity of underestimation. As v approaches 0, the behavior of the BE converges to that of the BE
under the S E loss function. For further insight into this matter, additional information can be found in
references [42] and [43].

The BEs of g(α, β) concerning this particular loss function can be calculated using the following
formula:

ĝLN = E
[
e−vg(α,β)) | x

]
= −

1
v

log
[∫ ∞

0

∫ ∞

0
e−vg(α,β)π(α, β | x)dαdβ

]
. (3.4)

Subsequently, the BEs for the parameters of the Gen-Ex distribution, namely α and β, as well as the
reliability measure R, and the entropy measures HS E and Hρ

RE, under the GT2HCS scheme in relation
to the SE and LN loss functions, can be acquired by substituting the values of α, β, R, HS E, and Hρ

RE in
place of g(α, β) within equations (3.3) and (3.4), correspondingly.

It can be observed that the estimates provided by equations (3.3) and (3.4) cannot be simplified
into closed-form expressions. Hence, we proceed to employ the Markov chain Monte Carlo (MCMC)
approach and utilize the Metropolis-Hastings (MH) Algorithm to generate a posterior sample. This
will allow us to obtain the desired estimates of g(α, β) under the BE framework.
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3.1. MH Algorithm

In order to execute the MH algorithm for the BEs of Gen-Ex distribution, a suggested distribution
and initial values of the unknown parameters α and β have to specify. For the proposal distribution,
a normal distribution will be taken into account, that is q

(
ξ
′

|ξ
)
≡ N

(
ξ, S ξ

)
, where ξ = (α, β) and S ξ

represent the variance-covariance matrix of ξ. For the initial values, the MLE for ξ is considered, that
is ξ(0) =

(
α̂, β̂

)
. The choice of S ξ is thought to be the asymptotic variance-covariance I−1

(
α̂, β̂)

)
given

in equation 2.8. In this manner, the MH method uses the stages listed below to draw a sample from the
posterior density provided by (3.2)

Step 1. Set initial value of ξ as ξ =
(
α(0), β(0)

)
=

(
α̂, β̂

)
.

Step 2. For i = 1, 2, . . . ,M repeat the following steps:

2.1: Set ξ = ξ(i−1).

2.2: Generate a new candidate parameter value, ξ′, by sampling from N2(ξ, S ξ), where N2(.) de-
notes a bivariate normal distribution with a mean vector of ξ and a variance-covariance matrix
of S ξ.

2.3: Compute the formula δ = π(ξ
′
|x)

π(ξ|x) , where π(·) is the posterior density in equation 3.2.

2.4: Generate a sample u from the uniform U(0, 1) distribution.

2.5: Accept or reject the new candidate ξ
′


If u ≤ δ put ξ(i) = ξ

′

elsewhere put ξ(i) = ξ

thus, one can obtain the following MCMC samples of (α, β) as:

ξ(i) =
(
α(i), β(i)

)
, i = 1, 2, . . . ,M.

Hence, one can compute R(x),HS E and Hρ
RE by substituting ξ(i) in equation 1.5, equation 1.6, and

equation 1.7, receptively. Eventually, a portion of the initial samples can indeed be removed (burn-in),
and the remaining samples can be used to calculate BEs using random samples of size M drawn from
the posterior density. The BEs of a parametric function g(α, β) under SE and LN are respectively given
by

ĝS E(α, β) =
1

M − lB

M∑
i=lB

g(α(i), β(i)), (3.5)

and

ĝLN(α, β) =
−1
v

log

 1
M − lB

M∑
i=lB

e−vg(α(i),β(i))

 , (3.6)

where lB represents the number of burn-in samples. Substituting g(α, β) =
(
α, β,R(x),HS E,H

ρ
RE

)
in the

above equations, one can easily obtain respective BEs for
(
α, β,R(x),HS E,H

ρ
RE

)
with respect to SE and

LN loss functions.
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3.2. Hyper-Parameters Elicitation

The informative priors are employed to select the hyper-parameters. Such informative priors are
derived from the MLEs for (α, β) via equating the mean and variance of (α̂ j, β̂ j) along with the mean
and variance of the considered priors (gamma priors), where j = 1, 2, . . . , k, k is the available samples
number from the Gen-Ex distribution. On equating the mean and variance of (α̂ j, β̂ j) and the mean and
variance of α and β priors [44], we get

1
k

k∑
j=1

α̂ j =
a1

b1
&

1
k − 1

k∑
j=1

(
α̂ j −

1
k

k∑
j=1

α̂ j
)2

=
a1

b2
1

1
k

k∑
j=1

β̂ j =
a2

b2
&

1
k − 1

k∑
j=1

(
β̂ j −

1
k

k∑
j=1

β̂ j
)2

=
a2

b2
2

.

Note that, by selecting the hyper-parameters a1 = b1 = a2 = b2 = 0 and using the same MH algorithm,
the BEs obtained in this case are called BE non-informative prior (BE-NIF).

The estimated hyper-parameters can therefore be written and illustrated by solving the two equa-
tions.

a1 =

(1
k

∑k
j=1 α̂

j)2

1
k−1

∑k
j=1

(
α̂ j − 1

k

∑k
j=1 α̂

j
)2

b1 =

1
k

∑k
j=1 α̂

j

1
k−1

∑k
j=1

(
α̂ j − 1

k

∑k
j=1 α̂

j
)2

a2 =

(1
k

∑k
j=1 β̂

j)2

1
k−1

∑k
j=1

(
β̂ j − 1

k

∑k
j=1 β̂

j
)2

b2 =

1
k

∑k
j=1 β̂

j

1
k−1

∑k
j=1

(
β̂ j − 1

k

∑k
j=1 β̂

j
)2 .

(3.7)

3.3. Highest Posterior Density

According to the technique of Chen and Shao [45], one can establish the highest posterior density
(HPD) intervals for the unknown parameters ξ of the Gen-Ex distribution under GT2HCS using the
samples obtained by the suggested MH algorithm in the preceding paragraph, where

ξ =
(
α, β,R(x),HS E,H

ρ
RE

)
.

Considering ξ(γ) be the γth quantile of ξ, that is,

ξ(γ) = inf{ξ : Π (ξ | x) ≥ γ},
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where 0 < γ < 1 and Π(·) is the posterior function of ξ. It should be noted that for a given ξ∗, an
accurate estimator based on simulation of π (ξ | x) might well be computed as

Π {ξ | x} =
1

M − lB

M∑
i=lB

Iξ≤ξ∗

Here Iξ≤ξ∗ is the indicator function. The proper estimate is then determined as

Π̂ (ξ∗ | x) =


0 if ξ∗ < ξlB∑i

j=lB
ω j if (ξi < ξ

∗ < ξi+1

1 if ξ∗ > ξM

where ω j =
1

M−lB
and ξ j are the ordered values of ξ( j). Now, for i = lB, . . . ,M, ξ(γ) may be estimated by

ξ̃(γ) =


ξlB if γ = 0

ξi if
∑i−1

j=lB
ω j < γ <

∑i
j=lB

ω j.

Furthermore, let us determine a 100(1 − γ)% HPD credible interval for ξ as

HPDξ
j =

(̃
ξ( j

M ), ξ̃( j+(1−γ)M
M )

)
for j = lB, . . . , [γM], here [a] represents indicates the largest integer that ≤ a. Need to choose HPD j∗

from one of many HPDξ
js with the narrowest width.

4. Data Analysis and Simulation Study

This section’s goal is to examine the behavior of the suggested reliability and entropy measures
estimators for the Gen-Ex distribution under the GT2HCS that was addressed in earlier parts. For
demonstration purposes, we investigate an actual data set. Furthermore, we conducted a simulation
study to investigate the behavior of the proposed approaches and evaluate the estimates’ performance
under various GT2HCS. For calculations, we utilized R, a statistical programming language. In ad-
dition, the bbmle and HDInterval packages may be used to compute MLEs and HPD intervals in
R-language.

4.1. Simulation Study

In this part, we use a Monte Carlo simulation analysis to assess the effectiveness of estimate tech-
niques, specifically MLE and BEs using MCMC, for Gen-Ex distribution under the GT2HCS. We
generate 1000 random data set from the Gen-Ex distribution based on the following assumptions:

1. The parameters of the Gen-Ex distribution are set to: (α, β) = (0.5, 1.5), (1, 0.5), and (2.5, 2.5).

2. The constant term of Hρ
RE is assumed to take values: ρ = 0.30 and 0.60.

3. The parameters of the GT2HCS are chosen as follows:

Computational Journal of Mathematical and Statistical Sciences Volume 4, Issue 1, 96–138



109

(a) The sample size and the number of failure items are assumed to be (n, r) = (30, 15), (60, 30),
and (120, 60).

(b) The censoring times T j, j = 1, 2 are determined as quantiles from the distribution
F−1(uk j, α, β), where uk j = (0.20, 0.60), uk j = (0.40, 0.60) for k = 1, 2, 3. Here, k corre-
sponds to the assumed case of the Gen-Ex distribution with parameters (α, β). Consequently,
the time of censoring can be computed and is displayed in Table 1.

4. The true reliability value can be calculated based on Equation (1.5) with the parameters (x =
0.5, α, β). Furthermore, the entropy metrics, namely HS E and Hρ

RE, are determined utilizing Equa-
tions (1.7) and (1.6), correspondingly, by employing the values of α and β. The complete set of
authentic reliability values and diverse entropy metrics can be showcased in Table 1.

Table 1. True values of reliability, different entropy measures and times of censoring for
GT2HCS

Parm. Rx=0.5 HS E Hρ
RE Times of censoring

(α, β) ρ = 0.30 ρ = 0.60 (uk1, uk2) (T1,T2)
(0.5, 1.5) 0.4676 2.7123 1.9251 1.2839 (0.20, 0.60) (0.06, 0.67)

(0.40, 0.80) (0.26, 1.53)
(1, 0.5) 0.3679 0.3069 1.0268 0.5839 (0.20, 0.60) (0.11, 0.46)

(0.40, 0.80) (0.26, 0.80)
(2.5, 2.5) 0.9860 1.0804 2.8215 2.4771 (0.20, 0.60) (1.86, 4.22)

(0.40, 0.80) (2.95, 6.15)

Steps of Monte Carlo simulation:

Step.1: Generating n random data from Gen-Ex distribution characterized by parameters α and β, and
subsequently applying the GT2HCS, involves specifying values for r, T1, and T2. This process
leads to the definition of the variable D and determines the particular censoring scenario to be
implemented.

Step.2: Estimating the MLEs for α and β involves calculating their respective variances using I−1(α̂, β̂).
Subsequently, this information is utilized to compute the Asy-CIs and NA-CIs.

Step.3: Calculating the MLEs of R, HS E, and Hρ
RE involves substituting the estimated values α̂ and β̂

obtained from Equation (2.5), Equation (2.6), and Equation (2.7) respectively. Afterward, confi-
dence intervals, both Asy-CIs and NA-CIs, can be computed for these estimates.

Step.4: Compute BEs using the MH algorithm as follows:

1. Assuming two cases for prior distributions: the first being an informative prior (IF), where
the hyper-parameter values are computed from Equation 3.7. Specifically, we generate 1000
complete samples, each consisting of 60 data points, from the Gen-Ex(α, β) distribution as
past samples and compute their MLEs (θ̂, α̂). Subsequently, by utilizing Equation 3.7, we can
determine the hyper-parameter values as follows: for (α, β) = (0.5, 1.5) we obtain the hyper-
parameter values as a1 = 39.45, b1 = 75.92, a2 = 23.56, and b2 = 15.95. For (α, β) = (1, 0.5),
we obtain a1 = 32.55, b1 = 31.20, a2 = 35.24, and b2 = 71.32. Finally, for (α, β) = (2.5, 2.5),
we obtain a1 = 22.33, b1 = 8.38, a2 = 48, and b2 = 19.36.
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2. Consider the second case involves non-informative prior (NIF), where the values of the
hyper-parameter values are a1 = b1 = a2 = b2 = 0, thus π(α) = 1

α
and π(β) = 1

β
.

3. Generating 10000 MCMC samples of α and β for the above two cases (IF and NIF) us-
ing the initial of MLEs and its variance-covariance matrix and given GT2HCS data x =
(x(1), (x(2), . . . , (x(D)).

4. Removing the first 2000 burn-in samples from the total 10000 samples created by the poste-
rior density.

5. Computing BEs of α and β under different loss function: SE, LN1 wit v = −1.5, and LN2

with v = 1.5 using respectively 3.5 and 3.6 and hence computing there HPD.

6. Computing BEs of of R, HS E and Hρ
RE under different loss function using respectively 3.5

and 3.6, and hence computing there HPD intervals.

Step.5: Repeating Step.1 to Step.4 number of times 1000 and saving all estimates.

Step.6: Computing statistical measures of performance for point estimates: average (Avg.) estimate
and mean square error (MSE) estimate. These measures can be computed as:

Avg.(θ) =
1

1000

1000∑
l=1

θ̂l & MS E(θ) =
1

1000

1000∑
l=1

(
θ̂l − θ

)2

where θ referees to the parameter and θ̂ referees to the estimate value of the given parameter.

Step.7: Computing statistical measures of performance for interval estimates: average interval length
(AIL) and coverage probability (CP) in %.

For point estimates, the results of Avg. and MSE of estimates under different GT2HCS scenarios
for the Gen-Ex distribution with parameters (α = 0.5, β = 1.5) are presented in Table 2, Table 3, and
Table 4 for sample sizes of n = 30, n = 60, and n = 120, respectively. The corresponding results for the
Gen-Ex distribution with parameters (α = 1, β = 0.5) are provided in Table 5, Table 6, and Table 7 for
the same sample sizes, and similarly, for the Gen-Ex distribution with parameters (α = 2.5, β = 2.5),
the results are reported in Table 8, Table 9, and Table 10 for the respective sample sizes of n = 30,
n = 60, and n = 120.

For interval estimates: Asy-CI, NA-CI, and HPD interval, lower and upper limits of CIs, AILs and
CPs under different GT2HCS for Gen-Ex distribution (α = 0.5, β = 1.5) are reported in Table 11, Table
12 and Table 13 for n = 30, 60 and 120, respectively, and for Gen-Ex distribution (α = 1, β = 0.5) are
reported in Table 14, Table 15 and Table 16 for n = 30, 60 and 120, and finally for Gen-Ex distribution
(α = 2.5, β = 2.5) are reported in Table 17, Table 18 and Table 19 for n = 30, 60 and 120.

Based on the numerical outputs presented in Table (2) through Table (19), several overarching
conclusions can be inferred:

• Across various settings, the results of the simulation study indicate that the BE-IFLN2 method has
outperformed other methods in terms of Avg. and MSE for estimating the parameters α and β, as
well as for estimating HS E and Hρ

RE.

• As n and r increase, the MSE consistently decreases across all tables of the simulation study,
aligning with our expectations.

Computational Journal of Mathematical and Statistical Sciences Volume 4, Issue 1, 96–138



111

• It is noteworthy that an increase in the value of α coupled with a decrease in β results in higher
MSE values across all simulation tables. Conversely, when both α and β increase together, a
simultaneous decrease in MSE values is observed for all estimation approaches.

• The simulation results reveal that as n, r, T1, and T2 increase, the MSE values consistently de-
crease across all simulation tables. Similarly, an increase in the parameter ρ is associated with a
decrease in MSE for the estimation approaches.

• In most scenarios, when both n and r increase, along with the increase of T1 and T2, the confidence
intervals constructed using Asy-CI, NA-CI, and HPD-CI methods tend to shrink for parameters
such as α, β, R, HS E, and H(ρ=0.3,0.6)

RE .

• Additionally, for each simulation scenario, the AIL tends to decrease as n and r increase. It’s
important to note that the simulation study reveals that the HPD-CI: NIF method consistently
yields the largest confidence interval lengths among the approaches considered.

Finally, the convergence of MCMC estimates using the MH algorithm can be visualized through
scatter plots, histograms, and cumulative means for each estimated parameter: α, β,R,HS E, and Hρ

RE as
showed in Figure 3. These visualizations are based on the Gen-Ex distribution with (α = 0.5, β = 1.5)
under the GT2HCS with n = 60, r = 30,T1 = 0.06, and T2 = 0.67, where IF priors are employed.
These graphical representations demonstrate the normality of the generated posterior samples and pro-
vide insight into the convergence behavior of the BEs. Notably, these graphs illustrate how the BEs
converge toward the true values of the parameters.

4.2. Real Data Analysis

A real data set is analyzed for illustrative purposes as well as to assess the statistical performances
of the MLE and BEs for reliability and entropy measures of the Gen-Ex distribution under different
GT2HCS.

Time between Failures: The following data, which labeled in Table 20, shows the time between
failures for 30 repairable items and has been provided by [46]. The data are listed in Table 20.
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Figure 3. Convergence of MCMC estimates for Gen-Ex distribution at (α = 0.5, β = 1.5)
under GT2HCS for n = 60, r = 30, and T1 = 0.06, T2 = 0.67
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Table 2. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 0.5, β = 1.5) at n = 30, r = 15

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.06, 0.67) MLE Avg. 0.6003 1.5107 0.4346 2.2577 1.7197 1.1115

MSE 0.0526 1.9144 0.0140 1.8915 0.4146 0.3271
BE-NIFS E Avg. 0.6670 1.7119 0.4448 2.3585 1.7267 1.1058

MSE 0.1580 3.3434 0.0265 2.5598 0.4767 0.4269
BE-NIFLN1 Avg. 0.6500 1.5824 0.4418 2.2176 1.7060 1.0780

MSE 0.1358 2.4263 0.0264 2.4101 0.4869 0.4405
BE-NIFLN2 Avg. 0.6852 1.8828 0.4477 2.5151 1.7474 1.1330

MSE 0.1853 5.0259 0.0266 2.8431 0.4681 0.4162
BE-IFS E Avg. 0.5111 1.4238 0.4556 2.6396 1.8649 1.2255

MSE 0.0024 0.0166 0.0021 0.0403 0.0130 0.0174
BE-IFLN1 Avg. 0.5076 1.3733 0.4532 2.5230 1.8375 1.1967

MSE 0.0022 0.0303 0.0021 0.0684 0.0180 0.0226
BE-IFLN2 Avg. 0.5148 1.4805 0.4581 2.7659 1.8918 1.2537

MSE 0.0028 0.0117 0.0020 0.0430 0.0098 0.0141
(0.26, 1.53) MLE Avg. 0.5969 1.4514 0.4386 2.2776 1.7299 1.1204

MSE 0.0508 1.1754 0.0112 1.6911 0.3329 0.2578
BE-NIFS E Avg. 0.6645 1.6492 0.4486 2.3844 1.7354 1.1122

MSE 0.1596 2.4214 0.0240 2.4739 0.4255 0.3810
BE-NIFLN1 Avg. 0.6473 1.5311 0.4457 2.2426 1.7147 1.0844

MSE 0.1368 1.7532 0.0239 2.3216 0.4353 0.3944
BE-NIFLN2 Avg. 0.6829 1.8076 0.4516 2.5418 1.7561 1.1395

MSE 0.1878 3.8132 0.0241 2.7593 0.4175 0.3706
BE-IFS E Avg. 0.5115 1.4245 0.4556 2.6427 1.8659 1.2262

MSE 0.0021 0.0159 0.0016 0.0395 0.0117 0.0160
BE-IFLN1 Avg. 0.5082 1.3740 0.4532 2.5261 1.8389 1.1978

MSE 0.0020 0.0258 0.0016 0.0663 0.0161 0.0208
BE-IFLN2 Avg. 0.5149 1.4806 0.4578 2.7693 1.8925 1.2541

MSE 0.0024 0.0109 0.0016 0.0423 0.0088 0.0130
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Table 3. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 0.5, β = 1.5) at n = 60, r = 30

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.06, 0.67) MLE Avg. 0.5462 1.4737 0.4508 2.4753 1.8175 1.1937

MSE 0.0173 0.5487 0.0059 0.8678 0.1840 0.1448
BE-NIFS E Avg. 0.6047 1.6454 0.4603 2.6019 1.8264 1.1871

MSE 0.0876 1.1806 0.0192 1.7445 0.2758 0.2699
BE-NIFLN1 Avg. 0.5918 1.5423 0.4574 2.4527 1.8055 1.1586

MSE 0.0772 0.8823 0.0191 1.5683 0.2809 0.2789
BE-NIFLN2 Avg. 0.6183 1.7762 0.4631 2.7682 1.8471 1.2149

MSE 0.1002 1.7226 0.0194 2.0702 0.2722 0.2637
BE-IFS E Avg. 0.5134 1.4264 0.4570 2.6275 1.8694 1.2322

MSE 0.0017 0.0239 0.0014 0.0441 0.0131 0.0163
BE-IFLN1 Avg. 0.5112 1.3743 0.4555 2.5261 1.8454 1.2089

MSE 0.0016 0.0334 0.0015 0.0699 0.0170 0.0199
BE-IFLN2 Avg. 0.5156 1.4860 0.4584 2.7345 1.8931 1.2553

MSE 0.0018 0.0197 0.0014 0.0406 0.0105 0.0139
(0.26, 1.53) MLE Avg. 0.5459 1.4584 0.4514 2.4751 1.8174 1.1936

MSE 0.0169 0.4587 0.0054 0.8309 0.1683 0.1314
BE-NIFS E Avg. 0.6047 1.6290 0.4610 2.6013 1.8262 1.1869

MSE 0.0879 1.0711 0.0188 1.6996 0.2595 0.2562
BE-NIFLN1 Avg. 0.5917 1.5278 0.4581 2.4522 1.8053 1.1585

MSE 0.0773 0.7939 0.0187 1.5251 0.2646 0.2652
BE-NIFLN2 Avg. 0.6183 1.7579 0.4639 2.7676 1.8469 1.2148

MSE 0.1007 1.5833 0.0189 2.0247 0.2559 0.2499
BE-IFS E Avg. 0.5135 1.4264 0.4570 2.6278 1.8694 1.2322

MSE 0.0017 0.0237 0.0014 0.0435 0.0130 0.0162
BE-IFLN1 Avg. 0.5113 1.3745 0.4555 2.5265 1.8455 1.2089

MSE 0.0016 0.0332 0.0015 0.0692 0.0168 0.0198
BE-IFLN2 Avg. 0.5158 1.4860 0.4584 2.7350 1.8931 1.2552

MSE 0.0018 0.0196 0.0014 0.0400 0.0103 0.0137
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Table 4. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 0.5, β = 1.5) at n = 120, r = 60

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.06, 0.67) MLE Avg. 0.5233 1.4901 0.4603 2.5874 1.8734 1.2421

MSE 0.0066 0.2614 0.0027 0.4364 0.0914 0.0712
BE-NIFS E Avg. 0.5797 1.6495 0.4688 2.7211 1.8805 1.2326

MSE 0.0700 0.7322 0.0159 1.3230 0.1765 0.1903
BE-NIFLN1 Avg. 0.5677 1.5529 0.4659 2.5683 1.8596 1.2038

MSE 0.0608 0.5463 0.0158 1.1434 0.1793 0.1964
BE-NIFLN2 Avg. 0.5925 1.7731 0.4717 2.8917 1.9013 1.2608

MSE 0.0821 1.0991 0.0161 1.6564 0.1750 0.1868
BE-IFS E Avg. 0.5138 1.4432 0.4592 2.6064 1.8671 1.2325

MSE 0.0015 0.0277 0.0011 0.0532 0.0129 0.0139
BE-IFLN1 Avg. 0.5122 1.3984 0.4582 2.5256 1.8496 1.2164

MSE 0.0015 0.0334 0.0012 0.0764 0.0156 0.0161
BE-IFLN2 Avg. 0.5155 1.4942 0.4602 2.6902 1.8847 1.2486

MSE 0.0016 0.0261 0.0011 0.0435 0.0109 0.0121
(0.26, 1.53) MLE Avg. 0.5233 1.4879 0.4603 2.5867 1.8730 1.2418

MSE 0.0066 0.2541 0.0027 0.4327 0.0898 0.0697
BE-NIFS E Avg. 0.5797 1.6470 0.4688 2.7204 1.8801 1.2323

MSE 0.0700 0.7220 0.0158 1.3203 0.1745 0.1885
BE-NIFLN1 Avg. 0.5678 1.5506 0.4659 2.5677 1.8592 1.2034

MSE 0.0608 0.5379 0.0157 1.1408 0.1773 0.1946
BE-NIFLN2 Avg. 0.5926 1.7702 0.4717 2.8911 1.9009 1.2604

MSE 0.0821 1.0856 0.0160 1.6534 0.1730 0.1849
BE-IFS E Avg. 0.5139 1.4432 0.4592 2.6065 1.8671 1.2325

MSE 0.0015 0.0275 0.0011 0.0529 0.0129 0.0138
BE-IFLN1 Avg. 0.5122 1.3984 0.4582 2.5257 1.8496 1.2164

MSE 0.0014 0.0333 0.0011 0.0761 0.0156 0.0160
BE-IFLN2 Avg. 0.5155 1.4942 0.4602 2.6905 1.8847 1.2485

MSE 0.0016 0.0258 0.0011 0.0433 0.0108 0.0121
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Table 5. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 1, β = 0.5) at n = 30, r = 15

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.11, 0.46) MLE Avg. 1.2220 0.4808 0.3352 0.0144 0.8917 0.4627

MSE 0.2998 0.0640 0.0133 0.7822 0.1749 0.1424
BE-NIFS E Avg. 1.4266 0.5613 0.3540 0.1388 0.9311 0.4882

MSE 1.1306 0.1985 0.0287 1.0560 0.2339 0.2132
BE-NIFLN1 Avg. 1.2996 0.5345 0.3502 0.0805 0.9117 0.4662

MSE 0.6726 0.1476 0.0283 1.0018 0.2383 0.2188
BE-NIFLN2 Avg. 1.5953 0.5921 0.3578 0.2013 0.9504 0.5100

MSE 2.1896 0.2812 0.0291 1.1429 0.2307 0.2092
BE-IFS E Avg. 1.0299 0.4818 0.3533 0.2451 0.9747 0.5320

MSE 0.0088 0.0017 0.0023 0.0192 0.0108 0.0125
BE-IFLN1 Avg. 1.0150 0.4778 0.3510 0.1912 0.9598 0.5170

MSE 0.0077 0.0018 0.0024 0.0280 0.0129 0.0147
BE-IFLN2 Avg. 1.0454 0.4858 0.3556 0.3020 0.9896 0.5469

MSE 0.0105 0.0016 0.0022 0.0166 0.0092 0.0109
(0.26, 0.80) MLE Avg. 1.2118 0.4736 0.3371 0.0234 0.8964 0.4671

MSE 0.2788 0.0445 0.0113 0.7071 0.1467 0.1181
BE-NIFS E Avg. 1.4161 0.5530 0.3555 0.1391 0.9299 0.4870

MSE 1.1001 0.1732 0.0270 0.9966 0.2151 0.1977
BE-NIFLN1 Avg. 1.2904 0.5275 0.3517 0.0811 0.9105 0.4649

MSE 0.6521 0.1274 0.0266 0.9466 0.2194 0.2034
BE-NIFLN2 Avg. 1.5837 0.5823 0.3594 0.2013 0.9493 0.5088

MSE 2.1617 0.2487 0.0274 1.0773 0.2120 0.1937
BE-IFS E Avg. 1.0294 0.4820 0.3539 0.2453 0.9748 0.5320

MSE 0.0087 0.0015 0.0020 0.0181 0.0098 0.0116
BE-IFLN1 Avg. 1.0146 0.4781 0.3516 0.1919 0.9601 0.5172

MSE 0.0076 0.0016 0.0020 0.0266 0.0118 0.0136
BE-IFLN2 Avg. 1.0449 0.4861 0.3562 0.3016 0.9894 0.5468

MSE 0.0104 0.0014 0.0019 0.0155 0.0084 0.0101
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Table 6. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 1, β = 0.5) at n = 60, r = 30

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.11, 0.46) MLE Avg. 1.0993 0.4851 0.3501 0.1505 0.9547 0.5196

MSE 0.0833 0.0247 0.0062 0.3629 0.0792 0.0642
BE-NIFS E Avg. 1.2800 0.5615 0.3664 0.2366 0.9684 0.5205

MSE 0.6518 0.1212 0.0231 0.6759 0.1633 0.1602
BE-NIFLN1 Avg. 1.1782 0.5388 0.3626 0.1774 0.9487 0.4979

MSE 0.3872 0.0952 0.0227 0.6372 0.1663 0.1648
BE-NIFLN2 Avg. 1.4125 0.5870 0.3702 0.2996 0.9882 0.5427

MSE 1.2670 0.1600 0.0235 0.7364 0.1616 0.1572
BE-IFS E Avg. 1.0299 0.4844 0.3568 0.2435 0.9826 0.5412

MSE 0.0080 0.0015 0.0016 0.0203 0.0086 0.0097
BE-IFLN1 Avg. 1.0186 0.4810 0.3552 0.1962 0.9706 0.5298

MSE 0.0071 0.0016 0.0016 0.0280 0.0100 0.0109
BE-IFLN2 Avg. 1.0416 0.4879 0.3584 0.2926 0.9947 0.5526

MSE 0.0091 0.0014 0.0016 0.0172 0.0075 0.0087
(0.26, 0.80) MLE Avg. 1.0979 0.4841 0.3503 0.1500 0.9545 0.5195

MSE 0.0814 0.0227 0.0058 0.3479 0.0735 0.0593
BE-NIFS E Avg. 1.2784 0.5601 0.3667 0.2333 0.9664 0.5186

MSE 0.6489 0.1176 0.0227 0.6605 0.1587 0.1563
BE-NIFLN1 Avg. 1.1769 0.5375 0.3629 0.1742 0.9466 0.4961

MSE 0.3853 0.0923 0.0223 0.6223 0.1618 0.1611
BE-NIFLN2 Avg. 1.4104 0.5852 0.3705 0.2962 0.9861 0.5409

MSE 1.2615 0.1553 0.0231 0.7206 0.1569 0.1532
BE-IFS E Avg. 1.0299 0.4844 0.3568 0.2445 0.9832 0.5417

MSE 0.0079 0.0015 0.0016 0.0201 0.0083 0.0094
BE-IFLN1 Avg. 1.0187 0.4810 0.3552 0.1972 0.9711 0.5303

MSE 0.0071 0.0016 0.0016 0.0277 0.0097 0.0107
BE-IFLN2 Avg. 1.0416 0.4879 0.3585 0.2936 0.9952 0.5531

MSE 0.0091 0.0014 0.0016 0.0170 0.0073 0.0084
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Table 7. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 1, β = 0.5) at n = 120, r = 60

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(0.11, 0.46) MLE Avg. 1.0472 0.4943 0.3600 0.2266 0.9929 0.5545

MSE 0.0328 0.0130 0.0030 0.1819 0.0390 0.0311
BE-NIFS E Avg. 1.2195 0.5724 0.3743 0.3060 0.9992 0.5477

MSE 0.5355 0.1137 0.0198 0.5076 0.1239 0.1280
BE-NIFLN1 Avg. 1.1284 0.5488 0.3705 0.2454 0.9792 0.5247

MSE 0.3166 0.0862 0.0194 0.4708 0.1260 0.1316
BE-NIFLN2 Avg. 1.3353 0.5987 0.3781 0.3706 1.0192 0.5702

MSE 1.0231 0.1550 0.0202 0.5659 0.1231 0.1260
BE-IFS E Avg. 1.0293 0.4875 0.3604 0.2450 0.9928 0.5526

MSE 0.0068 0.0018 0.0011 0.0279 0.0080 0.0080
BE-IFLN1 Avg. 1.0210 0.4846 0.3594 0.2032 0.9832 0.5441

MSE 0.0062 0.0019 0.0011 0.0344 0.0089 0.0087
BE-IFLN2 Avg. 1.0378 0.4904 0.3615 0.2880 1.0025 0.5611

MSE 0.0077 0.0018 0.0011 0.0249 0.0074 0.0075
(0.26, 0.80) MLE Avg. 1.0470 0.4942 0.3600 0.2262 0.9927 0.5543

MSE 0.0326 0.0127 0.0029 0.1803 0.0384 0.0306
BE-NIFS E Avg. 1.2192 0.5722 0.3743 0.3057 0.9990 0.5475

MSE 0.5344 0.1130 0.0197 0.5062 0.1232 0.1273
BE-NIFLN1 Avg. 1.1282 0.5486 0.3705 0.2451 0.9790 0.5245

MSE 0.3161 0.0857 0.0193 0.4693 0.1252 0.1309
BE-NIFLN2 Avg. 1.3348 0.5985 0.3781 0.3702 1.0190 0.5701

MSE 1.0206 0.1540 0.0201 0.5644 0.1223 0.1253
BE-IFS E Avg. 1.0292 0.4876 0.3605 0.2450 0.9928 0.5526

MSE 0.0068 0.0018 0.0011 0.0277 0.0080 0.0079
BE-IFLN1 Avg. 1.0209 0.4847 0.3594 0.2032 0.9832 0.5441

MSE 0.0062 0.0019 0.0011 0.0343 0.0088 0.0086
BE-IFLN2 Avg. 1.0377 0.4905 0.3615 0.2880 1.0025 0.5611

MSE 0.0076 0.0018 0.0011 0.0247 0.0073 0.0074
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Table 8. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 2.5, β = 2.5) at n = 30, r = 15

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(1.86, 4.22) MLE Avg. 3.3980 2.3344 0.9861 0.8946 2.7175 2.3754

MSE 3.9056 0.6939 0.0002 0.3068 0.0890 0.0812
BE-NIFS E Avg. 3.7921 2.6054 0.9737 0.9340 2.7241 2.3773

MSE 8.4230 1.9954 0.0015 0.4560 0.1782 0.1704
BE-NIFLN1 Avg. 3.3691 2.3942 0.9733 0.9070 2.7048 2.3576

MSE 4.7864 1.3937 0.0016 0.4541 0.1838 0.1762
BE-NIFLN2 Avg. 4.3236 2.8800 0.9740 0.9618 2.7434 2.3970

MSE 15.1843 3.4087 0.0015 0.4626 0.1739 0.1659
BE-IFS E Avg. 2.6245 2.4345 0.9834 1.0397 2.7879 2.4432

MSE 0.0932 0.0274 0.0001 0.0072 0.0057 0.0061
BE-IFLN1 Avg. 2.4913 2.3723 0.9833 1.0166 2.7795 2.4351

MSE 0.0631 0.0388 0.0001 0.0096 0.0065 0.0068
BE-IFLN2 Avg. 2.7848 2.5032 0.9835 1.0635 2.7962 2.4513

MSE 0.1822 0.0239 0.0001 0.0059 0.0051 0.0055
(2.95, 6.15) MLE Avg. 3.3612 2.3249 0.9860 0.8983 2.7202 2.3781

MSE 3.5595 0.5965 0.0002 0.2789 0.0776 0.0705
BE-NIFS E Avg. 3.7664 2.5947 0.9735 0.9379 2.7267 2.3799

MSE 8.3480 1.8781 0.0015 0.4243 0.1655 0.1586
BE-NIFLN1 Avg. 3.3456 2.3856 0.9732 0.9110 2.7073 2.3602

MSE 4.6931 1.3075 0.0016 0.4227 0.1708 0.1642
BE-NIFLN2 Avg. 4.2942 2.8672 0.9739 0.9657 2.7460 2.3996

MSE 15.1651 3.2502 0.0015 0.4302 0.1615 0.1544
BE-IFS E Avg. 2.6229 2.4348 0.9834 1.0410 2.7887 2.4440

MSE 0.0903 0.0261 0.0001 0.0060 0.0051 0.0055
BE-IFLN1 Avg. 2.4900 2.3731 0.9833 1.0179 2.7804 2.4360

MSE 0.0609 0.0373 0.0001 0.0083 0.0058 0.0062
BE-IFLN2 Avg. 2.7837 2.5030 0.9835 1.0647 2.7970 2.4520

MSE 0.1796 0.0227 0.0001 0.0048 0.0046 0.0050
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Table 9. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 2.5, β = 2.5) at n = 60, r = 30

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(1.86, 4.22) MLE Avg. 2.8514 2.4158 0.9862 0.9787 2.7656 2.4227

MSE 0.8906 0.3090 0.0001 0.1436 0.0404 0.0367
BE-NIFS E Avg. 3.3071 2.7798 0.9727 1.0181 2.7709 2.4231

MSE 4.8126 2.5035 0.0015 0.2812 0.1279 0.1252
BE-NIFLN1 Avg. 2.8182 2.4128 0.9723 0.9910 2.7517 2.4035

MSE 2.0763 1.2848 0.0016 0.2791 0.1312 0.1289
BE-NIFLN2 Avg. 3.9920 3.2653 0.9731 1.0458 2.7902 2.4427

MSE 12.6081 5.7529 0.0014 0.2865 0.1258 0.1228
BE-IFS E Avg. 2.6093 2.4413 0.9849 1.0280 2.7884 2.4447

MSE 0.0712 0.0246 3.90E-5 0.0084 0.0045 0.0046
BE-IFLN1 Avg. 2.5095 2.3910 0.9848 1.0086 2.7819 2.4386

MSE 0.0500 0.0323 3.94E-5 0.0108 0.0050 0.0051
BE-IFLN2 Avg. 2.7252 2.4967 0.9849 1.0477 2.7949 2.4508

MSE 0.1230 0.0220 3.86E-5 0.0068 0.0041 0.0042
(2.95, 6.15) MLE Avg. 2.8457 2.4140 0.9862 0.9783 2.7655 2.4226

MSE 0.8638 0.2913 1.04E-4 0.1376 0.0380 0.0345
BE-NIFS E Avg. 3.3008 2.7762 0.9727 1.0176 2.7709 2.4231

MSE 4.7701 2.4611 0.0015 0.2741 0.1252 0.1227
BE-NIFLN1 Avg. 2.8141 2.4107 0.9724 0.9905 2.7516 2.4035

MSE 2.0587 1.2631 0.0016 0.2720 0.1285 0.1264
BE-NIFLN2 Avg. 3.9824 3.2589 0.9731 1.0453 2.7901 2.4427

MSE 12.5048 5.6531 0.0014 0.2793 0.1231 0.1203
BE-IFS E Avg. 2.6088 2.4418 0.9849 1.0279 2.7882 2.4446

MSE 0.0716 0.0242 3.90E-5 0.0084 0.0045 0.0046
BE-IFLN1 Avg. 2.5090 2.3916 0.9848 1.0085 2.7818 2.4384

MSE 0.0504 0.0318 3.94E-5 0.0108 0.0050 0.0051
BE-IFLN2 Avg. 2.7245 2.4970 0.9849 1.0477 2.7947 2.4507

MSE 0.1232 0.0217 3.86E-5 0.0067 0.0041 0.0042
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Table 10. Avg.and MSE estimates under different GT2HCS based on Gen-Ex distribution at
(α = 2.5, β = 2.5) at n = 120, r = 60

(T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
(1.86, 4.22) MLE Avg. 2.6652 2.4633 0.9860 1.0296 2.7953 2.4517

MSE 0.3338 0.1644 0.0001 0.0715 0.0195 0.0176
BE-NIFS E Avg. 3.0922 2.8353 0.9705 1.0698 2.7984 2.4496

MSE 3.6174 2.5344 0.0016 0.2058 0.1044 0.1039
BE-NIFLN1 Avg. 2.6661 2.4583 0.9701 1.0425 2.7791 2.4299

MSE 1.5862 1.2039 0.0017 0.2030 0.1067 0.1066
BE-NIFLN2 Avg. 3.6759 3.3304 0.9709 1.0976 2.8176 2.4692

MSE 9.3317 6.0205 0.0016 0.2114 0.1033 0.1025
BE-IFS E Avg. 2.6117 2.4468 0.9853 1.0434 2.7992 2.4553

MSE 0.0729 0.0290 2.28E-5 0.0120 0.0042 0.0041
BE-IFLN1 Avg. 2.5333 2.4063 0.9853 1.0253 2.7939 2.4503

MSE 0.0529 0.0339 2.29E-5 0.0136 0.0045 0.0043
BE-IFLN2 Avg. 2.7006 2.4910 0.9853 1.0621 2.8046 2.4603

MSE 0.1122 0.0275 2.27E-5 0.0110 0.0040 0.0038
(2.95, 6.15) MLE Avg. 2.6642 2.4632 0.9860 1.0293 2.7952 2.4516

MSE 0.3306 0.1620 0.0001 0.0709 0.0193 0.0173
BE-NIFS E Avg. 3.0910 2.8348 0.9705 1.0696 2.7983 2.4495

MSE 3.6023 2.5253 0.0016 0.2050 0.1041 0.1036
BE-NIFLN1 Avg. 2.6654 2.4581 0.9701 1.0424 2.7790 2.4298

MSE 1.5823 1.2000 0.0017 0.2023 0.1063 0.1063
BE-NIFLN2 Avg. 3.6738 3.3294 0.9709 1.0974 2.8175 2.4691

MSE 9.2913 5.9998 0.0016 0.2107 0.1029 0.1022
BE-IFS E Avg. 2.6118 2.4469 0.9853 1.0436 2.7993 2.4554

MSE 0.0729 0.0287 0.0000 0.0119 0.0042 0.0040
BE-IFLN1 Avg. 2.5334 2.4064 0.9853 1.0255 2.7940 2.4505

MSE 0.0528 0.0336 2.30E-5 0.0135 0.0045 0.0043
BE-IFLN2 Avg. 2.7006 2.4909 0.9853 1.0622 2.8047 2.4603

MSE 0.1122 0.0272 2.27E-5 0.0109 0.0039 0.0038
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Table 11. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
0.5, β = 1.5) at n = 30, r = 15

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.06, 0.67) α (0.1895, 0.9870) (0.2987, 1.1586) (0.2267, 1.2590) (0.4306, 0.5986)
0.7974 / 95.2 0.8599 / 98.3 1.0323 / 96.0 0.1680 / 97.3

β (0.0000, 3.8554) (0.3202, 7.1305) (0.1752, 4.1695) (1.2335, 1.6136)
3.8554 / 95.4 6.8104 / 99.2 3.9943 / 95.3 0.3800 / 96.2

R (0.2161, 0.6544) (0.2631, 0.7201) (0.1632, 0.7828) (0.3824, 0.5317)
0.4383 / 98.8 0.4571 / 99.9 0.6196 / 98.1 0.1493 / 96.3

HS E (0.0000, 4.8589) (0.7841, 6.9071) (0.0000, 5.5550) (2.2719, 2.9744)
4.8589 / 96.6 6.1230 / 99.8 5.5550 / 96.8 0.7024 / 96.4

Hρ=0.3
RE (0.5506, 2.9337) (0.8791, 3.4524) (0.4936, 3.1446) (1.7272, 2.0564)

2.3831 / 97.2 2.5733 / 99.2 2.6510 / 97.5 0.3292 / 98.2
Hρ=0.6

RE (0.0653, 2.1899) (0.4396, 2.8927) (0.0528, 2.5717) (1.0291, 1.4645)
2.1246 / 97.1 2.4531 / 99.8 2.5189 / 98.6 0.4354 / 97.9

(0.26, 1.53) α (0.1953, 0.9731) (0.3002, 1.1368) (0.2086, 1.2058) (0.4347, 0.6003)
0.7778 / 95.2 0.8366 / 98.3 0.9973 / 95.7 0.1656 / 97.9

β (0.0000, 3.4446) (0.3864, 5.6164) (0.2444, 3.8805) (1.2300, 1.6169)
3.4446 / 95.7 5.2301 / 99.5 3.6361 / 95.4 0.3869 / 96.7

R (0.2449, 0.6339) (0.2823, 0.6840) (0.1718, 0.7558) (0.3927, 0.5381)
0.3889 / 98.5 0.4017 / 99.9 0.5840 / 97.2 0.1454 / 97.8

HS E (0.0000, 4.7128) (0.8559, 6.4326) (0.0000, 5.2915) (2.2596, 2.9733)
4.7128 / 96.8 5.5767 / 99.9 5.2915 / 95.8 0.7137 / 96.0

Hρ=0.3
RE (0.7049, 2.7989) (0.9637, 3.1846) (0.6580, 2.9663) (1.7213, 2.0485)

2.0940 / 97.1 2.2209 / 99.6 2.3083 / 97.6 0.3272 / 98.1
Hρ=0.6

RE (0.2115, 2.0608) (0.5035, 2.5637) (0.0112, 2.2461) (1.0176, 1.4506)
1.8493 / 97.7 2.0603 / 99.9 2.2349 / 96.9 0.4330 / 97.4
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Table 12. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
0.5, β = 1.5) at n = 60, r = 30

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.06, 0.67) α (0.1895, 0.9870) (0.2987, 1.1586) (0.2267, 1.2590) (0.4306, 0.5986)
0.7974 / 95.2 0.8599 / 98.3 1.0323 / 96.0 0.1680 / 97.3

β (0.0000, 3.8554) (0.3202, 7.1305) (0.1752, 4.1695) (1.2335, 1.6136)
3.8554 / 95.4 6.8104 / 99.2 3.9943 / 95.3 0.3800 / 96.2

R (0.2161, 0.6544) (0.2631, 0.7201) (0.1632, 0.7828) (0.3824, 0.5317)
0.4383 / 98.8 0.4571 / 99.9 0.6196 / 98.1 0.1493 / 96.3

HS E (0.0000, 4.8589) (0.7841, 6.9071) (0.0000, 5.5550) (2.2719, 2.9744)
4.8589 / 96.6 6.1230 / 99.8 5.5550 / 96.8 0.7024 / 96.4

Hρ=0.3
RE (0.5506, 2.9337) (0.8791, 3.4524) (0.4936, 3.1446) (1.7272, 2.0564)

2.3831 / 97.2 2.5733 / 99.2 2.6510 / 97.5 0.3292 / 98.2
Hρ=0.6

RE (0.4827, 1.9156) (0.6598, 2.1795) (0.1911, 2.1846) (1.0333, 1.4693)
1.4329 / 97.5 1.5197 / 99.6 1.9936 / 97.5 0.4361 / 97.7

(0.26, 1.53) α (0.1953, 0.9731) (0.3002, 1.1368) (0.2086, 1.2058) (0.4347, 0.6003)
0.7778 / 95.2 0.8366 / 98.3 0.9973 / 95.7 0.1656 / 97.9

β (0.0000, 3.4446) (0.3864, 5.6164) (0.2444, 3.8805) (1.2300, 1.6169)
3.4446 / 95.7 5.2301 / 99.5 3.6361 / 95.4 0.3869 / 96.7

R (0.2449, 0.6339) (0.2823, 0.6840) (0.1718, 0.7558) (0.3927, 0.5381)
0.3889 / 98.5 0.4017 / 99.9 0.5840 / 97.2 0.1454 / 97.8

HS E (0.0000, 4.7128) (0.8559, 6.4326) (0.0000, 5.2915) (2.2596, 2.9733)
4.7128 / 96.8 5.5767 / 99.9 5.2915 / 95.8 0.7137 / 96.0

Hρ=0.3
RE (0.7049, 2.7989) (0.9637, 3.1846) (0.6580, 2.9663) (1.7213, 2.0485)

2.0940 / 97.1 2.2209 / 99.6 2.3083 / 97.6 0.3272 / 98.1
Hρ=0.6

RE (0.5169, 1.8844) (0.6793, 2.1219) (0.1146, 2.0487) (1.0468, 1.4687)
1.3674 / 97.7 1.4426 / 99.7 1.9341 / 96.0 0.4219 / 97.8
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Table 13. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
0.5, β = 1.5) at n = 120, r = 60

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.06, 0.67) α (0.3693, 0.6696) (0.3891, 0.6936) (0.2437, 0.9378) (0.4348, 0.5743)
0.3003 / 95.5 0.3045 / 97.3 0.6942 / 96.1 0.1395 / 96.3

β (0.4936, 2.5092) (0.7673, 2.9378) (0.5183, 3.0415) (1.1748, 1.7215)
2.0156 / 95.4 2.1704 / 98.8 2.5232 / 95.9 0.5467 / 96.8

R (0.3601, 0.5588) (0.3701, 0.5704) (0.2382, 0.7387) (0.4056, 0.5220)
0.1987 / 98.4 0.2003 / 98.9 0.5005 / 97.3 0.1164 / 97.3

HS E (1.3360, 3.8874) (1.6025, 4.2565) (0.6952, 4.7370) (2.1982, 3.0117)
2.5513 / 97.1 2.6540 / 99.3 4.0417 / 96.3 0.8135 / 96.4

Hρ=0.3
RE (1.2908, 2.4659) (1.3738, 2.5681) (1.0525, 2.6515) (1.7015, 2.0763)

1.1751 / 97.4 1.1944 / 98.9 1.5990 / 96.7 0.3748 / 97.7
Hρ=0.6

RE (0.7266, 1.7622) (0.8208, 1.8865) (0.3006, 2.0173) (1.0556, 1.4588)
1.0356 / 97.7 1.0657 / 99.2 1.7167 / 96.2 0.4032 / 98.1

(0.26, 1.53) α (0.3695, 0.6693) (0.3892, 0.6932) (0.2437, 0.9378) (0.4348, 0.5743)
0.2998 / 95.5 0.3040 / 97.3 0.6942 / 96.1 0.1395 / 96.3

β (0.5053, 2.4952) (0.7729, 2.9119) (0.5439, 3.0425) (1.1846, 1.7274)
1.9899 / 95.2 2.1390 / 98.9 2.4987 / 96.1 0.5428 / 97.3

R (0.3616, 0.5576) (0.3714, 0.5688) (0.2405, 0.7387) (0.4047, 0.5218)
0.1959 / 98.5 0.1974 / 99.2 0.4982 / 97.3 0.1171 / 97.3

HS E (1.3440, 3.8806) (1.6075, 4.2450) (0.6952, 4.7315) (2.1982, 3.0117)
2.5367 / 97.1 2.6375 / 99.3 4.0363 / 96.2 0.8135 / 96.4

Hρ=0.3
RE (1.2978, 2.4594) (1.3790, 2.5592) (1.1009, 2.6932) (1.6985, 2.0707)

1.1616 / 97.2 1.1802 / 98.9 1.5922 / 97.2 0.3722 / 97.2
Hρ=0.6

RE (0.7334, 1.7559) (0.8254, 1.8769) (0.3117, 2.0086) (1.0556, 1.4588)
1.0225 / 97.5 1.0515 / 99.4 1.6969 / 96.1 0.4032 / 98.1
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Table 14. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α = 1, β =
0.5) at n = 30, r = 15

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.11, 0.46) α (0.2729, 2.1625) (0.5605, 2.6455) (0.3853, 2.6270) (0.8718, 1.2236)
1.8896 / 95.0 2.0850 / 98.0 2.2417 / 95.4 0.3519 / 97.5

β (0.0000, 0.9755) (0.1719, 1.3452) (0.1099, 1.1151) (0.4132, 0.5569)
0.9755 / 95.9 1.1733 / 98.9 1.0052 / 95.5 0.1437 / 99.0

R (0.1234, 0.5498) (0.1787, 0.6342) (0.0506, 0.6940) (0.2715, 0.4420)
0.4264 / 98.4 0.4555 / 99.9 0.6434 / 97.0 0.1704 / 96.9

HS E (0.0000, 1.6554) (0.0000, 1.7435) (0.0000, 1.9697) (0.0000, 0.4750)
1.6554 / 96.4 1.7435 / 98.0 1.9697 / 96.5 0.4750 / 98.3

Hρ=0.3
RE (0.1320, 1.6788) (0.3854, 2.1273) (0.0526, 1.9826) (0.8161, 1.1497)

1.5469 / 97.1 1.7420 / 99.7 1.9301 / 98.4 0.3336 / 97.9
Hρ=0.6

RE (0.0000, 1.1705) (0.1085, 2.0646) (0.0000, 1.4606) (0.3622, 0.7354)
1.1705 / 97.0 1.9560 / 99.9 1.4606 / 98.5 0.3732 / 98.2

(0.26, 0.80) α (0.2972, 2.1179) (0.5682, 2.5663) (0.3901, 2.6185) (0.8533, 1.2018)
1.8207 / 94.6 1.9981 / 98.2 2.2284 / 95.4 0.3485 / 96.4

β (0.0632, 0.8840) (0.1991, 1.1266) (0.1259, 1.0382) (0.4127, 0.5483)
0.8208 / 95.2 0.9275 / 98.8 0.9124 / 95.3 0.1356 / 98.0

R (0.1434, 0.5339) (0.1902, 0.6027) (0.0602, 0.6786) (0.2723, 0.4397)
0.3905 / 98.5 0.4125 / 96.8 0.6185 / 96.4 0.1674 / 96.5

HS E (0.0000, 1.5827) (0.0000, 1.6535) (0.0000, 1.8138) (0.0000, 0.4460)
1.5827 / 96.7 1.6535 / 97.6 1.8138 / 95.8 0.4460 / 97.4

Hρ=0.3
RE (0.2145, 1.6056) (0.4238, 1.9543) (0.0101, 1.7841) (0.8292, 1.1543)

1.3911 / 96.9 1.5306 / 99.8 1.7739 / 96.9 0.3251 / 98.4
Hρ=0.6

RE (0.0000, 1.1010) (0.1296, 1.7611) (0.0000, 1.3659) (0.3662, 0.7257)
1.1010 / 97.4 1.6315 / 98.3 1.3659 / 97.6 0.3595 / 97.7
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Table 15. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α = 1, β =
0.5) at n = 60, r = 30

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.11, 0.46) α (0.5680, 1.6306) (0.6780, 1.7825) (0.4535, 2.1340) (0.8852, 1.2123)
1.0626 / 95.2 1.1045 / 97.8 1.6804 / 95.8 0.3271 / 97.8

β (0.1783, 0.7919) (0.2577, 0.9131) (0.1696, 0.9656) (0.4123, 0.5507)
0.6136 / 95.5 0.6553 / 98.5 0.7960 / 95.6 0.1383 / 97.0

R (0.2034, 0.4978) (0.2304, 0.5335) (0.0880, 0.6724) (0.2935, 0.4433)
0.2944 / 97.4 0.3031 / 99.7 0.5844 / 96.5 0.1498 / 98.0

HS E (0.0000, 1.3010) (0.0002, 123.7396) (0.0000, 1.7726) (0.0068, 0.5056)
1.3010 / 97.0 123.7394 / 96.8 1.7726 / 97.0 0.4987 / 98.4

Hρ=0.3
RE (0.4338, 1.4887) (0.5553, 1.6639) (0.1690, 1.7191) (0.8509, 1.1632)

1.0548 / 97.0 1.1085 / 99.6 1.5502 / 97.4 0.3123 / 98.2
Hρ=0.6

RE (0.0510, 0.9981) (0.2127, 1.2938) (0.0000, 1.2784) (0.4062, 0.7408)
0.9471 / 97.3 1.0811 / 99.9 1.2784 / 97.2 0.3346 / 98.6

(0.26, 0.80) α (0.5725, 1.6233) (0.6804, 1.7717) (0.4623, 2.1396) (0.8852, 1.2149)
1.0508 / 95.3 1.0913 / 97.8 1.6773 / 96.0 0.3296 / 97.9

β (0.1901, 0.7780) (0.2637, 0.8885) (0.1810, 0.9606) (0.4191, 0.5537)
0.5879 / 95.3 0.6247 / 98.6 0.7797 / 95.9 0.1346 / 97.6

R (0.2087, 0.4933) (0.2340, 0.5264) (0.0948, 0.6683) (0.2914, 0.4362)
0.2846 / 97.7 0.2924 / 99.5 0.5735 / 96.4 0.1449 / 97.4

HS E (0.0000, 1.2807) (0.0003, 103.7431) (0.0000, 1.7726) (0.0081, 0.4933)
1.2807 / 97.1 103.7428 / 96.8 1.7726 / 97.0 0.4852 / 98.1

Hρ=0.3
RE (0.4532, 1.4709) (0.5669, 1.6327) (0.1556, 1.6923) (0.8537, 1.1535)

1.0177 / 97.3 1.0658 / 99.7 1.5368 / 96.6 0.2998 / 97.9
Hρ=0.6

RE (0.0696, 0.9810) (0.2206, 1.2507) (0.0000, 1.2311) (0.4104, 0.7323)
0.9114 / 97.1 1.0301 / 99.9 1.2311 / 96.6 0.3219 / 98.3
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Table 16. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α = 1, β =
0.5) at n = 120, r = 60

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(0.11, 0.46) α (0.7045, 1.3900) (0.7549, 1.4528) (0.4764, 1.9053) (0.8845, 1.1821)
0.6856 / 95.6 0.6979 / 97.5 1.4290 / 95.9 0.2977 / 97.4

β (0.2711, 0.7175) (0.3147, 0.7764) (0.1967, 0.9191) (0.4119, 0.5630)
0.4463 / 95.7 0.4617 / 98.6 0.7224 / 95.6 0.1511 / 97.2

R (0.2547, 0.4646) (0.2686, 0.4815) (0.1124, 0.6602) (0.2955, 0.4215)
0.2099 / 98.4 0.2129 / 99.0 0.5478 / 96.2 0.1261 / 96.5

HS E (0.0000, 1.0683) (0.0079, 7.3793) (0.0000, 1.5272) (0.0000, 0.5159)
1.0683 / 97.0 7.3714 / 96.8 1.5272 / 96.6 0.5159 / 97.2

Hρ=0.3
RE (0.6122, 1.3802) (0.6775, 1.4648) (0.3222, 1.6916) (0.8564, 1.1531)

0.7681 / 97.7 0.7872 / 99.1 1.3694 / 97.3 0.2967 / 97.8
Hρ=0.6

RE (0.2138, 0.8990) (0.3006, 1.0299) (0.0000, 1.2204) (0.4096, 0.7142)
0.6852 / 97.5 0.7294 / 99.7 1.2204 / 96.5 0.3046 / 97.6

(0.26, 0.80) α (0.7052, 1.3888) (0.7554, 1.4512) (0.4764, 1.9053) (0.8845, 1.1821)
0.6836 / 95.7 0.6958 / 97.5 1.4290 / 95.9 0.2977 / 97.4

β (0.2731, 0.7153) (0.3159, 0.7730) (0.2030, 0.9098) (0.4126, 0.5620)
0.4422 / 95.7 0.4571 / 98.7 0.7068 / 95.6 0.1494 / 97.1

R (0.2558, 0.4635) (0.2695, 0.4801) (0.1128, 0.6602) (0.2955, 0.4200)
0.2077 / 98.4 0.2106 / 99.2 0.5474 / 96.2 0.1246 / 96.3

HS E (0.0000, 1.0638) (0.0081, 7.2095) (0.0000, 1.5272) (0.0000, 0.5306)
1.0638 / 97.1 7.2014 / 96.8 1.5272 / 96.6 0.5306 / 98.1

Hρ=0.3
RE (0.6162, 1.3766) (0.6803, 1.4593) (0.3294, 1.6818) (0.8564, 1.1531)

0.7604 / 97.7 0.7790 / 99.2 1.3524 / 97.3 0.2967 / 97.8
Hρ=0.6

RE (0.2176, 0.8955) (0.3027, 1.0232) (0.0000, 1.2648) (0.4123, 0.7178)
0.6779 / 97.4 0.7205 / 99.9 1.2648 / 97.3 0.3055 / 97.8
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Table 17. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
2.5, β = 2.5) at n = 30, r = 15

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(1.86, 4.22) α (0.0000, 6.9701) (1.1122, 9.9477) (0.9193, 8.0184) (2.1526, 3.1355)
6.9701 / 95.8 8.8355 / 98.7 7.0991 / 95.4 0.9828 / 97.4

β (0.7604, 3.9637) (1.1989, 4.6535) (0.6947, 4.7531) (2.1980, 2.7105)
3.2033 / 95.7 3.4545 / 98.4 4.0583 / 95.3 0.5125 / 97.8

R (0.9582, 1.0128) (0.9586, 1.0132) (0.9052, 1.0000) (0.9727, 0.9967)
0.0545 / 96.8 0.0545 / 96.8 0.0948 / 96.8 0.0240 / 98.7

HS E (0.0000, 1.9386) (0.3020, 2.7905) (0.0000, 2.3062) (0.8955, 1.1550)
1.9386 / 96.6 2.4885 / 99.8 2.3062 / 97.7 0.2594 / 96.7

Hρ=0.3
RE (2.1798, 3.2742) (2.2312, 3.3330) (1.9159, 3.5051) (2.6878, 2.9219)

1.0944 / 97.2 1.1018 / 98.4 1.5892 / 97.1 0.2341 / 97.9
Hρ=0.6

RE (1.8632, 2.9050) (1.9162, 2.9662) (1.6575, 3.2086) (2.3381, 2.5847)
1.0417 / 97.4 1.0500 / 98.5 1.5510 / 98.5 0.2465 / 97.9

(2.95, 6.15) α (0.0000, 6.7345) (1.1470, 9.3951) (0.7185, 7.6843) (2.1270, 3.1062)
6.7345 / 95.5 8.2481 / 98.9 6.9659 / 95.2 0.9792 / 96.9

β (0.9161, 3.7837) (1.2766, 4.3256) (0.9096, 4.6231) (2.1944, 2.7073)
2.8677 / 95.1 3.0490 / 98.6 3.7135 / 95.9 0.5129 / 97.8

R (0.9583, 1.0126) (0.9587, 1.0130) (0.9052, 1.0000) (0.9737, 0.9971)
0.0543 / 96.8 0.0543 / 96.8 0.0948 / 96.8 0.0234 / 99.5

HS E (0.0000, 1.8821) (0.3251, 2.6129) (0.0000, 2.1667) (0.8955, 1.1495)
1.8821 / 96.7 2.2878 / 99.9 2.1667 / 96.8 0.2540 / 96.6

Hρ=0.3
RE (2.2271, 3.2324) (2.2707, 3.2816) (1.9915, 3.5051) (2.6826, 2.9131)

1.0052 / 97.7 1.0109 / 98.6 1.5136 / 97.4 0.2305 / 97.7
Hρ=0.6

RE (1.9093, 2.8645) (1.9541, 2.9157) (1.6207, 3.1065) (2.3317, 2.5747)
0.9552 / 97.9 0.9616 / 98.7 1.4859 / 97.0 0.2431 / 97.8

Computational Journal of Mathematical and Statistical Sciences Volume 4, Issue 1, 96–138



130

Table 18. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
2.5, β = 2.5) at n = 60, r = 30

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(1.86, 4.22) α (1.1339, 4.5688) (1.5612, 5.2077) (1.0107, 5.7372) (2.1620, 3.0902)
3.4350 / 94.5 3.6465 / 98.2 4.7266 / 95.4 0.9282 / 97.1

β (1.3383, 3.4933) (1.5465, 3.7737) (1.0180, 4.4901) (2.1992, 2.7339)
2.1550 / 95.8 2.2271 / 98.2 3.4722 / 95.8 0.5347 / 97.7

R (0.9662, 1.0055) (0.9664, 1.0057) (0.9021, 1.0000) (0.9754, 0.9958)
0.0393 / 96.8 0.0393 / 96.8 0.0979 / 96.8 0.0204 / 99.2

HS E (0.2838, 1.7005) (0.4859, 2.0261) (0.0000, 1.9287) (0.8791, 1.1770)
1.4168 / 97.0 1.5402 / 99.9 1.9287 / 96.4 0.2979 / 96.5

Hρ=0.3
RE (2.3978, 3.1445) (2.4218, 3.1708) (2.1106, 3.4564) (2.6810, 2.9087)

0.7467 / 96.7 0.7489 / 98.1 1.3458 / 97.9 0.2277 / 96.7
Hρ=0.6

RE (2.0731, 2.7824) (2.0978, 2.8096) (1.6971, 3.0469) (2.3547, 2.5904)
0.7093 / 97.3 0.7119 / 98.2 1.3498 / 96.5 0.2357 / 98.6

(2.95, 6.15) α (1.1541, 4.5374) (1.5705, 5.1566) (1.0107, 5.7178) (2.1534, 3.0829)
3.3833 / 94.4 3.5861 / 98.2 4.7071 / 95.4 0.9295 / 96.9

β (1.3691, 3.4588) (1.5659, 3.7214) (1.0146, 4.4458) (2.2056, 2.7249)
2.0897 / 95.7 2.1555 / 98.3 3.4312 / 95.7 0.5194 / 97.9

R (0.9662, 1.0055) (0.9664, 1.0057) (0.9033, 1.0000) (0.9757, 0.9960)
0.0394 / 96.8 0.0394 / 96.8 0.0967 / 96.8 0.0203 / 99.5

HS E (0.2984, 1.6874) (0.4933, 1.9984) (0.0778, 1.9707) (0.8856, 1.1818)
1.3890 / 97.2 1.5051 / 96.8 1.8928 / 96.9 0.2962 / 96.8

Hρ=0.3
RE (2.4090, 3.1342) (2.4318, 3.1590) (2.1027, 3.4372) (2.6955, 2.9130)

0.7252 / 97.1 0.7272 / 98.4 1.3345 / 97.6 0.2175 / 97.4
Hρ=0.6

RE (2.0841, 2.7724) (2.1074, 2.7980) (1.7302, 3.0660) (2.3458, 2.5727)
0.6883 / 97.4 0.6906 / 98.4 1.3358 / 96.9 0.2269 / 97.2
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Table 19. CIs estimates under different GT2HCS based on Gen-Ex distribution at (α =
2.5, β = 2.5) at n = 120, r = 60

(T1,T2) Parm Asy-CI NA-CI HPD-CI: NIF HPD-CI: IF
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)
AIL / CP AIL / CP AIL / CP AIL / CP

(1.86, 4.22) α (1.5795, 3.7508) (1.7734, 4.0052) (0.9907, 4.8185) (2.1650, 3.0427)
2.1712 / 95.3 2.2318 / 97.4 3.8278 / 95.2 0.8777 / 96.9

β (1.6716, 3.2550) (1.7862, 3.3971) (1.1673, 4.4240) (2.1639, 2.7497)
1.5834 / 96.3 1.6108 / 98.4 3.2568 / 95.9 0.5859 / 97.2

R (0.9716, 1.0003) (0.9717, 1.0004) (0.8991, 1.0000) (0.9783, 0.9951)
0.0287 / 96.8 0.0287 / 96.8 0.1009 / 96.8 0.0168 / 99.5

HS E (0.5179, 1.5586) (0.6290, 1.7138) (0.2092, 1.8667) (0.8720, 1.2323)
1.0407 / 97.7 1.0848 / 99.6 1.6575 / 97.0 0.3603 / 97.9

Hρ=0.3
RE (2.5265, 3.0692) (2.5392, 3.0828) (2.1586, 3.4149) (2.6957, 2.9167)

0.5428 / 97.7 0.5436 / 98.1 1.2562 / 96.8 0.2210 / 97.8
Hρ=0.6

RE (2.1968, 2.7110) (2.2099, 2.7249) (1.8049, 3.0643) (2.3509, 2.5652)
0.5141 / 97.7 0.5151 / 98.1 1.2594 / 96.8 0.2144 / 97.3

(2.95, 6.15) α (1.5836, 3.7447) (1.7759, 3.9967) (1.2061, 5.0287) (2.1650, 3.0427)
2.1610 / 95.3 2.2207 / 97.5 3.8226 / 96.4 0.8777 / 96.9

β (1.6773, 3.2491) (1.7903, 3.3890) (1.1673, 4.4240) (2.1639, 2.7497)
1.5718 / 96.3 1.5986 / 98.5 3.2568 / 95.9 0.5859 / 97.2

R (0.9716, 1.0003) (0.9717, 1.0004) (0.9003, 1.0000) (0.9783, 0.9951)
0.0287 / 96.8 0.0287 / 96.8 0.0997 / 96.8 0.0168 / 99.5

HS E (0.5212, 1.5557) (0.6311, 1.7089) (0.2033, 1.8489) (0.8746, 1.2323)
1.0345 / 97.7 1.0778 / 99.5 1.6456 / 96.7 0.3577 / 97.9

Hρ=0.3
RE (2.5289, 3.0671) (2.5415, 3.0804) (2.1586, 3.4052) (2.6969, 2.9167)

0.5381 / 97.6 0.5390 / 98.1 1.2465 / 96.7 0.2198 / 97.8
Hρ=0.6

RE (2.1992, 2.7088) (2.2120, 2.7225) (1.8178, 3.0733) (2.3546, 2.5680)
0.5096 / 97.7 0.5105 / 98.0 1.2555 / 97.0 0.2133 / 97.6

Table 20. Time between failures for 30 repairable items data set

1.43 0.11 0.71 0.77 2.63 1.49 3.46 2.46 0.59 0.74 1.23 0.94 4.36 0.40 1.74
4.73 2.23 0.45 0.70 1.06 1.46 0.30 1.82 2.37 0.63 1.23 1.24 1.97 1.86 1.17

It is important to begin by assessing whether the Gen-Ex distribution is suitable for analyzing the
provided data set. The MLEs are computed for the parameters (α, β), and various goodness-of-fit crite-
ria are evaluated. These criteria include the negative log-likelihood criterion (NLC), Akaike Informa-
tion Criterion (AIC), Bayesian Information Criterion (BIC), and the Kolmogorov-Smirnov (K-S) test
statistic along with its associated p-value. These criteria are used to assess the adequacy of the Gen-Ex
distribution when compared to other distributions such as Weibull, Generalized Inverted Exponential
(GIE), Burr XII, Exponential, and Gamma distributions. In Table 21, the estimated parameters and
goodness-of-fit statistics are presented. Lower values of these criteria along with larger p-values in-
dicate a better fit. The values presented in Table 21 suggest that the Gen-Ex distribution provides a
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suitable model for the given data set when compared to the other distributions. As a result, the data set
can be effectively analyzed using the Gen-Ex distribution, with MLEs of α̂ = 2.1235 and β̂ = 0.9967.

Table 21. Goodness of fit for given data set

PDF Estimates (St.Er) NLC AIC BIC K-S P-value
Gen-Ex 2.1235 (0.5875) 0.9967 (0.2001) 39.6143 83.2287 86.0310 0.0650 0.9996
Weibull 1.4633 (0.2029) 1.7101 (0.2254) 39.9103 83.8207 86.6231 0.0749 0.9959
Burr XII 2.3705 (0.4217) 0.8097 (0.1724) 40.9061 85.8123 88.6147 0.1161 0.8133
GIE 1.6678 (0.4722) 1.0975 (0.2480) 44.9656 93.9313 96.7337 0.1631 0.4014
Exponential 1.5425 (0.2815) — 43.0053 88.0107 89.4119 0.1845 0.2588
gamma 1.9761 (0.4734) 0.7806 (0.2126) 39.6295 83.2592 86.0615 0.2367 0.0692

To visually assess the fit of the Gen-Ex distribution to the given data set, graphical representations
can be used. The empirical CDF of the data set can be plotted alongside the corresponding fitted CDFs
for the Weibull, GIE, Burr XII, Exponential, and Gamma distributions. Additionally, a histogram of the
data set can be plotted, accompanied by the corresponding fitted PDF lines for the same distributions.
Figure 4 displays the fitted lines for both the CDFs and PDFs of the given data set and the respective
distributions. These figures provide a visual comparison, illustrating that the Gen-Ex distribution offers
a better fit than the other distributions, at least for this specific data set.

Table 22 provides the outcomes of the Gen-Ex distribution analysis under different GT2HCS with
a total sample size of n = 30 and failure sample sizes of r = 10 and r = 20 from the original
real data set. Various censoring times are taken into account for computational purposes. The table
includes estimates and standard errors for the MLEs of the Gen-Ex distribution parameters α̂ and β̂.
Subsequently, MLEs of R, HS E, and HRE (with (ρ = 0.3 and 0.6)) are computed by substituting the
estimated values of α̂ and β̂. Furthermore, BEs are calculated using the MH algorithm with the NIF
prior. In generating samples from the posterior distribution via MH, the initial values of (α, β) are set
as (α(0), β(0)) = (α̂, β̂). The first 2000 samples are discarded as burn-in from a total of 10,000 samples
generated from the posterior density. It’s worth noting that BEs are computed using different loss
functions: SE, LN1 with v = −1.5, and LN2 with v = 1.5. The BEs of R, HS E, and HRE (with (ρ =
0.3 and 0.6)) are obtained using equations 3.5 and 3.6. Additionally, Table 23 presents the lower and
upper bounds of confidence intervals for the parameters α, β, R, HS E, and HRE (with (ρ = 0.3 and 0.6))
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using different interval estimation methods: Asy-CI, NA-CI, and HPD.

Table 22. Estimate values and standard error under GT2HCS for given real data set

r (T1,T2) Method Parm. R HS E Hρ
RE

α β ρ = 0.3 ρ = 0.6
10 (0.65, 1.50) MLE 2.7428 (1.1935) 0.7164 (0.2778) 0.8486 -0.2204 1.5853 1.2450

BES E 3.6079 (0.8141) 0.5601 (0.0794) 0.8505 -0.5931 1.3742 1.0426
BELN1 3.1429 — 0.5549 — 0.8056 -0.5428 1.3482 1.0128
BELN2 4.1929 — 0.5653 — 0.8928 -0.6402 1.3998 1.0713

(1.20, 2.25) MLE 1.8973 (0.7375) 1.1578 (0.4654) 0.8630 0.4918 2.0059 1.6448
BES E 1.5747 (0.4490) 1.5652 (0.5007) 0.8702 0.9453 2.2716 1.8940
BELN1 1.4646 — 1.4081 — 0.8294 0.9063 2.1509 1.7653
BELN2 1.6876 — 1.8230 — 0.9101 1.0382 2.4379 2.0669

(1.25, 4.75) MLE 2.1994 (0.7920) 0.9595 (0.3063) 0.8622 0.2010 1.8436 1.4924
BES E 2.6695 (0.4934) 0.8513 (0.1818) 0.8854 -0.0334 1.7539 1.4125
BELN1 2.5127 — 0.8345 — 0.8650 -0.0198 1.7251 1.3809
BELN2 2.8730 — 0.8692 — 0.9070 -0.0509 1.7851 1.4465

20 (0.65, 1.50) MLE 2.2268 (0.7484) 0.9471 (0.2645) 0.8625 0.1799 1.8326 1.4821
BES E 2.3261 (0.7285) 0.9338 (0.1769) 0.8710 0.1385 1.8256 1.4775
BELN1 2.1031 — 0.9128 — 0.8373 0.1808 1.7863 1.4323
BELN2 2.7506 — 0.9552 — 0.9153 0.0658 1.8733 1.5331

(1.20, 2.25) MLE 2.1295 (0.6849) 0.9957 (0.2628) 0.8618 0.2593 1.8753 1.5221
BES E 2.0579 (0.3189) 1.0931 (0.1926) 0.8728 0.3759 1.9628 1.6074
BELN1 1.9941 — 1.0622 — 0.8582 0.3693 1.9286 1.5710
BELN2 2.1275 — 1.1289 — 0.8877 0.3855 2.0007 1.6475

(1.25, 4.75) MLE 2.1295 (0.6849) 0.9957 (0.2628) 0.8618 0.2593 1.8753 1.5221
BES E 1.6257 (0.4352) 1.3210 (0.3523) 0.8470 0.7478 2.1084 1.7339
BELN1 1.4908 — 1.2375 — 0.8064 0.7604 2.0255 1.6420
BELN2 1.7756 — 1.4328 — 0.8858 0.7559 2.2067 1.8402
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Table 23. CIs estimates under different under GT2HCS for given real data set

r (T1,T2) Parm Asy-CI NA-CI HPD-CI
(Lower, Upper) (Lower, Upper) (Lower, Upper)

10 (0.65, 1.50) α (0.4036, 0.1720) (1.1690, 0.3351) (2.0195, 4.9508)
β (5.0820, 1.2608) (6.4355, 1.5317) (0.4219, 0.7225)
R (0.7427, 0.9546) (0.7490, 0.9615) (0.7388, 0.9380)
HS E (-1.1912, 0.7505) (-18.0543, -0.0027) (-0.9738, -0.1559)
Hρ=0.3

RE (0.4038, 2.7669) (0.7524, 3.3404) (1.1186, 1.6058)
Hρ=0.6

RE (-0.0756, 2.5655) (0.4310, 3.5960) (0.7938, 1.2727)
(1.20, 2.25) α (0.4518, 0.2458) (0.8856, 0.5267) (0.8527, 2.4533)

β (3.3429, 2.0699) (4.0647, 2.5454) (0.8772, 2.6514)
R (0.7620, 0.9641) (0.7677, 0.9703) (0.7448, 0.9489)
HS E (-0.2009, 1.1844) (0.1202, 2.0112) (0.1357, 1.9685)
Hρ=0.3

RE (0.9440, 3.0679) (1.1814, 3.4060) (1.8066, 2.7396)
Hρ=0.6

RE (0.4568, 2.8327) (0.7988, 3.3867) (1.4495, 2.3119)
(1.25, 4.75) α (0.6471, 0.3591) (1.0859, 0.5132) (1.6056, 3.5805)

β (3.7517, 1.5599) (4.4548, 1.7938) (0.5877, 1.2154)
R (0.7612, 0.9632) (0.7669, 0.9693) (0.7864, 0.9463)
HS E (-0.1199, 0.5218) (0.0407, 0.9919) (-0.5430, 0.5672)
Hρ=0.3

RE (0.9306, 2.7566) (1.1236, 3.0251) (1.4314, 2.0934)
Hρ=0.6

RE (0.4622, 2.5227) (0.7483, 2.9764) (1.0964, 1.7428)
20 (0.65, 1.50) α (0.7599, 0.4286) (1.1524, 0.5478) (1.4405, 3.8354)

β (3.6937, 1.4655) (4.3030, 1.6372) (0.6232, 1.2411)
R (0.7617, 0.9633) (0.7674, 0.9695) (0.7850, 0.9315)
HS E (-0.1261, 0.4859) (0.0329, 0.9855) (-0.5479, 0.6746)
Hρ=0.3

RE (1.0178, 2.6474) (1.1749, 2.8586) (1.4789, 2.0550)
Hρ=0.6

RE (0.5586, 2.4056) (0.7948, 2.7637) (1.1372, 1.6818)
(1.20, 2.25) α (0.7872, 0.4807) (1.1338, 0.5936) (1.4688, 2.6320)

β (3.4718, 1.5107) (3.9998, 1.6702) (0.7566, 1.5189)
R (0.7607, 0.9629) (0.7664, 0.9691) (0.7662, 0.9226)
HS E (-0.0386, 0.5572) (0.0822, 0.8180) (-0.0383, 0.8944)
Hρ=0.3

RE (1.1145, 2.6360) (1.2499, 2.8135) (1.6803, 2.3066)
Hρ=0.6

RE (0.6578, 2.3864) (0.8627, 2.6857) (1.3055, 1.9100)
(1.25, 4.75) α (0.7872, 0.4807) (1.1338, 0.5936) (0.9908, 2.4050)

β (3.4718, 1.5107) (3.9998, 1.6702) (0.8524, 2.0502)
R (0.7607, 0.9629) (0.7664, 0.9691) (0.7291, 0.9201)
HS E (-0.0386, 0.5572) (0.0822, 0.8180) (0.0884, 1.6349)
Hρ=0.3

RE (1.1145, 2.6360) (1.2499, 2.8135) (1.7170, 2.4621)
Hρ=0.6

RE (0.6578, 2.3864) (0.8627, 2.6857) (1.3615, 2.0523)

5. Concluding Remarks

In this paper, we conducted an analysis of the reliability and two distinct entropy measures – Shan-
non entropy and Rényi entropy – for the Gen-Ex distribution within the framework of GT2HCS. We
also assessed its performance in diverse scenarios. The study included the examination of parameter es-
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timation, reliability assessment, and entropy measurement for Gen-Ex distribution under GT2HCS. We
investigated MLE and its corresponding interval estimates, including Asy-CI and NA-CI. Additionally,
BEs were examined, and their credible intervals (HPD-CI) were obtained using MCMC techniques un-
der IF and NIF priors. This exploration was conducted under two distinct loss functions, specifically
SE and LN. To compare the performance of the proposed estimation methods, Monte Carlo simulation
and real data analysis have been studied. The main conclusion of our research is that: BEs under IF
priors has the best performance among the different method of estimation. The future work can be
extended to the study of the optimal censoring times and other censoring schemes can be employed.
Also, different loss functions of BEs can be used.

Data Availability

The data is available in this article.
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