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ABSTRACT

This paper presents the methodology used to model, simulate, and control a five-
degree-of-freedom robot manipulator using the Computed Torque Control (CTC)
technique. It formulates the basic control equations for model-based control
strategies. The robot dynamics are analyzed and obtained by modeling the
manipulator using SolidWorks and then exporting the CAD files to the
MATLAB/SimMechanics environment to generate the block diagram of the multi-
body system. The system motion equation is obtained through the dynamic Lagrange-
Euler equation, which depends on the system's kinetic energy and potential energy
considering friction. Then, a manipulator controller is designed to control the end-
effector position's task space, and CTC is used with linear PD and PID controllers
with feedback. The simulation results show that PD-CTC is effective and significantly
superior to PID-CTC in achieving the required response of joint position, angular
velocity, angular acceleration, and torque to achieve the required end-effector
position, velocity, and acceleration. This study provides valuable insights to
researchers on how to easily create dynamic equations for control and simulation, and
evaluate and modify the system before implementing the prototype.

KEYWORDS
Robot dynamics, PID/PD controllers, Computed torque control, MATLAB
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INTRODUCTION

Modeling and controlling robot dynamics has become more difficult as robotic
systems become more complex ,[1-3], because the robot manipulator is a nonlinear
system, [4]. Modeling and simulating the dynamics of the manipulator is an essential
part of the control and development process of robotic systems, simulating robot
kinematics, analyzing dynamics, and designing control algorithms, [5]. To design the
control algorithm, a model of the manipulator’s kinematics or dynamics must be
developed, [6]. Manipulator dynamics is concerned with deducing linear equations
that clearly describe the relationship between the joint position, angular velocity,
angular acceleration, torque or force required to achieve the desired position, velocity
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and acceleration of the end-effector, [7], and the system geometry. Dynamic equations
play an important role in developing the basic control equations for model-based
control strategies, [8 - 10], achieving precise control of end-effectors, prototyping,
[11], mechanical design, [5], motor selection, [12], and real-time control and
simulation. The dynamic model of the moving manipulator represents the
relationship between the joint torque and its motion. There are many modeling
methods for deriving dynamic models of manipulators in the literature, including the
Newton-Euler method, [13], the Kane’s approach, [14], the d'Alembert method, the
recursive Lagrange method, [15 - 16], and the Lagrange-Euler method, [7, 17 - 19].
In the literature, the Lagrange-Euler formula is widely used to model robots. The
Lagrange-Euler formula is considered a simple formula from a conceptual and
methodological standpoint. It is a formula that includes all linear and angular
dynamics in one equation; it depends on the kinetic energy and potential energy of
the system.

It is well known that most of the industrial manipulators are equipped with the
simplest proportional-derivative (PD) or proportional-integral-derivative (PID)
control, [20]. A PD/PID controller is a linear controller that uses feedback in the
control mechanism to enhance the stability of the system that controls its variables
[21], and it is the most accurate, stable, and common control technique for building
manipulator controllers. There are also many control techniques used in the
development of manipulator controllers in the literature, such as linear and nonlinear
predictive controllers, [22], adaptive control, [23], sliding mode control [19], fuzzy
control [24], and adaptive fuzzy control, [25]. The PD controller in the task space of
the robot manipulator is the simplest control scheme, and the guaranteed (bounded)
stability of the PD controller in the task space can be obtained, [26 - 27]. To obtain the
asymptotic stability of the controller, model-based control should be implemented
when designing the controllers via computed torque control (CTC), [4, 12, 28 - 29],
which is a technique to eliminate nonlinearities and unmolded dynamics. CTC is a
method to achieve precise control of the manipulator motion during the performance
of a task by applying torque control to the end effector, [4]. The controller acts as a
model-based inverse dynamic controller, [9], providing high-precision tracking
performance but requiring a very accurate dynamic model, [30].

The CTC technique with a classical PD/PID controller (PD-CTC, PID-CTC) is used
to eliminate nonlinear dynamics, enabling the system to operate with higher tracking
accuracy, lower feedback gain, higher suitability of conformal control, and lower
energy consumption compared with model-free methods, [4, 12, 28]. The system
dynamics can be approximated as a linear system while the manipulator performs
tasks at low speeds. Using a linear control scheme based on the linearity of the system
is one of the simple design methods for controlling the robot manipulator, and the
model-based PD/PID controller is an effective control method. To adjust the control
gains, specific methods are used to adjust the PID parameters because the robot’s
dynamics are non-linear, [31]. Including the methods of Ziegler-Nichols, Cohen-
Coon, and model-based, the robot's processor has 15 gains to adjust, and when one
gain is adjusted, the other 14 gains need to be adjusted in turn due to the dynamic
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coupling of the robot. To reduce the steady-state error, K; must be increased, to get
less overshot, Kp must be reduced; and to get less settling time, Kq4 should be reduced.
The unified robot description format (URDF) is a unified format for describing robot
kinematics, dynamics, and geometry, and is the most widely used format in academia
and industry for modeling multi-body systems. A URDF model is an XML file that
describes a robot in high format, it can be imported or exported using various tools
to visualize or simulate the robot, [32]. It represents kinematic structure, dynamic
parameters (mass, center of mass or center of gravity, and inertia matrix), visual
representation (geometry, origin, and materials), and physical collision geometry
(geometry, and origin).

This paper presents the dynamic and kinematic modeling of a 5-degree-of-freedom
manipulator, its simulation, and control using the CTC method, and formulates the
control equations in the task space for model-based control strategies. The
mechanical structure of the robot manipulator is designed, the specifications of the
materials used in the robot construction process are accurately added, the URDF
model of the robot is exported through SolidWorks and imported into MATLAB® in
the Simscape Multibody environment, and finally, the DC motor is modeled
considering friction, the computed torque controller is designed, the PD and PID
controllers are added, and the control results are compared.

This paper contains six sections; the first section is the introduction. The 2"? section
presents the mechanical design of the robot manipulator in SolidWorks. In the 3™
section, the kinematic and dynamic analysis of the robot manipulator are introduced.
The 4™ section explained the PD/PID control in task space. The 5t section gave the
results and discussion. The 6 section drawn the main conclusions; this was followed
by the references.

1 MECHANICAL DESIGN OF ROBOT MANIPULATOR IN SOLIDWORKS
SOFTWARE

To extract the dynamic equations of the 5S-DOF manipulator, it is required to know
the center of mass position of the rigid body specified as a vector of the form [x y z].
The vector describes the location of the center of mass of the rigid body, relative to
the body frame in meters. Also, it is required to find out the moment of inertia for
each link in the robot specified as a vector of the form [I,, I, I,, I, I,, I,,]. The
vector is expressed in kilograms per square meter in relation to the body frame. The
inertia tensor is a positive definite matrix as in Equation (1).

lxx lx lXZ

)

ey lyy lyz

xz lyz Uz

The diagonal elements are the moments of inertia, and the off diagonals are products
of inertia. Only six of these nine elements are unique (three moments and three
products of inertia). Because of symmetry, the products of inertia of the robot
linkages are frequently zero. A 5-DOF manipulator dynamic model thus entails 50
inertial parameters. Three parameters: center of mass for each link, 6 moments of
inertia parameters for each link, and mass for each link. Because of friction and the
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inertia of the motor armature, each joint could have additional parameters. Setting
up numerical values for these many factors is a challenging task. Because there was
no precise information about the moment of inertia or center of mass, the model was
simulated in the SolidWorks software environment to obtain them, [19]. Information
about the center of mass and moment of inertia were derived from the output of
SolidWorks in the part (mass properties). A schematic model of the robot simulated
in SolidWorks is shown in Fig. 1.

Fig. 1. Design of a 5-degree-of-freedom robotic manipulator in SolidWorks.

This robot simulation model comprises six parts, five links, and a base. All joints of
the robot are revolute. Table 1 and Table 2 show the center of mass, and Table 2.
Moment of inertia of the center of mass for all joints of the robotic arm.

Both tables contain information such as weight, moment of inertia about the center
of mass of each link, and the center of mass of each link expressed in the base
coordinate frame.

Table 1. Center of mass for all joints of the robotic arm.

. Center of mass expressed in base coordinate frame m Mass

Joints
X y zZ kg

Joint 1 -0.032346 0.01033 0.048135 1.0747
Joint 2 0.072502 -0.018534 0.051893 0.7287
Joint 3 0.023432 0.015484 0.0034787 0.6747
Joint 4 -0.018578 0.00149 -0.074565 0.5837
Joint 5 -0.019508 -0.064902 0.000009 0.1186
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Table 2. Moment of inertia of the center of mass for all joints of the robotic arm.

Joints Moment of inertial for the center of mass expressed in the base coordinate frame kg. m?
L - I, | . Iyy Iy, | . Ly I,
Joint 1 0.0031 | 0.0043 | 0.0019 | 0.0043 | -0.005 0.0017 0.0019 0.0017 0.003
Joint 2 0.0021 | 0.0066 | 0.0048 | 0.0066 -0 -0.0028 0.0048 | -0.0028 -0
Joint 3 0.4028 | 0.6201 | 0.7881 | 0.6201 | -0.0276 -0.0616 0.7881 -0.0616 -0.2498
Joint4 | 0.0034 | 0.0034 | 0.0002 | 0.0034 0 -0 0.002 -0 0
Joint5 | 0.5892 | 0.0067 | 0.5842 | 0.0067 | -0.0001 0 0.5842 0 -0.0076

2 KINEMATIC AND DYNAMIC ANALYSIS OF ROBOT MANIPULATOR

This section extracts the kinematic and dynamic equations used to control the
manipulator arm. Dynamic modeling is essential for applying different control
strategies for the manipulator.

3.1 Direct Kinematics of Robot Manipulator

Kinematics is a subfield of physics developed in classical mechanics that studies
motion regardless of the forces that make it move. To obtain the kinematic equations
and geometric properties of motion for the position variables of a manipulator arm
mechanism, the Denavit-Hartenberg (D-H) convention, [33-34] was used, which is a
systematic method for establishing the geometry of a series of links and joints to
connect the reference frames to the links of the spatial-kinetic chain, it was developed
to derive the forward kinematics of serial maneuvers. This is done by obtaining a
simplified kinematic model of the robot as shown in Fig. 2. The link is determined
through four parameters through the frames assigned to each link, starting from the
fixed reference frame, and ending with the frame fixed at the end-effector. The frame
assignments follow the D-H convention, which enables the location of each coordinate
frame to be represented concerning each other, as shown in Table 3.
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Fig. 2. Details of coordinate frames (D-H parameters) used for the S-DOF manipulator.

Table 3. Kinematic parameters (D-H parameters) for the S-DOF manipulator All lengths

in m.
Link Joint a; o d; 0;
0 0-1 0 0 0.084 0
1 1-2 0.0375 pi/2 0.0513 0,
2 2-3 0.16 0 0 0,
3 3-4 0.015 pi/2 0 0; + pi/2
4 4-5 0 —pi/2 0.1384 0,
5 5-e 0.127 —pi/2 0 0; — pi/2

Where a; (Link length) is the distance between the Z;_; and Z; axes along the X; axis;
for intersecting axes a; is parallel to Z;_; X Z;. a; (Link twist) is the angle from the
Z;_, axis to the Z; axis about the X; axis. d; (Link offset) is the distance from the
origin of frame j-1 to the X; axis along the Z;_; axis. 0; (Joint angle) is the angle
between the X;_; and X; axes about the Z;_; axis. The D-H representation results in a
4x4 homogeneous transformation matrix. This is done using the four parameters of
this convention which describes each correlation with a coordinate transformation
from the synchronous coordinate system to the previous coordinate system, as shown
in Equation (2) [35].

cos0; —sinB;cosq; sind; sinq; | a;cos6;
sin@; cosB;cosa; —cosq;sina;| a;sin0;

-l =| 0 sinq; cosq; d; ?2)
0 0 0 1

Where R is the 3x3 sub-matrix in the upper left that represents the rotation from
frame i — 1 to frame i and T is the 3x1 submatrix in the upper right that represents
the translation (or displacement) from frame i — 1 to frame i. The forward kinematic
solution provides the coordinate frame, or posture, of the last link for an n-axis rigid-
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link manipulator. For a 5-axis robot, the overall manipulator transform ° T, is
frequently written as T, or Ts for a 5-axis robot, as shown in Equations (3) and (4).

OT,(8) = OTy(0)) "T(8) *Ty(0s) o " To(8) = [ [ T8 3)
i=1
Where n and ° T, represent the total number of degrees of freedom and the
homogeneous matrix containing the position and orientation of the end-effector pose
concerning the reference frame, respectively. 0; withi = 1,2, ...,n represents the
angle position for each robot joint. The homogeneous matrix "1 T; transforms the
frame attached to link i — 1 into the frame attached to link i.
OT.(8;) = °Ty(8;) 'T2(8;) >T3(8;) 3T4(8;) *T5(8;) T (6;) 4
Where ° T, is the homogeneous transformation describing the position of the end-
effector frame  with respect to the world coordinate system
0.9T, 'T,,2T3 3T, *Ts 5T, are transformation matrices that describe the
translation and rotation of reference frames for the 5-DOF manipulator.The above
parameters in Table 3 are used for kinematic modeling of the robot. This is done by
substituting the values of those parameters a;, «;, d;, 8; for each joint into Equation
(2), as shown below:

1.0 0 0

o _ |0 1 0 0

T1_0 0 1 0.084 ®)
0 0 0 1

Where °T; is the transformation matrix that results from the shift between Joint 0

and Joint 1 by setting the D-H parameters for Link 0 from Table 3.
cosf; 0 sinB; 0.0375 cosO,

1T, — sin@; 0 —cosO; 0.0375sin0;
2 0 1 0 0.0513 (6)
0 0 0 1

Where 1T, is the transformation matrix results from the shift between Joint 1 and
Joint 2 by setting the D-H parameters for Link 1 from Table 3.
cos@, —sinB, 0 0.16 cosO,
sin0, cosB, 0 0.16sin0, (7)
0 0 1 0
0 0 0 1
Where 2T; is the transformation matrix that results from the shift between Joint 2

and Joint 3 by setting the D-H parameters for Link 2 from Table 3.
cos(83 + ;) 0 sin(6; + ;) 0.015 cos (03 + ;)

2T3 —

m T 1

3T, =|sin(0; + E) 0 —cos(0; + E) 0.015 cos (03 + E) t))
0 1 0 0
0 0 0 1

Where 3T, is the transformation matrix that results from the shift between Joint 3

and Joint 4 by setting the D-H parameters for Link 3 from Table 3.
cos(0,) 0 —sin(0,) 0

ag. sin(0,) 0 cos(0,) 0
5 0 -1 0 0.1384 ®)
0 0 0 1

Where “Ts is the transformation matrix that results from the shift between Joint 4
and Joint 5 by setting the D-H parameters for Link 4 from Table 3.
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B . 11 i
cos(0s — E) 0 —sin(0; — E) 0.127 cos(03 — E)

T n n

*T.=|sin(@s—>) 0  cos(65—-) 0.127sin(8; —>) (10)
0 -1 0 0
0 0 0 1

Where 5T, is the transformation matrix that results from the shift between Joint 5
and Joint e by setting the D-H parameters for Link 5 from Table 3. By applying
Equation (4) using the above values of transformation matrices, the correlation
transformations can be linked (multiplied together) to get the transformation that
connects the base frame (0) to the respondent end frame (e).

rXX er rXZ px

T, T, T,
oTe(ei) =7

yy yz py (11)

Irx Tzy Tz P2

0 0o 0 1
Where °T, is the transformation matrix that results from the shift between Joint 0
and Joint e. The transformation given by Equation (11) is a function of all the fifth
common variables, and the Cartesian position and direction of the last link can be
calculated using the above equation. The first three columns in the matrices represent
the orientation of the end-effector, whereas the last column represents the position of
the end-effector. The orientation and position of the end-effector can be calculated in
terms of joint angles as in Equations (12) to (23).

Txx = S145 T C1235 — C15523 — €124535 — €134525 (12)
Tyx = €23551 — C1S45 — C55123 — €245135 — €34S125 (13)
T2x = C2553 + €355z + €234S5 — €4S235 14)
Tyxy = —C4S1 — C12834 — C13S24 (15)
Tyy = C14 — C2S8134 — C3S124 (16)
rzy = C24354 (17)
Txz = €5814 — C123S5 + €1S235 — C124553 — €134552 (18)
Tyz = S1235 — €23S15 — €1554 — C€245513 — €345512 (19)
Tz = C2345 — €3S25 — €2835 — C45S23 (20)

pPx = 0.0375¢c; + 0.16¢cy, — 0.1384c S35 + 0.127s145 + 0.1384¢c4,3 — 0.015¢,,S;3
—0.015c438; + 0.127¢4235 — 0.127¢45S23 — 0.127¢424835 (21)

—0.127¢434S25
py = 0.015s; + 0.16¢,5; — 0.015¢;513 — 0.015¢351; — 0.127¢4545 — 0.1384s153
+0.1384cy35; + 0.127¢5355; — 0.127¢5S153 — 0.127¢C248135 (22)
—0.127c¢34S125
P, = 0.16s; + 0.015c,3 + 0.1384c,s3 + 0.1384c35, — 0.015s,3 + 0.127cy583
+ 0. 127C3552 + 0. 127C23455 - 0. 127(:45235 + 0.1353

where c; and s; are representative of cos0; and sin@;, respectively.

(23)

3.2 Jacobian Matrix of Robot

Differential kinematics is what gives the relationship between the joint velocities and
the corresponding end-effector linear and angular velocity as in Equation (24), [36 -
37]. This mapping is described by a geometric Jacobian matrix, which depends on the
manipulator configuration.

v, = [f,i ] = Hzgg] NES [CIX (24)

Where v, is a (6 X 1)vector of the linear and angular velocity of the end-effector, and
q is a (n X 1) vector of the joint velocities. ] is the robot Jacobian matrix and has a
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size of (6 X n) matrix. n depends on the number of the manipulator's joints.The
linear velocity and angular velocity of the end-effector of the robot can be calculated
as in Equation (25). This expression allows the Jacobian to be calculated simply and
systematically based on the forward kinematic relationships. It is possible through
the Jacobin equation to calculate the speed of any point on the processor and not just
calculate the speed of the end-effector. This will be important when we need to
calculate the velocity of the center of mass of different links to derive the dynamic
equations of motion.

(25)

aq;
Zi4

Joi]_
=[]
Using the Cartesian coordinates x,y, and z, the values of x,y, and z can be found in
the forward kinematics in the fourth column of the point that is expressed in the same
frame, and taking the differentiation of that and the Jacobian matrix if this vector
was expressed in frame 0, then the position p, now is x, y and z of the end-effector,
the point of influence terminal and the differential are taken concerning
41,92, 4, which is also the Jacobian associated with linear motion. It's important to
make sure that everything about all these vectors describing the Jacobian is expressed
in the same frame, so this is a vector representation of Jacobian, and if the
homogeneous transformation shift is calculated, then z,,z,,z, and p.can be
extracted, and the simple differentiation can be done as shown in Equations (26) and
(28) to find the Jacobian matrix.

ape(q)]

x op op ap.
v Zl Pe =g, 1+ 5, 12 aq, In (26)
a a a
_[%Pe 9P pe] @7
dq, 0q, aq,
%e Ope Ope . Ope
=|dq1 9q; aq3 aqyn (28)
Zg Zp Iy - Iy
The Jacobian can be expressed in frame 0 as shown in Equation (29).
e %, e = Fpe
l°=[ dq1 dqz  9q3 aqn 29)
Zo 7, 7 - Iy

This Jacobian computation already exists within the homogeneous transformation, it
is calculated at the same time when calculating the forward kinematics x, y, and z, by
deducing the z rays in the frame 0 and filling in the Jacobian matrix, and for the J,
part where this differentiation will be used to get on the Jacobian of the robotic arm,
so the Jacobian matrix of the robotic arm is got once the homogeneous transformation
is computed from e frame to frame 0. So, x,y,and z are taken and are derived
concerning q1, which will give the first column, this column corresponds to the
contribution of the first joint, so the differentiation is done for the first column related
to q, the second column related to q,, the third column related to q3, the fourth
column related to q4, and the fifth column related to g5, x,, is copied from x,y and z
in the homogeneous transformation if the manipulator is working within Cartesian
coordinates. Applying Equation (28) to the manipulators with 5-DOF, because all
joints of the robot are revolute, the Jacobian matrix of the robot can be calculated as
shown in Equation (30) [36].
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J=[0a1 0q2 dqs 994 9gs 30)
Zo Zy ZIp 13 1Z4

Where zq,z4,25,23,2, are the first three elements of the third column of the
o1, °T,, °T;, °T,, °Ts matrixes obtained by successive multiplication of Equations
(4) to (9) matrixes, respectively, and dp./dq4, 0p./3q2,0p./0q3,0p./0q4, 0p./0q5
are the partial derivation of x, y, and z. The partial derivation of x, y, and z can be
found in the forward kinematics as the first three elements of the fourth column of
the °T, matrix. Computation of the unit vectors of revolute joint axes given as in
Equations (9) and (10). While Equations from (21) to (23) represent the x, y, z values
of the position of the end-effector of the manipulator, with z, = [0,0,1]".

S1
2y = [—c1] 31)

0

S1
2, = [—cl] (32)

0

C24+3C1
Z3 = [C2+351 33)
S2+3
€451+ €C12534 + €13524
Zy = [ €3S134 — €14 + C3S124 34)
—C24384
x=0. 0375C1 + 0. 16C1C2 - 0. 1384’C1523 + 0. 1275145 + 0. 1384‘C123 - 0. 015C1253

- 0 015C13$2 + 0 127C1235 - 0 127C15$23 - 0 127C124535 (35)

—0.127¢134575
y =0.0375s1 + 0.16¢c351 — 0.015¢c,513 — 0.015¢351; — 0.127¢545 — 0.13845,3
+ 0.1384c535; + 0.127¢c53551 — 0.127¢55153 — 0.127¢545135 36)
—0.127¢348125
z=0.16s, — 0.015c,3 + 0.1384c,s3 + 0.1384c35, — 0.0155,3 + 0.127c,5S3 G7)
+0.127c355, + 0.127¢53455 — 0.127¢45535 + 0.1353

A simple derivation of x,y, and z is done using MATLAB using gradient command to

calculate both x, y, and z as shown in the Equations (38) to 40).

[apx Op. Opx Odpx Op;

dq; 0q; 0q3 dq, 0qs

0p,/90q1 = 0.015¢c,513 — 0.16c,5; —0.0375s; + 0.015¢c351, + 0.127 ¢S5
+ 0.13845153 — 0.1384c3351 — 0.127c¢33551 + 0.127c55123
+0.127¢548135 + 0.127C345125

ap,/0q; = —c4[0.16s, + 0.015¢,3 + 0.1384c,55 + 0.1384¢3s, — 0.015s,5 38)
+0.127cy553 + 0.127¢3555 + 0.127¢53455 + 0.127¢45235]

0p,/0q3 = —c1[0.015¢,3 + 0.1384c,53 + 0.1384c35, —0.015553 + 0.127¢,583
+0.127c355, + 0.127¢53455 + 0.127¢4S435]

0p/0q4 = 0.127s5[c4S1 + €12534 + €13524]

0p,/0qs = 0.127c5814 — 0.127¢12355 + 0.127¢15235 — 0.127¢12453
—0.127¢134552

dq; 9dq, dq; 0dq, 0qs
dp,/0q1 = 0.0375¢; + 0.16¢1, — 0.1384¢1S53 + 0. 1275145 + 0.1384¢4,3
—0.0375¢,353 —0.0375¢,35, + 0.127¢4335 — 0.127¢4553 39)
—0.127¢124S35 — 0.127¢134575
9p,/0q; = —s1[0.165; + 0.015¢,3 + 0.1384c,55 + 0.1384¢35;, — 0.015s,3
+0.127cy553 + 0.127¢3555 + 0.127¢53455 — 0.127¢4S235]
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dp,/0q3 = —s1[0.015¢,3 + 0.1384c,s53 + 0.1384c35; — 0.0155,3 + 0.127 ;553
+0.127c355; + 0.127¢53455 — 0.127¢4S535]
0py/0q4 = 0.12755[C25134 — €14 + €35124]
0p,/0qs = 0.12751535 — 0.127¢»3515 — 0. 1271554 — 0.127¢245513
—0.127c¢345512

dp, Odp, 0p, 0dp, dp,

“~loa, 9a, 9as 9q, a5
dp./0q, =0
apz/an =0. 1602 - 0. 1384’023 - 0. 0375C2$3 - 0. 0375(:352 - 0. 1384523
—0.127¢5553 + 0.127¢535 — 0.127¢54535 — 0.127¢3455 (40)

0p,/0q; = 0.1384c,3 — 0.0375c,53 — 0.0375c35, — 0.13845,3 — 0.127c55,3
+0.127c¢y35 — 0.127¢54535 — 0.127 34575
0p,/0qy = 0.127¢c(2 + 3) 8,5
apz/aqs = 0. 12702345 - 0. 127C3525 - 0. 127C2$35 - 0. 127C45323

The Jacobian matrix of the S5-link robot is shown below. The robot dynamic equations
can be obtained using Equation (41).
Ji1 Jiz Jiz Jua Jas
]21 ]22 ]23 ]24- ]ZS
]vi ]31 ]32 ]33 ]34- ]35

IZ[ lZ (41)
Joo; Jar Jaz Jaz Jas s

]51 l52 l53 l54- l55
-]61 ]62 ]63 ]64- ]65-
Where v; is the linear velocity of link i, w; is the angular velocity of link i, J,,, and J,
are the upper and lower halves of the Jacobian matrix and depend upon the linear
and angular velocities, and c¢; and s;are representative of cosO; and sin@;,
respectively. All values for the elements of Jacobian matrix appear in Equation (42).
The Jacobian matrix was calculated for the robot using the MATLAB according to
Equation (29).
J11 = 0.015¢c;513 — 0.16¢C351 — 0.037551 + 0.015¢3515 + 0.127¢15,45 +
0.13845,53 — 0.1384cC,35; — 0.127c¢y3551 +0.127C55123 + 0.127¢»45135 +
0.127c¢345125
Ji2 = —¢1[0.165, + 0.015c53 + 0.1384c,55 + 0.1384c35, — 0.015s5,3
4+0.127¢,553 + 0.127¢355; + 0.127€23455 + 0.127¢45,35]
Ji3 = —¢1[0.015¢c53 + 0.1384c,s3 + 0.1384c35, — 0.0155,3 + 0.127¢,553
+0.127¢3552 + 0.127¢53455 + 0.127¢,45535]
Jia = 0.127s5[c4S1 + €12534 + €13524]
Jis = 0.127¢c5514 — 0.127¢13385 + 0.127¢1S335 — 0. 12712453 — 0.127C13455,
J21 = 0.0375¢; + 0.16¢1, — 0.1384¢, 5,3 + 0.1275,45 + 0. 1384¢453
—0.0375¢1253 — 0.0375¢435, + 0.127¢1335 — 0.127¢15523
—0.127¢424535 — 0.127¢434575 42)
Joo = —51[0.165, + 0.015c,3 + 0.1384c,55 + 0.1384c35, — 0.015s,3
+0.127cy553 + 0.127¢3555 + 0.127¢53455 — 0.127¢4S235]
Jo3 = —51[0.015¢c53 + 0.1384c,s3 + 0.1384c35, — 0.0155,3 + 0.127¢,553
+0.127c355; + 0.127¢53455 — 0.127¢4S535]
J24 = 0.12755[c;5134 — €14 + €35124]
Jo5 = 0.12781535 — 0.127¢53815 — 0.127¢1554 — 0.127 545513 — 0.127€C34551>
J31=0
J32 = 0.16¢, — 0.1384c,3 — 0.0375¢,55 — 0.0375¢35, — 0.13845,5 — 0.127¢5S23
+0.127c535 — 0.127C24535 — 0.127¢34S525
J33 = 0.1384c53 — 0.0375¢c,53 — 0.0375c35, — 0.13845,3 — 0.127c5S53
+0.127c535 — 0.127C24535 — 0.127C34S525
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J34 = 0.127c;3,3545
J35 = 0.127¢9345 — 0.127¢3535 — 0.127¢,535 — 0. 127¢45523

Jsn =0
Jaz = 51
Jaz = 51

Jas = C243€4
Jas = €451 + C1234 + €13524

Js1=0
Js2 = —¢
Js3 = —¢

Js4 = C24351
J55 = €25134 — €14 + €35124
Jer =1
Je2=10
Je3=0
Jo4 = S243
Jos = —C243S54

3.3 Dynamics of Robotic Manipulator
Manipulator dynamics is concerned with the equations of motion and the motion of a
manipulator that moves as a result of torque applied to each joint by motors or
external forces. In robotics, the dynamic equations of motion for manipulators are
utilized to set up the fundamental equations for control. Lagrange's method is a
conceptually and methodologically simple formula. Lagrange is a formula that
includes all linear and angular dynamics in one equation, the equation depends on the
kinetic energy and the potential energy of the system. To obtain the dynamic
equations of the robot the Lagrange method was used. In this method, dynamic
equations can be expressed using Equation (43) [38].

M(@)d +C(q,9) +G(q) = (43)
For the 5-DOF robot manipulator, M(q) is a positive symmetrical 5 X 5 knowledge
matrix called the inertia matrix or the mass matrix and is obtained using Equation
(44). C(q, q) is a matrix of 5 X 5 which represents the centrifugal force and Coriolis
forces, meaning that the product of the existing velocities causes the two forces and is
obtained using the Equation (45), and G(q) is a 5x1 matrix which represents the
gravity loading acting on each joint depending on the configuration, and is obtained
using the Equation (46). In addition, Tis a 5 X 1 matrix related to the robot’s torque
of the joints, and q,q,q are 3 X 1 matrixes related to the position, velocity, and
acceleration of the robot’s joints respectively.

M@ = ) Mo @ Jo (@ + Lo (DT S @ (44)
i=1

Where m; is the mass of link i, J,,, denotes the linear velocity of the center of mass of
link i, I, is the inertia tensor of link i concerning its center of mass, and J,, denotes
the angular velocity of the center of mass of link i.

Cij = ; Cijk(Q)qk = Z%C;Z: + (;l:;]k + ZIZ:‘) 45)
Where C;; are the elements of the C(q,q) matrix, C;j, are called the Christoffel
symbols, and d;; are elements of the D(q) matrix. In this paper, the value of ¢ will not
be calculated and considered equal to zero because it is a function of velocity, and any
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error in estimating the centrifugal force may lead to the emergence of negative
feedback in velocity.

6@ ==Y Ju(@'mg (46)
i=1

Where m; is the mass of link i, J,,, denotes the linear velocity of the center of mass of

link i, g is the gravitational acceleration vector in the base frame, and g =
[0,0,—9.80665] because the z is the vertical axis that is in the robot.
Deriving the dynamic equations for the robot requires the Jacobian to be calculated
for those specific points of the center of mass for each link, it is needed to calculate
Jv;sJw;» and to calculate the p; ray that defines the center of mass for each link. Once
those rays are calculated to the five links for the robot, the partial derivatives are
found and the Jacobian is calculated. Using MATLAB, these rays were calculated
based on the center of mass of all joints as shown in Table 1. Then those rays are found
separately in the fourth column of Equation (47), to convert those rays into matrices
as shown in Equations (38) to (52). After those rays are calculated and put into
matrices, the transformation of those specific points of center of mass from frame 0
to frame Cs is computed as °Tc,, °Tc,, °Tc,, °T¢,, °T..

cos®; —sinG; 0 O

sino, cos6; 0 O
Rot, . (6)) = 01 0 i 1 0 47)
0 0 0 1
c; —s; 0 0.0034c(0, + 2.8325)
ip. = |51 €1 0 0.0034s(8; +2.8325)
1o 0 1 0.0481 (48)
0 0 0 1
C —S3 0 0. 0725C(02 + 5 61929_4)
—4
27, = [S2 c, 0 0.0725s(0, + 5.6192e™%) (49)
0 0 1 0.0519
0 0 0 1
c3 —s3 0 0.0281c(0; +0.5577)
3p.— |53 €3 0 0.0281s(65 + 0.5577)
C“lo o0 1 0.0035 (50)
0 0 0 1
c, —s, 0 9.036e 5c(8,+0.5577)
4T, =S+ € O 9.036e 5s(0, + 0.5577) (51)
0 0 1 0.0746
0 0 0 1
cs —ss 0 0.0689c(0s —1.5843)
sp._|Ss € 0 0.0689s(85 —1.5843) (52)
““lo o 1 8.7791e~°
0 0 0 1

The Jacobin for the end-effector is expressed as J,,, and ], i in Equations (53) and
(54) refers to a certain link speed. To calculate J,,, at the center of mass and express
it as a function of each q, this specific ray of the center of mass is taken, then its partial
derivatives are found up to the point q; as shown in Equation (55), and ], is
calculated as shown in Equation (56).
Ve, =Jv-q (53)
Y (54)
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Ope; Opc, Opc;; Op., Opg
Joo=3q, 9q, s 0q,, 09s (55)
Jo; = [E121 €22, E323 £,12, Es5zs) (56)
Where J,, and J,, are the matrices related to the contribution of the joint velocities
to the linear velocity and angular velocity of the center of mass, respectively for the
manipulator.

This column i and every column following it will be zero, the Jacobean matrix
generated with this vector is referred to as p¢, up to this point, and then those zero
columns are added. To calculate both J,,, and J,,, by applying Equations (55) and (56)
for the manipulator, Once the ray pc, is obtained, the partial derivatives are found
and the Jacobian is calculated for the J,,,. The first column concerning q, is derived
as shown in Equation (57). For the J,,, the first and second columns concerning q,
and q, respectively are derived, as shown in Equation (58). For the J,.,, the first,
second, and third columns with concerning to q4, g5, and q5, respectively are derived
as shown in Equation (59). For the J,,,, the first, second, third, and fourth columns
concerning q1, g, q3, and q, respectively are derived as shown in Equation (60).
Finally, the J,, is calculated by deriving the first, second, third, fourth, and fifth
columns concerning q4, 92, 93, 94, and qs, respectively, as shown in Equation (61). In
Equation (62) z,, z4, Z,, Z3, z4 are the first three elements of the third column of the
o1, °T,, °T;, °T,, °Ts matrixes obtained by successive multiplication of Equations
from (5) to (10), with z, = [0, 0, 1]7. Results were obtained using MATLAB software.

a°T, ]
= 0 00O
Jou [a‘h
0.0340s(6, +2.8325) 0 0 O
]v1=[0.0340c(01+2.8325) 0 00
0 0 00

0 (57)
|
0

o o o ©

(38)

LI NE L RPN
]1}(2’1) ]1](2,2)
]17(1'1)
= —0.0725¢,5(0, + 5.6192¢™%)

0
dq4 dq;
]1}(1’1) ]1](1,2) 0 0
]172 = 0 0
0 0.0725 0 0
= 0.0519¢; — 0.0375s, — 0.0725s5,¢(6, + 5.6192¢e™%)
]17(1'2)
Joyy = 0-0375¢; +0.0519s + 0.0725¢,¢(6; + 5.6192¢™*)
Yoz = —0.07255,5(8; + 5.6192e™%)

0°T;, 9°T;, 0°T,

aq,; aq; aq;
]17(1'1) ]17(1'2) ]17(1'3) 0 0
00

ol ¥y

Jo, = ]V(z.l) ]"(2.2) ]”(2,3) (59)
0 Jugy Jogy 0O
=0. 02815(03 — 2. 5577)312 - 0. 037551 —-0. 16(:251

—0.0281c¢(05 — 2.5577)c,s; — 0.0035¢,

]17(1’1)
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Yoz = —2.02815(8; + 03 — 2.5577)cy + 0.1600s,

Jois) = —0.02815(8; + 65 — 2.5577)c,
Joq = 0-0375¢; — 0.0035s; + 0.16¢;; + 0.0281c(65 — 2.5577)cyy
—0.0281s(0; — 2.5577)c; 5,
Jooz = —2-02815(8, + 63 — 2.5577)s; + 0. 165,
Jops = —0.02815(0; + 65 — 2.5577)s,
Joz = 2.8086¢(8, + 03 — 2.5577) + 0.16¢,
Jogs = 2-8086¢(0, + 63 — 2.5577)
0 0 0 0
J. = a°T,, 9°T,, 9°T,, 9°T,
* loq 9q; Adq3 9q,
lv(l,l) ]1](1,2) ]1](1,3) IV(1_4) 0
]1;4 = l1’(2,1) ]"(2,2) ]"(2,3) l1’(2,4) 0
0 ]17(3'2) ]17(3'3) ]17(3'4) 0
]V(l 1) = 9 0366_5C18(04 + 1 6029) - 0 16C2$1 - 0 037551 + 0 015C2$13
+0.015c351; — 0.074651,3 + 0.0746¢,35,
+9.036e 5c, (0, + 1.6029)s,3 + 9.036e >c3c(0, + 1.6029)s,,
IV(IZ) = C10. 0746C2$3 - 0 015C23 - 0 1652 + 0 074’6C3Sz + 0 015323
+9.036e 5c(0, + 1.6029)s,3 — 9.036e 5cy3¢(0, + 1.6029)
]"(1,3) = 3C10. 024‘9C2$3 - 0. 005C23 + 0. 024‘9C352 + 0. 005523
+3.012e75c(0,4 + 1.6029)s,5 — 3.012e 5c,3¢(0, + 1.6029)
Jos = 9- 036e~5c(0, + 1.6029)s; + 9.036e °c,,535(04 + 1.6029)
+9.036e %cy35,5(0, + 1.6029)
Jogy = 0-0375¢; +0.16¢1; +9.036e °s15(8, + 1.6029) + 0.0746¢;5,3
—9.036e %cy53 — 0.015¢,,53 — 0.015¢,3s,
—9.036e 5c;,c(0, +1.6029)s; — 9.036e 5cy3¢(0, + 1.6029)s,
],,(2 2= 5§10.0746c55; — 0.015c53 — 0.165, + 0.0746¢35, + 0.0155,3
+9.036e 5c(0, + 1.6029)s,5 — 9.036e 5cy3¢(0, + 1.6029)
].,;(2,3) = 3510. 024’9C2$3 - 0. 005023 +0. 0249C352 +0. 005523
+3.012e75¢c(0,4 + 1.6029)s,3 — 3.012e 5c,5¢(0, + 1.6029)
Jooe = 9- 036e~5c,s5,35(0, +1.6029) — 9.036e °c,c(0, + 1.6029)
+9.036e 5c35.,5(0, + 1.6029)
].,;(3,2) =0. 16C2 - 0. 074’6C23 - 0. 015C2$3 - 0. 015C352 + 0. 074‘6323
—9.036e %c,c(0, +1.6029)s; — 9.036e >c5¢c(0, + 1.6029)s,
Jozg) = 0.0746523 — 0.015¢,53 — 0.015¢35, — 0.0746C23
—9.036e %c,c(0, +1.6029)s; — 9.036e >c3¢c(0, + 1.6029)s,
Joga = 9- 036e~5c(0, + 03)s(0, + 1.6029)

0°T¢, 9°T¢, 9°T¢, 9°T, a°T

] =
s aq, aq; aq3 9q, aqs
]17(1'1) ]v(l,Z) ]17(1’3) ]17(1'4) ]17(1'5)
]vs = ]V(2,1) ]1’(2,2) ]1’(2,3) ]V(2,4) ]V(z,s)

0 IV(3’2) IV(3’3) ]17(3'4) ]17(3'5)

(60)

(61)
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=8.7791e %cy4 — 0.0375s; — 0.16¢,5; + 0.015¢,535 + 0.015¢35;,

+ 0.0689c,54c(05 — 1.5843) + 0.1384553 — 0.1384c,35,

- 0. 06895(05 - 1. 5843)5123 - 8. 77918_6(:25134

—8.7791e %c35124 + 0.06895(05 — 1.5843)cy35,

+ 0.0689c¢3,513¢(05 —1.5843) + 0.0689c3,51,¢(05 — 1.5843)
= —0.16¢;5, + 0.015c,3 + 1.384e %c,5 + 1.384e %c3s, — 0.0155,3

+8.7791e 5,3, — 0.06895(05 — 1.5843)c,S5
—0.0689s(05 — 1.5843)c35, — 8.7791e %cy35,
+0.0689¢,3,c(05 — 1.5843) — 0.0689¢,5,5¢(0s — 1.5843)

= —0.015c;53 + 8.7791e %c,3 + 1.384e ®c35, — 0.0155,5 + 8.7791e 65,3,
— 0.0689s(05 — 1.5843)c,s5 — 0.06895(05 — 1. 5843)c, 53
— 8.7791e 5¢y35, + 0.0689¢,3,¢(05 — 1.5843)
— 0.0689¢,5,5¢(05 — 1.5843)

]17(1,1)

]17(1,2)

]17(1’3)

=0. 0689(‘(05 -1 584‘3)(C4,51 + C1284 + C13524) - 8. 77919_6514
+ 8. 77919_65(02 + 03)C14
=0. 06895(05 -1 584‘3)(C124S3 —S1ut C13452) - 0. 0689C(92
+ 03)C1C(05 - 1. 584‘3)
=0.0375c; + 0.16¢c,, + 8.7791e %cys, — 0.1384c, 5,5
+ 0. 0689514C(95 -1 584‘3) + 0. 1384‘C123 - 0. 015C1253
- 0. 015C13$2 + 0. 06895(95 - 1. 584‘3)C1$23 + 8. 77913_6C12534_
+ 8 77918_6C13524 - 0 06895(05 - 1 584’3)C123
- 0 0689C124S3C(05 - 1 584’3) - 0 06896‘134526‘(05 - 1 584’3)
= _0 16312 + 0.015C23 + 1.3846_6C23 + 1 3843_66'352 - 0.015523

+8.7791e 5,3, — 0.06895(05 — 1.5843)c, 55

—0.0689s(05 — 1.5843)c3s, — 8.7791e %c,3s,

+0.0689¢,3,c(05 — 1.5843) — 0.0689¢,5,5¢(0s — 1.5843)
= —0.015s,c33 + 8.7791e %c,3 + 1.384e %c35, — 0.015s,5

+8.7791e 65,3, — 0.06895(05 — 1.5843)c, 55
—0.0689s(05 — 1.5843)c,5; — 8.7791e %cy35,
+0.0689¢,3,¢(05 — 1.5843) — 0.0689¢,5,5¢(05 — 1.5843)

= 8. 77913_6(:154 + 0. 06890(05 - 1. 584’3)(C2$134 —Ciut C3$124)
+ 8. 77919_65(02 + 03)C451

=0. 06895(95 —1. 584’3)(0154 + C24813 + 034512) - 0. 0689C(02 + 03)51(‘(05
—1.5843)

=0. 16C2 + 0. 1384’C23 - 0. 015C2$3 - 0. 015C352 - 0. 1384‘323

+8.7791e %c,534 + 8.7791e %353, — 0.06895(05 — 1.5843)c,3
+ 0.0689s5(05 — 1.5843)s,3 — 0.0689¢,,53¢(05 — 1.5843)
— 0.0689¢3,5,c(05 — 1.5843)
= 0.1384c,3 — 0.015c,53 — 0.015c35, — 0.13845,3 + 8.7791e c, 53,
+8.7791e %c355, — 0.06895(05 — 1.5843)cy3
+0.0689s(05 — 1.5843)s,3 — 0.0689¢,,53¢(05 — 1.5843)
—0.0689¢3,5,c(05 — 1.5843)
—c(0; + 05)(8.7791e %c, + 0.0689s,c(05 — 1.5843))

= —0.6895(0; + 03)c(05 — 1.5843) — 0.0689s(05 — 1.5843)c(0; + 03)c,

]1](1,4)
]U(l's)

IV(Z,I)

IV(Z,Z)

]1](2,3)

]V(ZA»)
]V(Z,S)

]‘ll(3,2)

]‘ll(3,3)

]V(3’4) =

]V(:;'S)
0 S1  S1 C243C1 €451 + C12314 + €13S24

Jo,=[0 —€1 —€1 €24351 C€3S5134 — C14 + C3S124 (62)
1 O 0 S2+3 —C24354
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3.3.1 Gravity matrix

The robot arm consists of links and joints in the form of rigid bodies, therefore the
dynamic properties of the rigid body occupy a central place in the robot's dynamics.
Each link is located somewhere as in Fig. 1 and we have the center of mass, whenever
the robot is moved up or down a different potential energy is obtained, the higher the
height is the better, and therefore the height h is significant and can be calculated,
then the potential energy of a specific link is calculated and added to the potential
energy as shown in Equation (63). So, to calculate the potential energy the height h
must be first calculated. A ray has already found, this ray is specific to the position of
the center of mass through which the height is calculated. The gravity towards the
bottom is known, so the gravitational ray has a negative sign. It will be multiplied by
Pc;- From this multiplication h can be calculated, and this gives m; as it is shown in
Equation (64).

U;=m;gyh; + U, (63)

U; = mi(_ngci); U= Z U; (64)

Where U; is the total energy of the link, m; is the mass of the link, g, is the
gravitational constant, h; is the height of the link at its center, and U, is the potential
energy. So, gravity is the gradient of this magnitude, that is, the gravitational forces
are found by calculating the partial derivative concerning q, and the partial
derivative gives the columns of the Jacobian matrix. So, gravity is simply this negative
sign multiplied by J,,, multiplied by this ray m;g, m,g, and up to m, g as shown in

Equations (65) and (66) [38].
6(@) =~ ) Jo @ mug (65)
i=1

m;g

G=-17, 15, - J5]|mg
m,g

G(@) = —[J7,(m1g) +J7,(mz9) + - + ]}, (, 9)]
By applying Equation (66) to the robot arm with five degrees of freedom, Equation
(67) is got in frame {0} and g = [0,0,—9.80665] .
G(q) = —[J7,(m1g) +J7,(mz9) +J7,(m39) +J7,(msg) + J3 (s g)] (67)
The calculation is done for vectors m,g, m,g, m3g, m,g, msg by multiplying g =
[0,0,—9.80665]" by the mass of each link represented in Table 1, and these vectors
can be calculated as in the Equation (68) to (72).

(66)

m,g = [0; 0; —10.5392] (68)
m,g = [0;0; —7.14600] (69)
msg = [0;0;-6.61660] (70)
myg = [0;0; —5.72400] (71)
mgg = [0; 0; —1.16310] (72)

To calculate the gravity matrix of the robot, the value of J3 ,J7,,J%.,J7,.J5 calculated
above is substituted into Equation (67) using the Jacobian at the center of mass. By
solving this equation using the MATLAB program, we get the Equation (73). G(q) is
a 5 X 1 matrix representing the gravity loading acting on each joint depending on the
configuration.
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g1
g2
G(q)nxl =193
9a
9gs
9:=0
g> = 0.1858¢c(08, + 03 — 2.5577) + 0.5181c(0, + 5.6192e™%) + 2.1606¢,
—0.2658c53 — 0.1033c,53 — 0.1033¢35, + 0.26585,3
+1.0211e 5¢c,534 + 1.0211e 5¢35,, — 0.0801s(05 — 1.5843)c,5
+0.0801s(05 — 1.5843)s,; — 5.1722e *c,c(0, — 1.6029)s,
— 5.1722e *c3¢(6, — 1.6029)s, — 0.0801c,,55¢(05 — 1.5843) (73)
—0.0801c3453¢(05 — 1.5843)
g3 = 0.1858¢c(0, + 03 — 2.5577) — 0.2658¢,3 — 0.1033c,53 — 0.1033c35,
+0.2658s,3 + 1.0211e ¢85, + 1.0211e 5c35,,
—0.1858s(05 — 1.5843)c,3 + 0.18585(05 — 1.5843)s,3
—5.1722e *c,c(0, — 1.6029)s; — 5.1722e *c;3c(0, — 1.6029)s,
— 0.081c,,55¢(05 — 1.5843) — 0.081c3,5,¢c(05 — 1.5843)
gs=5.1722e *c(0, + 05)s(0, + 1.5843) — 1.9703e %1¢(0, + 05)(3.8987e %1c,
+3.0601e s,c(05 — 1.5843))
gs = 0.0801s(0, + 03)c(0s — 1.5843) — 0.0801s(05 — 1.5843)c(0; + 03)c,

3.3.2 Mass matrix
The mass matrix is simply those Jacobines ], ,J, multiplied by the transposed

Jacobian ]viT, ]wiT multiplied by the scaled mass properties m;, I, . That's what so
all, this mass matrix is to take the Jacobian associated with those specific points of the
center of mass, and see their impact on the velocity, because they are capturing the
effect of the velocity, and are scaled by m; or I, as in the Equation (74) [38].

M@ = ) 1Sy (@7 Ju @ + Lo (@D S @ (74)
i=1

Where m; is the mass of link i, J,,, denotes the linear velocity of the center of mass of
link i, I, is the inertia tensor of link i for its center of mass, and J, denotes the
angular velocity of the center of mass of link i, M(q) is a positive symmetrical n X n

knowledge matrix called the inertia matrix or the mass matrix by applying Equation
(74) to the robot arm with five degrees of freedom, Equation (75) is got. When
thinking about this mass matrix, it is symmetrical, definite, positive, and has many
properties, and these properties can be linked to the structure of the robot. m 4
represents the inertia, the inertia is dependent on the position, so if that position is
changed then the value of m,, will change, m; represents the inertia at joint 1, m,,
represents the inertia at joint 2, m,,,, represents the perceived inertia around this axis,
so all these diagonal elements represent the perceived effective inertia at each joint.

m,4 is independent of the first joint because of the motion of this joint around its axis.
After the installation of all the other joints, the inertia around that axis does not
change, but it is dependent on all the following joints, where m, is dependent on q,
to q,, and q; is dependent on g3 to q,, and m,,, is constant. So m, represents the
correlation of the acceleration of joint 2 with joint 1, m,, is the opposite representing
the correlation of joint 1 with joint 2. Matrix m is a definite and positive symmetrical
matrix, because it is not physically possible to talk about an object having a mass
equal to zero, so the object must have a mass, and the mass is always positive.
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M(q) = ml]‘lilT.]‘lil +]w1TIL'1 ]wl + mZ]TJZT]UZ +.]w2TIL'2 ]wz + m3]173T]173
T T T T T (75)
+]l1)3 IL'3](4)3 + m4]174 ]174 +]w4 164](4)4 + m5]175 ]175 +]a)5 IC5](D5
The values of the moment of inertia for the center of mass were taken from Table 2,
and put in the form of a matrix as shown in Equation (76).

0.0031 0.0043 0.0019 0.0021 0.00660 0.0048
I, =0.0043 -0.0005 0.0017]102= 0.0066 -0 -0.0028
0.0019 0.0017 _ 0.003 0.0048 -0.0028 -0
0.4028 0.6201 0.7881 0.0034 0.0034 0.0002
I.,=e3(0.6201 -0.0276 -0.0616|I,, =[o.0034 0 -0 ] (76)
0.7881 -0.0616 —0.2498 0.0002 -0 0
0.5892 0.0067  0.5842
‘Icsze—3[0.0067 —0.0001 0
0.5842 0 -0.0076

To calculate the mass matrix of the robot, the value of J} ,J5,.J0.. 0%, Jb,
and J5, ,J%,. o, J 5, Jioscomputed above was substituted into Equation (75) using
the Jacobian in the center of mass, and substituting for the inertia values from
Equation (76), and the mass values from Table 1, by solving this equation using the
MATLAB , the Equations (77) to (101) are got. M(q) is a 5 X 5 matrix representing
the mass affecting each link according to the configuration of the robotic arm.
myy = 0.004¢(0, + 5.6192e~%) — 0.00725(20,) + 593(2.0329¢ ¢, +
8.6736e 2%cy, + 4.7592e 33¢c4s; — 7.5027e %%¢ 555 + 3.7355€ %95,¢(05 —
1.5843) + 7.5027e *9¢,3 — 8.1315e73%,,5; — 8.1315e73%,35, +
3.7355e 295(05 — 1.5843)c, 5,3 + 4.7592e %3¢, 355, + 4.7592e 33¢435,, —
3.7355e72%s(05 — 1.5843)c 23 — 3.7355e 7 29¢ 453¢(05 — 1.5843) —
3.7355e72%¢,3,5,c(05 — 1.5843))% + 67471(6.5052e 27c, — 6.0346e %8s, +
2.7756e %%c;, + 4.8721e7%7¢c(05 — 2.5577)c1; — 4.8721e *75(0;3 —
2.5577¢,5,)? + 4.8499e75¢(0, + 05)? + 58369(1.9594e 3%, 5(0, + 1.5843) —
3.4694e %"c,s; —8.1315e %8s, + 3.2526e %8¢,55 + 3.2526e 28¢3s5,, —
1.6169e %7553 + 1.6169e %7 c,35, + 1.9594e73%,c(0, + 1.5843)s,3 +
1.9594e73%,c(8, + 1.5843)s,5)? — 0.0026¢, + 6747(6.0346e28c, +
6.5052e727s, +2.775e %%c,5, + 4.8721e %7¢c(05 — 2.5577)c,5, —
4.8721e7%75(03 — 2.5577)s12)% + (€451 + €12534 + €13524)(5.8916e *c,5, —
6.7417e %cy4 — 5.8418e7*c(0, + 03)s, + 5.8916e *c1,554 + 5.8916e *c 35,4 +
6. 74179_6(:25134 + 6. 74179_6035124) + (025134 —C1u4t C3S124)(8. 725968C14 + (77)
6.7417e %c,s; — 9.7093e 11¢c(0, + 03)s4 + 6.7417e Ccy3554 +
6.7417e %cy35,, — 8.7259e 8c,5,34 — 8.7259e 835154 +
58369(1.6169e 27c,,3 — 3.4694e 27cy, — 1.9594e3s,5(0, + 1.5843) —
1.6169e %7c,s,3 — 8.1315e 8¢, + 3.256e7%8¢,,55 + 3.256e %8¢ 35, +
1.9594e73%,,¢(0, + 1.5843)s; + 1.9594e 3%,5¢(0, + 1.5843)s,)% +
0.0034c¢(0, + 05)*c,% + 593(4.7592e33¢,, — 2.0329e 295, — 8.6736e *%¢c,s, +
8.1315e73%,s,5 + 8.1315e73%;35,, + 3.7355e 7 2%¢,5,c(05 + 1.5843) +
7.5027e 295,55 — 7.5027e %9¢y35; — 3.7355€¢7%5(05 + 1.5843) 5,53 —
4.7592e733¢,5.34 — 4.7592e733¢35,54 + 3.7355€7295(05 + 1.5843)cy35, +
3.7355e72%¢,4513¢(0s + 1.5843) + 3.7355e72%¢c4,5,,¢(05 + 1.5843))% +
0.3830c(0; + 5.6192e4)? + 0.0068¢ (0, + 05)%cys; — c(0; +
05)s,(5.8418e *c4s; —9.7093e %¢,4 + 7.6194e76c(0, + 03)s, +
5.8418e *cy ;534 + 5.8418e *c 35,4 +9.7093e 10¢, 5,3, + 9.7093e 10¢535,,4) X
3.2361e (0, + 05)s(0, + 03)c, — 3.2188e~7c(0, + 05)s(0, + 03)s, + 0.0071

Mgy = 6.5921e 55(0, + 05 — 2.5577) — 0.00725(26,) — 0.0027s(8, + (78)
5.6192e %) + 3.7554e™*s, + 4.8499¢ %c(0, + 03)> + 1.1437e %%s(0, +
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1. 6029)(4. 0422e ?7¢c,s5 — 8.1315e7%8¢,; — 8.6736e72"s, + 4.0422e %" ¢35, +
8.1315e 28¢,s; + 4.8984e73%¢(0, + 1.5843)s,; — 4.8984e 30¢c,;c(0, +
1. 5843)) —0.0026¢,% — 593(4.7592e 33¢c, + 3.755e 2%s,c(05 —

1.5843)(5.4210e7%%s, + 5.0822e %7c,; + 4.6892e2%C,3 + 4.6892e %6¢c;s, —
5.0822e 275,53 + 2.9745e73%s,5, — 2.3347e %%5(05 — 1.5843)c,55 —
2.3347e72%s(05 — 1.5843)c35, — 2.9745e7 30,35, + 2.3347e 20Cy3,c(05 —
1.5843) — 2.3347e 25¢,5,3¢(05 — 1.5843) + (451 + C12534 +
€13524)(5.8916e *c,s; — 6.7417e %c,, — 5.8418e *c(0, + 05)s, +
5.8916e *cq 3534 + 5.8916e *c135,, + 6.7417€70Cy534 + 6.7417€ %C35154) +
(C25134 — €14 + €35124)(8.7259e 8¢y, + 6.7417e %c4s, —9.7093e710¢(0, +
03)s, + 6.7417e %c,,534 + 6.7417e%C35,4 — 8.7259¢ 8¢, 5,34 —
8.7259e 8c35154) + 3.4167¢(0, + 03)%c % + 0.0068¢c(0, + 03)*c s, —
c(8; + 03)s4(5.8418e *cys; — 9.7093e ¢y, + 7.6194€75¢(0, + 03)s4 +
5.8418e *cy5534 + 5.8418e *cy35,4 + 9.7093€71%¢; 5134 + 9.7093e 055,54 ) +
0.0032¢(0, + 05)s(0, + 83)c, — 3.2188e 7¢c(0, + 05)s(0, + 83)s, + 0.0029

M3 = 6.5921e 55(0, + 05 — 2.5577) — 0.00725(20,) + 4.8499e5¢(9, + 05)% —
593(4. 7592e~33c, + 3.7355e °s,c(0s + 1. 5843))(5. 0822e27cy; +

4.6892e%6¢c,s; + 4.6892e 2%c35, — 5.0822e 275,53 + 2.9745e 305,35, —
2.3347e2%s(05 + 1.5843)c,5; — 2.3347e 2%s(05 + 1.5843)c3s, —
2.9745e7 30,35, + 2.3347e 2%¢c,3,¢(05 + 1.5843) — 2.3347e 2%¢,5,3¢(05 +
1. 5843)) —0.0026¢,% + (C4S1 + C12534 + €13524)(5.8916e *c,5, —
6.7417e %cy, — 5.8418e (0, + 03)s, + 5.8916e *c1534 + 5.8916e *c 35,4 +
6.7417e %cy5134 + 6.7417€ 0C55124) + (€35134 — €14 + €35124)(8.7259e7 8¢y, +
6.7417e %c,s; —9.7093e 1%¢(0, + 03)s, + 6.7417e Cq3534 +
6.7417e %c135,,) — 8.7259e 8c,513, — 8.7259e 8c35154) + 3.4167¢(0, +
83)%c,? +3.4310e 255(0, + 1.6029)(1.3474e 2,55 — 2.7105e 2y +
1.3474e ¢35, +2.7105e %7553 + 1.6328e72%¢c(0, + 1.5843)s,3 —
1.6328e %9¢y3c(0, + 1. 5843)) +0.0068c(0;, + 05)%*cys, — (8, +
03)s4(5.8916e *cy51 — 9.7093e 0¢yy + 7.6194€5¢(0; + 03)s4 +
5.8418e *cy3534 + 5.8418e *c13524 +9.7093e710¢,5134 +9.7093e 0c55,,,) +
0.0032¢(0;, + 05)s(08, + 83)c, — 3.2188e 7¢c(0, + 05)s(0, + 83)s, + 0.0029

my, = 3.9045¢ 85, — 1.9778e5c(0, + 1.5843) — 0.00725(26,) +
4.8499¢ %c(0, + 63)®> — 8.4387e ®c,c(0, + 1.5843) + 4.7749e %¢c,s3 +
4.7749e %c3s, + 1.6659e " c,5, — 3.0647e *c,c(05 — 1.5843) — 0.0026¢,> +
3.4167¢(0, + 03)%c,? — 7.6194e 5¢c(0, + 03)*c,* — 8.7259e 8¢, %c, 2 +
5.8916e *c,%s,%2 — 0.0013c,,c(05 — 1.5843) — 1.5618e 8¢, 554 —
1.5618e 8¢55,, — 3.9327e5¢(0, + 1.5843)s,3 — 1.4410e 75,3, + 0.0068¢(0, +
05)%c,;s, — 1.3483e 3¢ %5, + 5.6315e *cy55¢(05 — 1.5843)% +
5.6315e *c35,c(05 — 1.5843)% + 0.0032¢(0, + 03)s(0, + 03)c, —
3.2188e 7¢c(0, + 05)s(0, + 03)s; +3.9327e %cy3¢(0, + 1.5843) +
1.4410e " cy35, + 7.9113e77 + 7.9113e " c3¢(0, + 1.5843)s, +
7.1747e77s(05 — 1.5843)s,34 + 5.8916e *c,%c,%55%5,% +
5.8916e *c %c3%s,%5,% — 8.7259e 8¢,%5,%53%5,% — 8.7259e 8c5%5,%5,%5,% +
1.9419e7%¢c(05 + 03)c145, — 0.0012¢(0;, + 03)cy514 — 1.1311e 5cp3,¢(05 —
1.5843) + 1.2259e *c,,53¢(05 — 1.5843) + 1.2259e *c345,¢(05 — 1.5843) —
7.1747e77s(05 — 1.5843)cy35, + 1.1311e 5¢y5,3¢(05 — 1.5843) —
5.6315e *s(05 — 1.5843)c,5,3¢(05 — 1.5843) — 1.3483e 7 5¢c,%c,C4534 —

(79)

(80)
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1.3483e75c %c345,4 + 1.3483€75¢245,%534 + 1.3483e 5c3,5,%554 +
5.6315e *s(05 — 1.5843)cy34c(05 — 1.5843) + 1.3483e ¢ cy%5,5325,% +
1.3483e 5c c3%515,% — 0.0012¢(0, + 03)c1€,5535,% — 0.0012¢(0, + 035)C135,5,% —
1.9419e7%¢(0; + 03)cy5135,% — 1.9419e2¢(0, + 035)c35125,% + 0.0012 +
2.6967e 5c153512354% + 0.0029

mys = 4.8499e7°c(0, + 05)% — 0.00725(260,) — 0.0026¢c,> + 3.0647e *s(05 —
1.5843)s, + 3.4167¢c(0, + 03)%c,*> — 7.6194e 5¢c(0, + 03)%s,% —
8.7259e8c,%c,? + 5.8916e *c,%5,% + 5.6315e 5,3, + 7.1747e "s(05 —
1.5843)c,5; + 7.1747e¢ "s(05 — 1.5843)c3s, + 0.00135(05 — 1.5843)c, s, +
0.0068c(8;, + 03)%c s, — 1.3483e 3¢ c4%s1 + 0.0032¢(0, + 03)s(0, + 03)cy —
3.2188e 7¢(0, + 05)s(0, + 05)s; — 5.6315e *c,35, — 1.2259e *s(05 —
1.5843)c,53, — 1.2259e *s(05 — 1.5843)c35,4 — 1.1311e 5s(05 —
1.5843)s,3, + 5.8916e *c;%cy%5325,% + 5.8916e % %c3%5,25,% —
8.7259e8c,%5,253%5,% — 8.7259e 8c3%5,25,%5,2 + 1.9419e°¢c(0, + 03)C145, — @81)
0.0012¢c(0; + 035)cyS14 — 7.1747€ " c34¢(05 — 1.5843) + 1.1311e 5s(05 —
1.5843)c,35, + 7.1747e " c4553¢(0s — 1.5843) — 1.3483e 3¢, %C24534 —
1.3483e75c %c345,4 + 1.3483€75¢245,%534 + 1.3483e 5c3,5,%554 +
1.3483e 5c cy%5153%54% + 1.3483e 5c,c3%5,5,%5,% — 0.0012¢(0;, +
03)C125354% — 0.0012¢(0; + 03)cq3525,% — 1.9419e2¢c(0, + 03)C;5,35,% —
1.9419e7%¢c(0; + 03)c351254% + 0.0012¢,%C235235,% — 1.7452e77¢535,%5,354% +
0.0012¢1245134 + 0.0012¢1345124 + 2.6967€73¢C153512354% + 0.0029

My, = 6.5921e 55(0, + 05 — 2.5577) — 0.00725(26,) — 0.00725(0, +
5.6192e %) + 3.7554e™*s, + 4.8499e7%c(0, + 03)% + 1.1437e %s(0, +

1. 6029)(4. 0422e *c,s5 —8.1315e7%8¢,; — 8.6736e727s, + 4.0422e %" ¢35, +
8.1315e 28s,; + 4.8984e 3%¢(0, + 1.5843)s,5 — 4.8984e 3c,3c(0, +
1. 5843)) —0.0026c,% — 593(4. 7592e~23c, + 3.7355e 2%s,c(0s —

1. 5843))(5.4210(3‘2652 +5.0822e%"cy5 + 4.6892e 26¢, 55 + 4.6892e 20c55, —

5.0822e %7555 + 2.9745e73%s,,, — 2.3347e7265(05 — 1.5843)c, 53 —
2.3347e72%s(05 — 1.5843)c35, — 2.9745e 730,35, + 2.3347e 20C,3,c(05 —
1.5843) — 2.3347e 26¢,5,3¢(05 — 1. 5843)) + (C4S1 + C12S34 + (82)
€13524)(5.8916e *cys; — 6.7417€7%cyy — 5.8418e *c(0, + 03)s, +
5. 89168_4(:12534 + 5. 89163_4C13524 + 6. 74’179_6025134 + 6. 74179_6(:35'124 +
€3S134 — €14 + €35124)(8.7259e 8¢, + 6.7417e %c,s, — 9.7093e71%¢(0, +
03)s, +6.7417e%c13534 + 6.7417e %C135,4 + 8.7259e 8¢, 5134 —
8.7259e 8c,5.34, — 8.7259¢ 8¢, 5154) + 3.4167¢(0, + 03)%c,% + 0.0068¢(0, +
05)%cy5; — c(0, + 03)s,)(5.8418e *c, 5, — 9.7093e ¢, + 7.6194e (0, +
0;)s, +5.8418e *c;,534 + 5.8418e7*c 35,4 + 9.7093e 7 10¢, 5,34 +
9. 70938_10(:35124) + 0. 0032C(92 + 03)5(02 + 93)01 - 3. 2886_7C(02 + 03)5(02 +
0:)s; + 0.0029

My, = 1.4079¢~*¢(26,) — 0.00725(260,) + 0.0061c(65 — 2.5577) — 0.0087c5 —
0.0034s; — 3.1236e %5, + 4.899e~5¢(8, + 05)% + 3.3318e 755, — 0.0026¢,2 +
1.5823e%¢(1.6029)c, — 1.5823e 6s(1.6029)s, — 2.2622e 5c(1.5843)ss +

2.2622¢75s(1.5843)c; + 2.3829¢77¢(3.2058)c(20,) + 3.4167¢(6; + 0)%c1* — g3
7.6194e5¢(0, + 05)2s,2 — 1.4079¢~*c(3.1687)c(265) — (83)

2.3829e%5(3.2058)s(20,) — 8.7259¢ 8c,%c,? — 1.4079e *5(3.1687)s(205) +
5.8916e *c,%s,% + 1.4079¢ *s(3.1687)c(20,)s(265) —

1.6877e 5¢(1.6029)c,s5 + 0.0068c(0, + 03)%cys, + 2.4518e *c(1.5843)cy5 —
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0.0026c(1.5843)c3s5 + 0.0026¢(1.5843)c35 + 1.6877e 5s(1.5843)s5, +
2.4518e *s(1.5843)c,s5 — 1.3483e ¢ c %5, + 0.0032¢c(0, + 03)(0, + 05)c; —
7.1747e77¢(1.5843)s(20,)cs — 3.2188e 7¢c(0, + 03)(0, + 03)s, —
7.1747e775(1.5843)s(20,)s5 + 1.4079e *c(3.1687)c(20,)c(205) —
0.0026¢(1.5843)c,55; — 0.0026(1.5843)cy535 + 5.8916e *c,2c,%55%5,% +
5.8916e *c %c3%s,%5,% — 8.7259e 8¢, %5,%53%5,2 — 8.7259e 8c3%5,%5,%5,% +
1.9419e%¢c(0; + 03)c1454 — 0.0012¢(0, + 03)Cy514 — 1.3483e 51 %Cp4534 —
1.3483e75¢,%c345.4 + 1.3483e75¢545,%534 + 1.3483e 5c345,%554 +
1.3483e 5c cy%5,5325,% + 1.3483e75c c3%5,5,%5,% — 0.0012¢(0, +
03)01253542 - 000120(02 + 03)(:1352542 - 1.94198_9(:(02 + 03)C2$13$42 -
1.9419e ¢c(0; + 03)c35125,% + 0.0012¢,%C53535,2 — 1.7452€77C235,%5,35,% +
0.0012¢545134 + 0.0012¢1345124 + 2.6967€ 51535123542 + 0.0486

mys = 1.4079e*c(26,) — 0.00725(28,) + 0.0030c(85 — 2.5577) — 0.0043c5 —
0.0017s; — 3.1236e 85, + 4.8499e5¢(8, + 05)? + 1.6659¢ 755, — 0.0026¢,2 +
1.5823e%¢(1.6029)c, — 1.5823e 6s(1.6029)s, — 2.2622e 5c(1.6029)ss +
2.2622e755(1.6029)cs + 2.3829e°¢(3.2058)c(20,) + 3.4167c(0; + 03)%*cyp —
7.6194e 5¢(0, + 03)%s,% — 1.4079e *¢(3.1687)c(205) —
2.3829¢%5(3.2058)s(26,) — 8.7259¢ 8¢, %c,% — 1.4079¢*s(3.1687)s(205) +
5.8916e *c,%s.% + 1.4079e*s(3.1687)c(20,)s(205) —
8.4387e%¢(1.6029)c,s3 + 0.0068c(0, + 03)%cys; + 2.4518e *¢(1.5843)c,5 —
0.0013¢(1.5843)cys5 + 0.00135(1. 5843)c35 + 8.4387¢6s(1.6029)s3, +
2.4518e7*5(1.5843)c,s5 — 1.3483e 3¢ c4%s, + 0.0032¢(0, + 03)s(0, + 03)cq —
7.1747e 7¢(1.5843)c(205)s(20,) — 3.2188e 7c(0, + 03)s(0, + 03)s, —
1.1747e7s(1.5843)s(20,)s5 + 1.4079e*c(3. 1687)c(26,)c(205) —
0.0013¢(1.5843)c4555 — 0.0013¢(1.5843)c,535 + 5.8916e *c,2c,253%5,% +
5.8916e *c %c3%s,2%5,% — 8.7259e 8c,2%5,%53%5,2 — 8.7259e 7 8¢c325,%5,%5,% +
1.9419e°%c(0; + 035)c1454 — 0.0012¢(0, + 03)Cy514 — 1.3483e 5 %Cp4534 —
1.3483e75¢,%c34524 + 1.3483e75¢545,2534 + 1.3483e 5c345,%554 +
1.3483e 5c cy%5,5325,% + 1.3483e75¢,c3%5,5,%5,% — 0.0012¢(0, +
03)C12$3$42 - 00012C(92 + 93)013542 - 1.94’199_9(:(02 + 03)C2S13S42 -
1.9419e7%¢c(0; + 03)c351254% + 0.0012¢,%C235235,2 — 1.7352e77¢,35,25,35,% +
0.0012¢1245134 + 0.0012¢1345124 + 2.6967€75¢133512354% + 0.0095

(84)

My, = 4.8499e 6¢(0, + 05)2 — 0.00725(26,) — 0.0026¢,% — 593 (3. 897e 2%, +

3.0601e %5s,s(65 — 1. 5843)) (5.4210e26¢c; — 2.3347e 265(05 — 1.5843) +
4.6892e726) + (481 + €12534 + €13524) (5.8916e *c,5, — 6.7417e 6cyy —
5. 89169_4 0(92 + 03)54 + 5. 89169_4012534 +5. 89169_4(:13324 +
6. 74179_6(:25134 + 6. 74’179_6035124) + (C2$134 — C14 + C3$124)(8. 72599_8(:14 +
6.7417e %c,s; —9.7093e 10¢(0, + 05)s, + 6.7417e cq 3554 + (85)
6.7417e %c135,4, — 8.7259e 8c,5,34 — 8.7259e 8c55,54) + 3.4167¢(0, +
05)%c,? —2.9278e723(0, — 1.6029)(8.6736e %°c; — 4.0422e72°) +
0.0068c(0; + 03)%cys1 — c(0; + 03)5,(5.8916e *c,51 — 9.7093e ¢y, +
7.6194e75(0, + 03)s, + 5.8418e *c, 534 + 5.8418e *c 35,4 +
9. 70933_10(:25134 +9. 70939_10C3S124) + 0. 0032C(02 + 03)5(02 + 03)('1 -

3. 21889_7(:(02 + 03)3(02 + 03)51 + 0. 0029

mys = 5.6315e*c, — 0.00725(26,) + 1.2259e *c (05 — 1.5843) +
4.8499e5¢(6, + 65)2 — 0.0026¢,, — 0.00135;¢(05 — 1.5843) — 1.311e 5s(05 —
1.5843)c, — 7.1747e "s,c(05 — 1.5843) + 3.4167c(0; + 05)%c,? —
7.6194e 5¢(0, + 03)%s,% — 8.7259e 8¢, %c,? + 5.8916e *c,%s5,% —

(86)
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0.0013s(05 — 1.5843)c3, + 0.0068c(0, + 03)%cys; — 1.3483e 5c cy%sy +
0.0032c(8, + 05)s(0, + 05)c, — 3.2188e~7c(0; + 05)s(0, + 03)s; +
5.8916e *c %c,%s3%5,% + 5.8916e *c %c325,%5,2 — 8.7259e 8¢, %5, 25325, —
8.7259e 7 8c3%5,25,%5,% + 1.9419e¢ %¢c(05 + 03)C1453 — 0.0012¢(0, + 03)CyS14 —
1.3483e75¢,%cp4534 — 1.3483e75¢,%C34524 + 1.3483e7 3¢5 52534 +
1.3483e 5¢345,%524 + 1.3483e 5¢c,c,%5,53%5,% + 1.3483e 3¢ c3%5,5,%5,% —
0.0012c(0; + 035)c12535,% — 0.0012¢(0; + 03)c35,5,% — 1.9419e7%¢(0, +
05)c,51535,% — 1.9419e7°¢c(0, + 03)C351254% + 0.0012¢,%Cy3535,% —
1.7452€77¢35.%5235,2 + 0.0012¢1245134 + 0.0012¢1345124 +
2.6967e 5c153512354% + 0.0029

M3y = 6.5921e 55(0, + 05 — 2.5577) — 0.00725(26,) + 4.8499e5c(0, + 05)% —
593(4.7592¢ 3¢, + 3.7355e 2°s,c(65 — 1.5843) )(5.0822¢ V5 +

4.6892e %%c,5; + 4.6892e 2c3s, — 5.0822e¢7%75,5 + 2.9745e 305,5, —
2.3347e7%65(05 — 1.5843)c,5; — 2.3347e265(05 — 1.5843)c35, —
2.9745e3%,35, + 2.3347e 20¢c,5,¢(05 — 1.5843) — 2.3347e 2%¢,5,5¢(05 —
1. 5843)) - 0 0026C12 + (C4Sl + C12$34 + C13524)(5. 89163_46'431 -

6.7417e %cy, — 5.8916e *e "c(0, + 05)s, + 5.8916e *c 5534 +
5.8916e *c 35,4 + 6.7417€ 0CyS134 + 6.7417€7C35124) + (€25134 — C14 + (87)
€35124)(8.7259¢78¢4 + 6.7417e 6c4s, — 9.7093e71%¢(0, + 05)s, +
6.7417e %c13534 + 6.7417€ %Cc135,4 — 8.7259e 8¢,5,34 — 8.7259e 8¢35154) +
3.4167¢(0, + 05)%c,? + 3.4310e~255(0, + 1.6029)(1.3474e 25¢, 55 —
2.7105e %7 cy5 + 1.3474e *6¢3s, + 2.7105e %7553 + 1.6328e72%¢c(0, —
1.6029)s,3 — 1.6328e 22¢,5¢(0, — 1.6029) + 0.0068¢(0, + 05)2cy5; —
c(0; + 03)s,(5.8418e *c,s; —9.7093e ¢, 4 + 7.6194e 3¢c(0, + 03)s, +
5.8418e *c,;55, + 5.8418e *cy35,, +9.7093e 0¢;5,5, +9.7093e ¢35, +
0.0032¢(0, + 65)s(0, + 03)c, — 3.2188e 7¢c(0, + 05)5(6, + 03)s; + 0.0029

May = 1.4079e*¢(20,) — 0.00725(20,) + 0.0030c(0;5 — 2.5577) — 0.0043c; —
0.0017s; — 3.1236e8s, + 4.8499e5¢(, + 05)? + 1.6659e 755, — 0.0026¢,2 +
1.5823e75¢(1.6029)c, — 1.5823e 5s(1.6029)s, — 2.2622e 5¢(1.6029)ss +
2.2622e 5s(1.5843)cs + 2.3829¢°c(1.6029)c(20,) + 3.4167c(0;, + 03)%c,? —
7.6194e5¢(0, + 05)?s,% — 1.4079e~*c(3.1687)c(205) —
2.3829¢%5(3.2058)s(20,) — 8.7259¢ 8¢, %c, — 1.4079¢*s(3.1687)s(205) +
5.8916e *c,%s,% +1.4079¢ *s(3.1687)c(260,)s(2605) —
8.4387e7%¢(1.6029)c,s3 + 0.0068c(0, + 035)%cy5; + 2.4518e *c(1.5843)cys —
0.0013c(1.5843)csss + 0.00135(1.5843)c35 + 8.4387e65(1.6029)s5, +
2.4518e *s(1.5843)c,s55 — 1.3483e7°c1c4%5, + 0.0032¢(0; + 03)s(0, + 03)c; —  (88)

7.1747e 7¢(1.5843)s(20,)cs — 3.2188e 7c(0, + 03)s(0, + 03)s, —
7.1747e"7s(1.5843)5(26,)ss + 1.4079¢~*c(3.1687)c(20,)c(265) —
0.0013¢(1.5843)c4s55 — 0.00135(1.5843)c, 535 + 5.8916e *c,%c,%53%5,% +
5.8916e *c %c3%s,2%5,% — 8.7259e 8c,%5,%53%5,2 — 8.7259e 7 8¢c325,%5,%5,% +
1.9419e°c(0; + 03)c1454 — 0.0012¢(0, + 03)Cy514 — 1.3483e75¢1%Cp4534 —
1.3483e75¢,%c34524 + 1.3483e75¢545,2534 + 1.3483e 7 3c345,%554 +
1.3483e 5c c3%5,5,% + 1.3483e 3¢, c3%5,5,%5,% — 1.9419e°¢ (0, +
03)C351254% +0.0012¢,%cy352354% — 1.7452€77C3351%252354% + 0.0012¢1245134 +
0.0012¢,345124 + 2.6967e75C133512354% + 0.0095

Ma3 = 1.407e 4¢(20,) + 2.3829e°¢(20, + 3.258) — 0.0072s(20,) +

1.5823e %¢(0, + 1.6029) — 3.1236e s, + 4.8499¢c(0, + 03)* — 0.0026¢,> —  (89)
2.2622e75¢(1.5843)s5 + 2.2622e7°s(1.5843)cs + 3.4167¢c(0, + 035)%*c,% —
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7.6194e 5¢c(0, + 05)%s,% — 1.4079e *c(3.1687)c(205) — 8.7259%¢ 8¢, %c,% —
1.4079¢"*s(3.1687)s(205) + 5.8916e *c,%s,% +
1.4079¢*s(3.1687)c(20,)s(205) + 0.0068c(0, + 05)%*c s, +
2.4518e *c(1.5843)cy5 + 2.4518e *s(1.5843)c,s5 — 1.3483e 5cyc,%s, +
0.0032¢(0, + 03)s(0, + 03)c; — 7.174e 7¢c(1.5843)s(20,)cs — 3.2188e "¢c(0, +
03)s(0, + 03)s; —7.174e 75(1.5843)s(20,)s5 +
1.4079e *c(3.1687)c(260,)c(205) + 5.8916e *c,2c,%55%5,% +
5.8916e *c %c3%s,%5,2 — 8.7259e 8¢, %5,253%5,2 — 8.7259e 8c3%5,25,%5,% +
1.9419e%¢(0; + 03)C1454 — 0.0012¢(05 + 03)Cy514 — 1.3483e75¢, %4534 —
1.3483e75¢,%c34524 + 1.3483e75¢245,%534 + 1.3483e 7 5¢345,%554 +
1.3483e 3¢ c%5,55%5,% + 1.3483e 5¢,c3%5,5,%5,% — 0.0012¢(0, +
03)C12535,2 — 0.0012¢(0; + 03)cq3525,% — 1.9419e72¢c(0;, + 03)C35135,% —
1.9419e7%¢c(0; + 03)c35125,% + 0.0012¢,%C5352354% — 1.7452€77C235,%5235,% +
0.0012¢1245134 + 0.0012¢1345124 + 2.6967€7°C133512354% + 0.0095

My = 3.9327¢%5(1.6029 + 6,) — 1.4410e "¢, — 0.00725(26,) +
4.8499e6¢(6, + 05)% — 0.0026¢,% + 7.1747e "s(85 — 1.5843)c, —
1.1311e 5s,c(05 — 1.5843) + 3.4167¢(0, + 05)%*c,? — 7.6194e 5¢(0;, +
05)%s,2 — 8.7259e 8c,%c,% + 5.8916e *c,%5,% + 0.0068¢(0, + 05)%*c s, +
5.6315e *s(05 — 1.5843)s,c(05 — 1.5843) — 1.348e >c,c,%s, + 0.0032¢(0, +
03)s(0;, + 03)c, —3.2188e 7¢c(0, + 03)s(0, + 03)s, + 5.8916e *c,%c,2s53%5,% +
5.8916e *c %c3%s,%5,% — 8.7259e 8¢,%5,%53%5,2 — 8.7259e 8c3%5,%5,2%5,% +
1.9419e°%¢c(0; + 035)c1454 — 0.0012¢(0, + 03)Cy514 — 1.3483e 7 5¢c1%Cp4534 —
1.3483e75c,%c345,4 + 1.3483€75¢245,%534 + 1.3483e 5c3,5,%554 +
1.3483e 5c c3%53%5,% +1.3483e75¢,c3%5,5,%5,% — 0.0012¢(0, + 03)c12555,% —
0.0012¢(0; + 03)c13525,2 — 1.9419e %¢(0, + 05)c,51354% — 1.9419e ¢ (0, +
03)C351254% +0.0012¢,%cy352354% — 1.7452€7 73351252354 + 0.0012¢1245134 +
0.0012¢4345124 + 2.6967€ 7313351235, + 0.0029

m3s = 5.6315e *c, — 0.00725(20,) + 1.2259¢ *c(0s — 1.5843) +
4.8499e 5¢c(0, + 65)% — 0.0026¢,% — 1.1311e 5s(85 — 1.5843)c, —
7.1747e 7 s,c(05 — 1.5843) + 3.4167¢(0, + 05)%c,% — 7.6194e5¢c(0, +
05)%s,* — 8.7259e 8c,%c,* + 5.8916e *c,%s,% + 0.0068¢(0, + 05)*c s, —

1. 34’839_5(:1(:4251 + 0. 0032C(92 + 93)5(02 + 03)C1 - 3. 21886_7C(02 + 03)5'(02 +
05)s; + 5.8916e *c,%cy%5,2 + 5.8916e *c 2c3%5,%5,% —
8.7259e 8c,%5,%5525,2 — 8.7259e 8c3%5,%5,%5,2 + 1.9419e°¢c(0, + 035)C1454 —
0.0012c(0, + 035)cy514 — 1.3483e75¢, %4534 + 1.3483e75¢, %3454 +
1.3483e75¢y45,%53, + 1.3483e75¢3,5,%5,4 + 1.3483e 5c,c,2%5,5,% +

1.3483e 5¢,c3%515,%54% — 0.0012¢(05 + 03)C12535,% — 0.0012¢(0, + 035)c125,% —

1.9419e %¢c(0; + 03)Cc351354% — 1.9419e79¢(0, + 03)C35125,% +
0. 0012C12C23523S42 —1. 74526_7C23512523S42 + 0. 0012C124S134 +
0. 0012(‘1345124 + 2. 69673_5C123$123S42 +0.0029

(90)
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M4y = 3.9045e 85, — 1.9778e5c(6, + 1.6029) — 0.00725(26,)

+4.8499e75¢(0, + 05)% — 8.4387e 5c,c(0, + 1.6029)
+4.7749e°c,55 + 4.7749e ¢35, + 1.6659e "¢, 5,
—3.0647e *c,c(0s — 1.5843) — 0.0026¢,2 + 3.4167¢(6,
+03)%c,? — 7.6194e 5¢c(0, + 03)%s,% — 8.7259e 8¢, %c,?

+ 5.8916e *c,%5,% — 0.0013c,4c(0s — 1.5843) — 1.5618e 8¢, 54,
—1.5618e %c35,, — 3.9327e %c(0, + 1.6029)s,,

—1.4410e7 75,34 + 0.0068¢ (0, + 03)*c s, — 1.3483e 5¢c ¢y’
+ 5.6315e *c,55¢(05 — 1.5843)?

+ 5.6315e *c35,¢(05 — 1.5843)?

+ 000320(02 + 03)5(02 + 03)(:1

—3.2188e77¢(0, + 05)s(0, + 03)s,

+3.9327e 5c,3¢(0, + 1.6029) + 1.4410e " 535,

+7.911e 7¢c,c(04 + 1.6029)s5 + 7.911e " c3¢(0, + 1.6029)s,
+7.911e77s(05 — 1.5843)s,3, + 5.8916e *c,%cy%55%5,>

+ 5.8916e *c,2c3%5,%5,% — 8.7259e78¢,2%5,%53%5,2

—8.7259e 8c325,%5,%5,% + 1.9419e°¢c(0;, + 03)C1454
—0.0012¢(0; + 05)¢4514 — 1.1311e 5¢p3,¢(05 — 1.5843)
+1.2259e *c,,53¢(05 — 1.5843)

+1.2259e *c3,5,¢(05 — 1.5843)

—7.1747e77s(05 — 1.5843)cy35,

+1.1311e 3¢,5,3¢(05 — 1.5843)

— 5.6315e *s(05 — 1.5843)c,5,3¢(05 — 1.5843)
—1.3483e7%¢;2Cp4534 — 1.3483e75¢1%C34524
+1.3483e75cy451%534 + 1.3483e75¢345,%524

+5.6315e *s(05 — 1.5843)cy3,¢(05 — 1.5843)

+ 1.3483e75c345,%5,4 + 1.3483e75¢,c3%5,5,%5,>
—0.0012c(05 + 03)c125354% — 0.0012¢(0; + 03)C135,54>
—1.9419e°¢c(0, + 035)c;51354% — 1.9419e°¢c(0; + 03)C351254>
+0.0012¢,%cy352354% — 1.7452€ 7 C535125235,% + 0.0012¢1245134
+0.0012¢,345124 + 2.6967€75C133512354% + 0.0029

My, = 4.8499e5¢(0, + 05)% — 0.00725(20,) — 0.0026¢,% —
593 (3. 8987e2%, + 3.6601e 255,c(05 — 1. 5843)) (5.4210e2c; —

2.3347e265(05 — 1.5843) + 4.6892e72%) + (€481 + €12534 +
€13524)(5.8916e *c,s, — 6.7417e¢ %c,, — 5.8418e *c(0, + 05)s, +
5. 84’189_4(:12534 +5. 84189_4013524 + 6. 74176_6C25134 + 6. 74‘176_6C35124) +
(C25134 —C14 + C35124)(8. 72593_8C14 + 6. 74176_6C431 -9 70936_10(:(02 +
05)s, +6.7417e %c13534 + 6.7417€ %c135,, — 8.7259e 8¢, 5134 —
8.7259e 8c35154) + 3.4167¢(0, + 05)%*c,? — 2.9278e *35(0, +
1.6029)(8.6736e26c; — 4.0422e%6) + 0.0068c(0; + 03)2cys51 — (6, +
03)s4(5.8418e *cy51 — 9.7093e 0¢y, + 7.6194€5¢(0; + 03)s4 +
5.8418e *cy5534 + 5.8418e *c13524 +9.7093e710¢,5134 +9.7093e 0c55,,,) +
0.0032¢(0; + 05)s(0, + 83)c, — 3.2188e 7¢c(0;, + 05)s(0, + 83)s, + 0.0029

M3 = 3.9327e65(0, + 1.6029) — 1.4410e "¢, — 0.00725(26,) +
4.8499e %c(0, + 63)% — 0.0026¢,% + 7.1747e "s(05 — 1.5843)c, —
1.1311e 5s,c(05 — 1.5843) + 3.4167c(0, + 03)%*c,*> — 7.6194e"5¢c(0, +
05)%s,> — 8.7259e 8c,%c,% + 5.8916e *c,%5,% + 0.0068¢(0, + 05)%*cy s, +
5.6315e *s(05 — 1.5843)s,c(05 — 1.5843) — 1.3483e ¢ c4%s; + 0.0032¢(0, +
05)s(0;, + 03)c, —3.2188e 7¢c(0;, + 03)s(0, + 03)s, + 5.8916e *c,%c,2s53%5,% +
5.8916e *c,%c3%s,%5,% — 8.7259e 8c,%5,%53%5,% — 8.7259e 8c3%5,%5,%5,% +

92)

93)

%4)
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1.9419e%¢c(0; + 035)c1454 — 0.0012¢(0, + 03)Cy514 — 1.3483e75¢c1%Cp4534 —
1.3483e75c %c345,4 + 1.3483€75¢245,%534 + 1.3483e 5c3,5,%554 +
1.3483e 5c c3%53%5,% +1.3483e75¢,c3%5,5,%5,% — 0.0012¢(0, + 03)C12555,% —
0.0012¢(0; + 035)cq13525,% — 1.9419e2¢(8;, + 035)cy5135,2 — 1.9419e°¢(0, +
03)C35125,% + 0.0012¢,%c535.35,2 — 1.7452e7 7 ¢5351%5,35,% +
0.0012¢454513454% + 0.0012¢1345124 + 2.6967€75¢153512354% + 0.0029

My, = —5.6315e *s(05 — 1.5843)2 + 3.4167¢(8; + 65)%c,2 + 0.0068c(6, +
05)%cys; — 7.6194e75¢(0, + 05)2s,% + 4.8499e6¢ (0, + 65)2 — 0.0012¢(8; +
03)C12535,2 — 0.0012¢(0;, + 03)C13525,% + 1.9419e2¢(0;, + 03)C1454 +
0.0032c(0; + 035)s(0; + 83)c; — 1.9419e ¢ (0, + 035)cy5135,% —
1.9419e°%c(0; + 03)c35125,% — 0.0012¢(0, + 03)cy514 — 3.2188e775(0, +
05)c(0;, + 03)s; + 5.8916e *c1%c,253%5,2 + 0.0012¢,%C35.35,% —
1.3483e75¢ %4534 + 5.8916e % %c3%5,%5,% — 1.3483e75¢, 234524 — ©5)
8.7259e 8c,%c,? — 0.0026¢,% + 1.3483e 5c ¢y %5,55%5,% +
2.6967e 750153512542 + 0.0012¢1245134 + 1.383e7 3¢, c325,5,%5,% +
0.0012c4345124 — 1.3483e7 3¢ c,%s, — 8.7259e 8¢, %5,253%5,% —
1.7452e77¢35:%5235,% + 1.3483e75¢545,%5,4 — 8.7259e 8¢3%5,%5,25,% +
1.3483€ 5¢545,2524 + 5.8916e*c,25,% — 0.0072 + 0.0034

mys = 3.4167¢c(0, + 03)%c,% + 0.0068c(0, + 03)%cys; — 7.6194e 5¢c(0, +
05)25,2 + 4.8499¢6¢(6, + 05)% — 0.0012¢(0, + 03)¢12535,% — 0.0012¢(0, +
03)c13525,% +1.9419e°¢c(0;, + 05)cy454 + 0.00325(0, + 03)c(0, + 03)cy —
1.9419e %¢c(0; + 03)c35135,% — 1.9419e72¢(0;, + 03)c35125,%2 — 0.0012¢(0;, +
03)cy514 —3.2188e7 7s(0, + 03)c(0, + 03)s, + 5.8916e *c,%c,2s55%5,% +

0.0012c¢,%cy35235,% — 1.3483e 3¢ %C24534 + 5.8916e 4 %c3%5,%5,% — (96)
1.3483e 5¢,%c345.4 — 8.7259e 8¢, %¢c,% — 0.0026¢,% +
1.3483e 5¢1C3%c,%5153%5,% + 2.6967€75¢123512354% + 0.0012¢1245124 +
1.3483e 5c c3%5,5,254% + 0.0012¢1345124 — 1.3483e75¢c %51 —
8.7259e78c,%5,%55%5,% — 1.7452e77c535,25354% + 1.3483e75¢p45,%553 —
8.7259e 8c3%5,25,%5,% + 1.3483e 5¢345,%5,4 + 5.8916e *c,%s5,% +
7.1747e 7s(65 — 1.5843) — 0.00725(26,) + 0.0029

Mgy = 4.8499e5¢(0, + 05)? — 0.00725(20,) — 0.0026¢(20,)? +
3.0647e *s(05 — 1.5843)s, + 3.4167¢(0; + 03)%c,% — 7.6194e 5¢(0, +
05)%s,%2 — 8.7259e8c,%c,% + 5.8916e *c,%5,% + 5.6315e 45,534 +
7.1747e 75(05 — 1.5843)c,55 + 7.1747e7s(05 — 1.5843)c35s, + 0.00135(05 —
1.5843)c,s, + 0.0068c(0, + 03)%cys; — 1.3483e 5c,c, %5, + 0.0032¢(0, +
05)s(0, + 03)c, —3.2188e 7¢c(0, + 05)s(0, + 83)s; — 5.6315e *c,35, —
1.2259e *s(05 — 1.5843)c,534 — 1.2259¢ *s(0s — 1.5843)c3554 —
1.311e755(05 — 1.5843)s,3, + 5.8916e *c,%cy%53%5,% +
5.8916e *c %c3%s,%5,% — 8.7259e 8¢,%5,%53%5,2 — 8.7259e 8c5%5,%5,2%5,2 + 97)
1.9419e79¢(0, + 03)Cc145, — 0.0012(0; + 03)CyS14 — 7.1747 € 7 Cp34¢(05 —
1.5843) + 1.1311e 55(0s — 1.5843)c,35, + 7. 1747e 7 ¢,4553¢(05 — 1.5843) —
1.3483e75¢,%cy4534 — 1.3483€75¢,%C34524 + 1.3483e75¢545,%534 +
1.3483e75¢345,%5,4 + 1.3483e75c,c,%5,55%5,% + 1.3483e 3¢ c3%5,5,%5,% —
00012C(02 + 93)C1253342 - 00012C(02 + 03)C13$2$42 - 1.94’199_9(:(02 +
05)C25135,% —1.9419e %¢(0, + 05)c351254% + 0.0012¢,2%C535,354% —
1.7452e77¢351%52354% + 0.0012C1245134 + 0.0012¢4345124 +
2.6967e75c153512354% + 0.0029
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ms, = 5.6315e*c, — 0.00725(20,) + 1.2259¢*c(05 — 1.5843) +
4.8499¢5¢(0, + 05)2 — 0.0026¢,2 — 0.0013s5c(05 — 1.5843) —
1.1311e 55(0s — 1.5843)c, — 7.1747e "s,c(05 — 1.5843) + 3.4167¢(0, +
035)%c,? —7.6194e 5¢c(0, + 05)%s,* — 8.7259e 8¢, %c,* + 5.8916e *c,%5,% —
0.0013s(85 — 1.5843)c3, + 0.0068c(0, + 05)%*cys; — 1.3483e 3¢ c,%s, +
000320(02 + 03)S(02 + 03)(:1 - 3.21883_7('(02 + 03)5(02 + 03)31 +
5.8916e *c %c,%s3%5,% + 5.8916e *c %c3%5,%5,2 — 8.7259e 8¢, %5, 253%5,% —
8.7259e78c3%5,25,%5,% + 1.9419e°¢c(0; + 03)c145, — 0.0012¢(0, + 03)CyS14 —
1.3483e75c %cy4534 — 1.3483€75¢,%C345,4 + 1.3483e75¢,45,%534 +
1.3483e 5¢345,%5,4 + 1.3483e75c,c,%5,55%5,% + 1.3483e 3¢ c3%5,5,%5,% —
0.0012¢(0; + 03)c12535,%2 — 0.0012¢(0, + 03)C13525,% — 1.9419e7%¢(0, +
05)c;5135,% — 1.9419e7%¢(0, + 03)C351254% + 0.0012¢1%C235,35,% —
1.7452e77¢35,%5235,% + 0.0012¢1245134 + 0.0012¢1345124 +
2.6967e75c153512354% + 0.0029

(98)

mss = 5.6315e*c, — 0.00725(26,) + 1.2259%¢*c (05 — 1.5843) +
4.8499e75¢(0, + 65) — 0.0026¢,2 — 1.1311e 55(05 — 1.5843)c, —
7.1747e "s,c(05 — 1.5843) + 3.4167c(0, + 03)%*c,? — 7.6194e 5c(0, +
05)%s,2 — 8.7259e 8c,%c,% + 5.8916e *c,%5,% + 0.0068¢(0, + 05)%*c s, —
1.3483e 5c c4%s; +0.0032¢(0, + 03)s(0;, + 03)c, — 3.2188e77¢c(0, + 03)s(0, +
05)s, + 5.8916e *c,2c,%53%5,% + 5.8916e ¢, %c525,%5,% —
8.7259¢ 8c,%5,%53%5,% — 8.7259e 8¢3%5,%5,%5,% + 1.9419e °¢c(0, + 03)c1a5s —  (99)

0.0012c(0; + 03)cyS14 — 1.3483e75¢, 224534 — 1.3483e75¢, 203454 +
1.3483e75¢y45:%534 + 1.3483e 5c3,5,25,4 + 1.3483e 3¢ c,25,53%5,2 +
1.3483e75¢,3%515,254% — 0.0012¢(0; + 03)C125354% — 0.0012¢(0, +
03)C13525,% —1.9419e°¢c(0, + 035)c;51354% — 1.9419e2¢c(0; + 03)C351254% +
0.0012¢,%cy352354% — 1.7452€ 7 ¢5351%25535,2 + 0.0012C1245134 +
0.0012¢,345124 + 2.6967€75C133512354% + 0.0029

ms, = 3.4167¢(0, + 035)%c,% + 0.0068¢(0, + 035)%cys, — 7.6194e~5¢(0, +
93)2542 + 4. 84’998_6(:(02 + 93)2 - 0. OOIZC(BZ + 03)C12S3S42 - 0. 00120(02 +
03)C13$2$42 + 1.94’193_9C(02 + 93)01454 + 000325(02 + 03)(‘(02 + 03)(:1 -
1.9419e %¢c(0; + 03)Cc351354% — 1.9419e ¢c(0, + 03)C35125,% — 0.0012¢(0, +
05)cy514 — 3.2188e775(0, + 03)c(0, + 03)s, + 5.8916e *c,%c,2s55%5,% +
5.8916e *c,%cy35,35,% — 1.3483e75c1%C24534 + 5.8916e *c % 325,25, —
1.3483e5c,%c345,4 — 8.7259e7 8¢, %¢c,%? — 0.0026¢,2 +
1.3483e75¢1C3%5153254% +2.6967€75C123512354% + 0.0012¢4545134 +
1.3483e 5c c3%515,254% + 0.0012¢1345124 — 1.3483e7%c cy %51 —
8.7259e78c,%5,%55%5,% — 1.7452e77c,35,%5354% + 1.3483e75¢p45,%534 —
8.7259e 8c3%5,25,%5,% + 1.3483e 7 5¢345,%5,4 + 5.8916e *c,%s,% +
7.1747e 7s(0s — 1.5843) — 0.0072 + 0.0029

(100)

mgs = 3.4167¢(0, + 03)%c,% + 0.0068¢(0, + 03)%cys; — 7.6194e 5¢(0, +
05)%5,% +4.8499¢%c(0, + 03)% — 0.0012¢(0; + 035)c12535,%2 — 0.0012¢(0, +
03)C13Sz$42 + 1.94’193_9C(02 + 03)C14S4 + 000325(02 + 03)(‘(02 + 03)(‘1 -
1. 94193_9C(02 + 93)(‘2513542 - 1. 94’199_9(:(02 + 03)C3$12$42 - 0. 0012(‘(02 +
03)cy514 —3.2188e7 7s(0, + 03)c(0, + 03)s, + 5.8916e *c,%c,2s55%5,% +
0.0012c,%c,35,35,% — 1.3483e75¢1%C245,3 + 5.8916e *c % c325,%5,% —
1.3483e75c,%c345,4 — 8.7259e7 8¢, %¢c,% — 0.0026¢,2 +
1.3483e75¢1c1%5153254% +2.6967€75¢123512354% + 0.0012¢4545134 +
1.3483e 7 5¢c,c3%515,254% + 0.0012¢1345124 — 1.3483e7%c,c %5, —
8.7259e78c,%5,53%5,% — 1.7452e77C35,%5235,> + 1.3483e75¢,45,%534 —

(101)

148



8.7259e 8c3%5,25,%5,% + 1.3483e 5 c345,%5,4 + 5.8916e *c,%5,2 — 0.0072 +
0.0034

3.4 Friction
Friction is not considered by the Lagrange-Euler dynamics of the robot manipulator
joints. Friction is a very complex process and is a nonlinear phenomenon that is
unique to each system [39]. Models of friction include dynamic (viscous) friction and
static friction. Static and dynamic friction are defined, for a robot manipulator, as the
torque necessary to move the fixed joints of the robot. Static friction indicates that a
non-zero torque is needed to initiate joint movement, while dynamic friction indicates
the amount of frictional torque that increases as joint speed increases.
Modeling friction force is important for control purposes [40], because it can
significantly improve the overall performance of the robot manipulator in terms of
accuracy and control stability. Torque control algorithms can also be implemented
using axial torque data of the motor rotation axis of the robot manipulator [41].
Friction can be affected by several factors such as temperature, speed, force/torque
levels, acceleration, position, and lubricant/grease properties. This poses a major
challenge to the robot manipulator, which has very complex dynamics [40]. The
literature provides numerous identification methods and friction models, more
comprehensive models of friction include dependence on factors such as rotational
speed, load, and temperature. Through the Equation (102) [39], the friction torque
7 can be calculated, which depends on the load torque L, angular velocity ¢ and joint
temperature T. In this study, robot friction is not modeled; instead, the rotational
friction block is employed to simulate the friction block in contact with spinning
components. The friction is calculated as a function of the robotic arm's relative
velocity and is supposed to represent the sum of the Stribeck, Coulomb, and viscous
friction.
T(L,¢, D)=t (L) +15(9)+1v (¢, T)+1c (102)
Where 7, is friction component dependent on load, tg is Stribeck friction, Ty is viscous
friction, 7 is Coulomb friction.
3.5 Simulink Model of DC Motor
DC motor modeling is the process of creating equations that clearly define the
connection between input (voltage or current) and output (angular velocity or torque)
to achieve the required position, velocity, and acceleration. DC motors play an
essential role in control and drive systems, and they are widely employed in
mechanical systems such as robotics [42]. DC motors transform electrical energy into
mechanical rotational energy, which is paired with mechanical elements to produce
the necessary angular motion of the link. DC motors can be controlled by controlling
the voltage or current. Equation (103) depicts the connection between motor torque
and current.
T(t) = K i (t) (103)
Where t,,(t) is the motor torque, K,,, is the motor torque constant, and i, (t) is the
motor current. Equation (104) shows the relationship between the back EMF voltage
and the motor shaft speed.
v, = k,,0,, (104)
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Where vy, is the back EMF voltage, and w,, is the motor shaft speed of the motor.
Equation (105) shows the electric current flowing into the motor.

, V=D

i=— (105)
Where v is the voltage applied to the motor, and R, is the resistance of the armature.
Equation (106) is obtained by putting the back EMF voltage value from Equation
(104) into Equation (105).

v—iR,
™ (106)
The motor speed w,, is calculated by controlling the voltage through this equation.
From Equation (107) the torque can be calculated.
T =J0 (107)
Where 0 is the maximum acceleration, and J is the moment of inertia. If the inertia is
increased, this will reduce the acceleration of the inertia it contains. The inertia of the
motor members can be calculated through Equation (108).
J=Tm+1]i (108)
Where J,, is the inertia of the motor's rotor and J; is the coupling inertia, which varies
depending on setup and load. Equation (109) is the result of combining Equations
(103) and (107).

Wy, =

- i_” (109)
This equation allows the control of the motor by controlling the electric current
flowing to it using feedback from a PID controller. In this work, a DC motor was
modeled by feeding the current flowing through it into a PID controller. Five DC
motors were linked to the manipulator's arm and controlled by the reference CTC by
the control algorithm. Fig. 3 depicts the DC motor in a laboratory setting, while Table
4 lists the DC motor characteristics and values used in the simulation.

PID(z) 4 qy <<F (1)

I

Torque command

S 1’ -0.0008435
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- | .
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Fig. 3. DC Motor modeling using Simscape Multibody toolbox.
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Table 4. Electrical and mechanical parameters of the DC motor used in simulation.

Parameters Values Unit
Moment of inertia (Bm) 47.3e° N.m/(rad/s)
Friction coefficient (Jm) 47.3e"° Kg.m?
Back EMF constant (Kb) 0.7 V/(rad/s)
Torque constant (Kt) 0.7 Nm/A
Electrical resistance (Ra) 1.5 ohm
Electrical inductance (La) 170e3 H

4 PD/PID CONTROL IN TASK SPACE

The task space is a method for modeling robot manipulator and control dynamics,
because its structure provides a dynamic separation between the tasks of the end
effector and its dynamics. Control dynamics offer the basis for constructing
computational algorithms used in mechanical design, control, and simulation. The
goal of mission space control is to control the robot directly within the mission space,
and control those errors within that space, that is, instead of choosing q1, 92, 93, 44, 95
as the generalized coordinates as in Equation (43), X1, X3, X3, X4, X5 are chosen as the
generalized coordinates. Equations (110) to (112) [38] represent the differential
relationship between the joint coordinates g and the task coordinates of the end
effector frame (operational space coordinates) X.

x =F(q) (110)
x=J(q).q (111
¥=J(q).4+J(@.q 112)

Where J(q) is the Jacobian matrix, F(q) is the force gradient for the desired position
in X, and q, q, g represents the position, velocity, and acceleration in the joint space,
respectively. X, X, X represent the initial position, velocity, and acceleration in the
task space. And the desired mission space position, velocity, and acceleration are
denoted by X4, X4, X, respectively. Equation (43) has been rewritten in task space so
that the task dynamics can be determined as in Equation (113) [43]. These dynamics
are known as inverse dynamics or CTC. This Equation calculates the force F and
multiplies it by J7(q) to get the torque as in Equation (114). T is the motor torque for
each joint of the robot.

MX)X+CXX)+GX)=F 113)

t=J"(q).F (114)

Where M(X) is the mass matrix or the kinetic energy matrix of the end-effector.
C(X, X) is the matrix of the centrifugal force and Coriolis forces of the end-effector.
G(X) is the matrix of the gravitational forces of the end-effector. F is the generalized
force matrix of the end-effector. X, X,X are respectively related to the position,
velocity, acceleration and direction of the end-effector. In addition, T is a matrix
related to the robot’s torque of the joints. The mass matrix, centrifugal forces matrix,
Coriolis forces, and gravitational matrix that were calculated within the joint space
are related to the task space as in Equations (115) to (117) [43], respectively.

MX) = J@M (@) (@)™ (11s)
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c(x,%) = (M @I @) (@M@ - j(@a) (116)
hiq.q) = ](ng
6 = (J@M (@J"(@) J@M (9)6(q) (117)
The control structure can be written as in the Equation (118).
F=MX)F +C(X,X)+ GX)
F oo IX ) (118)
Where F' is the input of the end-effector, and M,C,G refer to the calculated or
nominal estimated value of the mass matrix, matrix of the centrifugal force and
Coriolis forces, and gravity matrix. It also indicates that feedback linearity in theory
cannot be achieved in practice due to the uncertainty in the systems. The site control
equation can be written as in Equation (119), and the closed loop of the system is
represented as in Equation (120) [37]. The controller of the site will have a linear and
discrete behavior, and moving towards the site can be achieved by following this
second-order behavior.
F =-K4s(X—-X;) - Kp(X —Xg) (119)
IX+K4(X—X,) +Kp(X—X4) =0 (120)
Where K, K4 are the proportional and derivative gain matrices of the PD controller,
K, is the position gain, K is the velocity gain, The path tracking equation for the
end-effector can be written as in Equation (121), and the closed loop of the system is
represented as in Equation (122).
F =IX;—-K4(X—X3)— Kp(X — X) (121)
(X—X4)+Ks(X—X)+Kp(X—X,) =0 122)
This control structure achieves convergent tracking in the task space, as in Equation
(123). This equation represents the error dynamics of the linear system. Both error
dynamics are highly stable through the appropriate choice of position gain and
velocity gain or damping term.
é+Kie+Kpe=0 (123)
Where e, e, € represent the position error vector of the end-effector, the velocity error,
and the acceleration error, respectively, as e,y = X — Xy, e = X—Xg4,and er =
X—Xq.
4.1 Simulation of Robot Manipulator
The simulation, control algorithms and mechanical modeling were performed using
the MATLAB Simulink environment, by exporting the URDF model of the robot
through SolidWorks, and exporting it to the SimScape Multibody environment. Fig.
4 shows the manipulation arm inside MATLAB Simulink.
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Fig. 4 Dynamics of robot manipulator in the Simscape Multibody Toolbox.

To implement the CTC of the robot in the task space, the control algorithms are
created by converting the code created and written in the MLX file into MATLAB
functions, and the inputs, outputs, and mathematical relationships between them are
defined within each block. Fig. 5 shows the control algorithms in block form that can
be used in MATLAB Simulink to simulate the system.
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Fig. 5. Simulink model of the Robot controller using PD/PID Computed-Torque
Control.

The joint torque is calculated based on the joint angular velocities generated by the
control algorithm, and the joint angular velocities measured at the manipulator’s
joints. This torque is generated using PID controllers, whose parameters are
presented in

Table 5. The simulation time in MATLAB is set to stop time simulation at 10 seconds,
and the sampling time of the controller is ts = 0.1 sec =10 Hz.
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Table 5. PID/PD controllers’ gains.

Parameters P I D Sample time
Link-1 to 4 20 10 0 0.0001
Link-5 20 2 0 -1
PID-Plant gain 20 20 18 0.01
PD-Plant gain 20 0 18 0.01

Note: The simulation time does not match the clock time. The total simulation time
depends on many factors such as model complexity, solution step size, and system

speed.

In the following figures, simulation results for PD controller are presented as an
example. In Fig. 6 the positions reached by the end-effector are shown when using PD
controller. The angles of the robot joints are shown in Fig. 7 for the PD controller.
The measured torques of the joints for the PD control algorithm are shown in Fig. 8.
The linear and angular velocities of the end-effector are shown in Fig. 9. Finally, Fig.
10 shows the linear and angular accelerations of the end-effector for the PD

controller.
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Fig. 8 Simulation results of the torque of the robot joints for the PD controller: (a)
Joint 1, (b) Joint 2, (¢) Joint 3, (d) Joint 4, (e) Joint 5.
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Fig. 10 Simulation results of linear acceleration and angular acceleration of the end-
effector of the PD controller: (a) linear velocity of x-axis, (b) angular velocity of x-
axis, (c) linear velocity of y-axis, (d) angular velocity of y-axis, (e) linear velocity of z-
axis, (f) angular velocity of z-axis.

RESULTS AND DISCUSIONS
The CTC by PID controller and PD controller were tested for the response of
positions x, y, and z. Fig. 11 shows the position of the robot end-effector in Cartesian
coordinates. It represents the y-axis versus time representing the x-axis using PID-
CTC and PD-CTC without any external load.
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Fig. 11 Simulation results of the end-effector position of the PD/PID controller:
(a) x-end effector position, (b) y-end effector position, (c) z-end effector position.

Based on Fig. 11, by comparing the position of the end-effector, the overshoot of PD-
CTC is about (0%) and is less than the overshoot of PID-CTC (6.5%, 10.4%, 2.2%)
for x,y,and z respectively. The rise time of PD-CTC (1.9 sec, 2.8 sec, 2.48 sec) is
slower than PID-CTC (1.11sec, 1.4 sec, 1sec). In addition, the steady-state error of
PD-CTC (1mm, 0, Imm) is less than PID-CTC (13 mm, 17 mm, -1 mm). It is observed
that the error of PD-CTC is less than that of PID-CTC. In addition, the settling time
of PD-CTC (7.3 sec, 7 sec, 9.14 sec) is faster than PID-CTC (8.13 sec, 9 sec, 9.14 sec).
The results show that the position performance of PD-CTC has better accuracy than
PID-CTC, but PID-CTC has faster rise time. These results confirm the superiority of
PD-CTC over PID-CTC, the maximum error of the y-axis is 17 mm.
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Fig. 12 Results of simulation of robot joint torque for PD/PID controller: (a) Joint 1,
(b) Joint 2, (c¢) Joint 3, (d) Joint 4, (e) Joint 5.

Figure 12 shows the joint’s torque of the robot generated by PD and PID controllers,
and it represents the y-axis versus time representing the x-axis. The use of PID-CTC
results in higher joint’s torque at the first, second, and fourth joints and is
significantly applied at the third and fifth joints. The end-acting position is better in
the case of PD-CTC.
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Fig. 13 Results of simulation of angular velocity of end-effector of PD/PID controller
in: (a) x-axis, (b) y-axis, (c) z-axis.

Figure 13 shows the angular velocity of the end effector in x,y, and z coordinates
respectively, generated by the PD and PID controllers, with the y-axis versus time
represented by the x-axis. In the case of PD-CTC (-0.008 rad/sec, 0.01 rad/sec, 0) it is
less than PID-CTC (-0.011 rad/sec, 0.01 rad/sec, -0.02 rad/sec), which makes PD-CTC
more accurate in reaching the position. In the case of PID-CTC, the robot was faster
in the X, and y coordinates by (9.7%, and 24%) respectively, which makes reaching
the position faster in the case of PID-CTC.
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CONCLUSIONS

This paper provides a 5-degree-of-freedom robot dynamics modeling, simulation, and
control using MATLAB. The computed-torque control technique, which is a control
technique based on the dynamics of the robot manipulator (model), is used to design
a feedback loop, which can approximate the system dynamics as a linear system and
eliminate the nonlinearity of the system to take advantage of the linear control
techniques PD and PID to achieve the desired response from the end-effector. To
model and simulate the robot dynamics, the forward kinematics of the manipulator
arm, are calculated. By partial derivation, the Jacobi matrix is calculated to compute
the velocity of the manipulator end effector. Again, the Jacobin of the center of mass
is calculated to derive the dynamic equations using the Lagrange-Euler equation. The
mass matrix and the gravity matrix are calculated, and the calculations are verified
by comparing them with the blocks in the MATLAB Library Browser. The equations
of motion are formulated in the task space and the PD and PID controllers are
designed using the calculated torque control. Simulations are performed using
Simscape Multi-body, the data is modeled and analyzed, a comparison is made
between PD-CTC and PID-CTC on the same system and under the same simulation
conditions. The results prove that PD-CTC is more efficient in reaching the position
of the end-effector than PID-CTC, because PD-CTC has a lower steady-state error,
overshoot, and settling time while PID-CTC has a lower rise time. The designed
platform has great potential in the field of research and academic activities. In future
work, computed-torque control will be implemented on a real platform and
integrating it with advanced and more complex nonlinear controllers.
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