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RELATIVE (a,f,7)-ORDER OF MEROMORPHIC FUNCTION
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ABSTRACT. The growth investigation of meromorphic function has usually
been done through the Nevanlinna’s characteristic function comparing with
the exponential function. Order and type are the classical growth indicators
which are generalized by several authors during the past decades. Belaidi et
al. [3] have introduced the concepts of (¢, 8, 7)-order and (e, 8, v)-lower order
of a meromorphic function taking a € Li-class, € La-class, v € L3-class.
But if one is paying attention to evaluate the growth rates of any meromor-
phic function with respect to a entire function, the notions of relative growth
indicators (see e.g. [1, 2]) will come. In order to make some progresses in the
study of growth analysis of meromorphic functions, here in this paper, we have
introduced the definitions of the relative (a, 8,v)-order and relative (a, 8, 7)-
lower order of a meromorphic function with respect to an entire function as
well as their integral representations. We have also investigated some growth
properties of meromorphic functions on the basis of relative (a, 3,)-order and
relative («, 3, y)-lower order as compared to the growth of their corresponding
left and right factors.

1. INTRODUCTION

The standard notations of the Nevanlinna value distribution theory of entire
and meromorphic functions are available in [4, 6, 7, 8, 9], so we do not explain
those in details. For z € [0,400) and k € N where N be the set of all positive

integers, define iterations of the exponential and logarithmic functions as exp!*! z =

(k]

exp (exp[k_l] gc) and log™ & = log (log[kfl] 33), with convention that log[O] r =,

1]

log[_l] x =expx, expl z = z, and exp!=! z = logz. For meromorphic function f,
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the Nevanlinna’s characteristic function T(r) is defined as
Ty(r) = Ny(r) +mg(r),

where my(r) and Ny(r) are respectively called as the proximity function of f and
the counting function of poles of f in |z| < 7. For details about T(r), mgs(r)
and Ny(r) one may see [4, p.4]. If f is an entire function, then the Nevanlinna’s
characteristic function Ty (r) is defined as

27
T¢(r) =mys(r) = %/log"|r |f(re?)|df, where
0

log™ 2 = max(log z,0) for all z > 0.

Moreover, if f is non-constant entire function, then Tt(r) is also strictly
increasing and continuous function of 7. Therefore its inverse 7' L (T4(0), 400) —

(0, +00) exists and is such that lim T;'(s) = +oc. To start our paper, we just
s—r+o00 f

recall the following definition:

Definition 1.1. The order py and the lower order Ay of a meromorphic function
f are defined as:

pf= limsupM and Ay = hminfw.
r—+4oo  lOgT r—+oo  logr

Now first of all, let L be a class of continuous non-negative functions «
defined on (—o0,+00) such that a(z) = a(zxg) > 0 for © < xg with a(z) T +oo
as z9 < x — 4o00. We say that a € Ly, if @ € L and a(a +b) < a(a) + a(b) + ¢
for all a,b > Ry and fixed ¢ € (0,4+00). Further we say that o € Lo, if « € L
and a(z + O(1)) = (1 + o(1))a(x) as & — 4oo. Finally, a« € Ls, if & € L and
ala+b) < ala) + a(d) for all a,b > Ry, i.e., a is subadditive. Clearly L3 C L;.

Particularly, when « € L3, then one can easily verify that a(mr) < ma(r),
m > 2 is an integer. Up to a normalization, subadditivity is implied by concavity.
Indeed, if «(r) is concave on [0, +00) and satisfies a(0) > 0, then for ¢ € [0, 1],

alte) = altx+(1—1t)-0)
> ta(z) + (1 —t)a(0) > ta(z),
so that by choosing ¢ = 47 or t = aLer’ we obtain
(@+h) = —“—a(a+b)+——a(a+b)
ala = ol PG

< a(aiwa+®>+a(ai“a+M)

= a(a) + a(d), a,b>0.

As a non-decreasing, subadditive and unbounded function, «(r) satisfies
a(r) < alr+ Rp) < a(r) + a(Rp)

for any Rog > 0. This yields that a(r) ~ a(r+ Rp) as r — +oo. Throughout this
paper we assume o € Ly, 8 € La, v € Lg.
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Heittokangas et al. [5] have introduced the concept of p-order of entire and
meromorphic functions considering ¢ as subadditive function. For details one may
see [5]. Later on Belaidi et al. [3] have extended the above idea and have introduced
the definitions of («a, 8, y)-order and («, 3, v)-lower order of a meromorphic function
f, which are as follows:

Definition 1.2. [3] The («, 3,7)-order denoted by pia,p)[f] and (o, B,7)-lower
order denoted by A(a,p.)[f], of a meromorphic function f are defined as:

 aloa(Ty(r)
Paplf] = Tmsupga o)
and Nap[f] = lim 1nfw.

r—+toe 3 (log(v(r)))

Mainly the growth investigation of meromorphic function has usually been
done through the Nevanlinna’s characteristic function comparing with the expo-
nential function. But if one is paying attention to evaluate the growth rates of
any meromorphic function with respect to a entire function, the notions of relative
growth indicators (see e.g. [1, 2]) will come. Now in order to make some progresses
in the study of relative order of meromorphic function, one may introduce the defi-
nitions of relative («, 3, y)-order and relative («, 3, v)-lower order of a meromorphic
function with respect to an entire function in the following way:

Definition 1.3. The relative («, 8,)-order denoted by p(,5.4)[f]n of a meromor-
phic function f with respect to an entire function h is defined as:

C a(leg® TN(T)))
P(apop [l = limsup—=—grr s

r——4o0

Definition 1.4. The relative (o, 3,7)-lower order denoted by Ao, g, f]n of a mero-
morphic function f with respect to an entire function h is defined as:

afllo (2] T71 Te(r
A, f]n :131_&25 ( g(logizv((r)];g ))).

Remark 1.1. An entire function f is said to have regular relative («, 3, )-order
with respect to an entire function h if pia g ) [fln = Ma,gy) [fln-

Definition 1.5. The growth indicator p(a. g ~)[f]n is alternatively defined as: The

+o0 [2] p—1
. exp|a(log® T, " (T (r)))
integral T{ Epriog(;‘m))ﬁHl ]dr (ro > 0) converges when t > po,p.)[fln and

diverges when t < p(a,s.4)[f]n-
Deﬁnition 1.6. The growth indicator X4, g.~)[fln is alternatively defined as: The

xp| (] (Ty (1)
integral f = Exi[;ﬁog(vh(r)))ﬁtﬂ ]dr (ro > 0) converges when t > Ao p.)[f]n and

diverges when t < XNa,gy) [ fln-

Here in this paper, we have introduced integral representations of the rel-
ative (a, 3,7)-order and relative («, 3, v)-lower order of a meromorphic function
with respect to an entire function. We are also investigating some basic proper-
ties of entire and meromorphic functions on the basis of relative («, 3,~)-order and
relative («, 8,7)-lower order as compared to the growth of their corresponding left
and right factors.
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2. LEMMA
In this section, we establish a lemma which will be needed in the sequel.

Lemma 2.1. If the integral f exixl;([giog(’yh(r)()’l;]f]E+)1))] dr (ro > 0) is convergent for

0 <t < +o0, then

 exp [allog? T (T ()]
lim =0

retoo [exp B (log(y(r)))]]!

-1
Proof. As the integral f exﬁ[(‘:,(?ﬁog(v(r)(;ﬁﬁﬂ ]dr converges for 0 < t < +00, SO

for given € (> 0) there ex1sts a number n = n(e) such that

dr < e for ro > n,

7@@w®%wmmw
fexp [8 (log (1 ()]

0
i.e., for rg > n,
" exp [alog T3, (T (1)

[eXP [5 (log(fy( )]]t+1 dr <e.

To

Since exp [5 (log(y(r)))] a increasing function of r, so

r0+exp[5(10g("/(7“0)))]exp [a(]og[ ]Th 1(T ( )))}
[exp [3 (log(y(r)))]]*+1

dr

exp [ (log!? T,
[exp [B (log(y(r )))Ht+1

~exp 8 (log(v(r0)))],

ro+exp[ﬁ(10g(7(m)))]exp [a(logp] Thfl (Ty (T)))}
J [exp [B (log(~y(r)))]]**!

exp [a(log? T, (T (r0)))]
>
[exp [ (log(7(r0)))]]*

dr

ie.,

for rg > n,

 oxp allog® 7Ty (ro)) |
ie., < ¢ for rg > n,

[exp [B (log(7(r0)))]]?

from which it is clear that

e [allog? 7,7 (1 (1))
lim =0

r—+oo [exp [ (log(y(r)))]]*

This proves the lemma. O
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3. MAIN RESULTS
In this section, we present the main results of the paper.

Theorem 3.1. The Definition 1.3 implies and is implied by Definition 1.5, i.e.,
they are equivalent.

Proof. Case 1. p(q 3, [f]n = +o0.

Definition 1.3 = Definition 1.5.

Since p(a,s,4)[fln = 400, by Definition 1.3 for arbitrary positive K, we have a
sequence of real numbers r tending to infinity that

a(log® T, (T (1)) > K - B (log(v(r)))

ie., expla(log® T, (Ty(r)))] > [exp B (log(v(r)))]*. (1)
expla(logh T, (T (r)))
Let us suppose that the integral f [expﬂ(log(v( LR dr (ro > 0) be convergent.

Then by using Lemma 2.1,

o supexp[a(logm T, ' (T5(r)))
rtoo  lexp 3 (log(~(r)))]¥

So for all sufficiently large values of r,

expla(log T (T (r)) < [exp 8 (log(+(r)))]* (2)

Now from ( ) and (2) we reach at a contradiction.

=0.

Hence f exi[:;%?ig( (T))(Tﬁ((:)l))dr (ro > 0) is divergent whenever K is finite,

which is Doﬁmtlon 1.5.
Definition 1.5 = Definition 1.3.
We choose any positive number K. As p(a,g)|fln = +00, from Definition 1.5

the divergence of the integral f ex[sx(;%(zig(v(r)%ﬁi)l))dr (ro > 0) implies that for

any arbitrarily chosen p051t1ve number e and for a sequence of real numbers r
tending to infinity,

expla(log? T, (Ty(r))) > [exp 5 (log(v ()],

i.e, a(log® T, (Ty(r))) > (K =€) - B (log(~(r))).
This gives that
: a(log® T, (Ty(r)))
lim sup > (K —e¢).
T B log()) - )
As K > 0 is arbitrarily chosen, it implies that

o 20027 T (T5(0)
r——400 B(IOg( (7))
Thus Definition 1.3 follows.
Case 2. 0 < pia,g,)[fln < 400.
Definition 1.3 = Definition 1.5.
Subcase (I). 0 < p(a,8,4) [f]n < +00.

= +o0.
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If 0 < pia,py)[fln < +oo, then for any arbitrarily chosen (> 0) and for all
sufficiently large values of r,

a(log? T, ! (Ty (1))
B (log(v(r)))

i.e, expla (log[Q] Tfl(Tf(r))) < [exp B (log(y(r)
explalog? T, (Ty (1)) _ [exp 3 (log(y(r)
lexp B (log(v(r)))]* lexp 3 (log(v(r)))]" ’
. esplalog® T (Ty(r) _ |
7 Jexp B (log(v(r))]t [exp B8 (log(7(r)))]) = (Ptsn lnte)”

P, B,7) [f]h + ¢,

exp|a (1o, (2] T .
Therefore f [};Lplg(%og(T( )()?}ftil)))dr (ro > 0) is convergent when t > pia, 5. [fln

and dlvergent when t < pia,g,4)[f]n-
Subcase (I1).

When p(q,5,4)[f]n = 0, Definition 1.3 gives for all sufficiently large values of r
that

a(log T, ! (T;(r)))

p (log(v(r)))
oo exp|a (1o, (2] ka .
Then as previous we get that r{ [I; E(p(lﬁ(glog(T (T)():)F]ftgl)))dr (ro > 0) is convergent

when ¢ > 0 and divergent when ¢ < 0.
By Subcase (I) and Subcase (IT), we get Definition 1.5.
Definition 1.5 = Definition 1.3.
By Definition 1.5, for arbitrary € (> 0) the integral

+f°° expla(log? T, (T4 (r)))
[exp B(log(y(r)))] (20 InFHE

T0
log? 7,71 (T
i sup PO T
r—too [exp B (log(y(r)))] st
i.e, for all sufficiently large values of r and for any arbitrarily chosen £¢(> 0),
expla(log? T, ! (Ty(r)))
ex 8 (1os(x() 2 U112
i.e, expla(log T, (Ty(r))) < &0 - [exp B (log(y(r)))] s W Inte,
i.e, a(log® T, (Ty(r))) < logeo + (p(ap[fln +) - Blog(v(r)),
a(log? T, (Ty(r))) < log g
B (log(~(r))) B (log(v(r)))
e allog? T (T ()
i.e, limsu < Pla + €.
e Tt
Since e (> 0) is arbitrarily chosen, from above we get
log® T, 1(T
sy 20022 T (750)
r—too B (log(v(r)))

dr converges. Then using Lemma 2.1, we get

)

< €o,

i.e,

+ (p(a,ﬁ,'y) [f]h + 5)7

< P(a,Bv) [f]h (3)
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—+oo

exp|a(lo 2l p-1 r
As the integral [ pla(log™ T " (Ty(r)))

s [exp Blog(y(r))) (eom ) =

1.5 we have a sequence of values of r tending to infinity for which
expla(log T, (T (1)) 1
[exp 8 (g (y ()]0 U=~ Texp 5 (log (M)
ice, expla(log®™ Ty (Ty(r))) > [exp B (log(y(r)))] o lIn =22,
i.e, alog® ;M (Ty(r)) > (pa,p.[fln — 2¢) - B (log(+(r)).
allog? T (14 (r)))
B (log(~(r)))

As e (> 0) is arbitrarily chosen, we have

a(log T, (T (r)))

dr is divergent, so from Definition

i.e,

> (p(a,ﬁ,'y) [f]h - 26)'

lim sup > Pla fln- 4
P B ) - s W
Thus from (3) and (4) it follows that
: a(log® T, (T4 (1))
lim sup = pa.p. ) fn-
T o) B
This is the Definition 1.3.
Hence by Case 1 and Case 2, we reach at the conclusion. [

As Theorem 3.1, we can state Theorem 3.2 without its proof.
Theorem 3.2. The Definition 1.4 and Definition 1.6 are equivalent.

Theorem 3.3. Let f, g be meromorphic functions and h be an entire function such
that 0 < A5, [fln < (e, [fln < +00 and A p.)[f 0 gln = +00, then

im a(IOg[Q] Til(TfOQ(r)))
r——4o00 a(log[Q] Th_l(Tf (T)))

:+OO

Proof. 1If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of r tending to infinity

a(log®! Ty (Theg(r))) < A - alog® T (T4 (1))). (5)

Again from the definition of p(4 5.+ [f]a, it follows for all sufficiently large values of
r that

a(log® T, (T () < (p(a, s, [f1n + €)B(log(v(r)))- (6)
From (5) and (6), for a sequence of values of r tending to +oo,we have

alog® Ty (Tyog (1)) < Alp(ap.[f]n + €)B(log((r))),

a(logh T, (Tyeg(r)))
Blosn ) = Aleesalflate),
ie., lim infa(logm T, (Tyoq(r)))
T ot Blog(y(r))
i-€.; Na,gy)lf ©gln < 400

i.e.,

< 400,

This is a contradiction.
Thus the theorem follows. O
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Remark 3.2. If we take 0 < ANag)[9ln < Pasy)lgln < +00” instead of

0 < XNagylfln < papylfln < +00” and other conditions remain same, the
conclusion of Theorem 3.3 remains true with “a(logT;, *(T,(r)))” in place of
“a(log T, "(Ty(r)))” in the denominator.

Remark 3.3. Theorem 3.3 and Remark 3.2 are also valid with “limit superior”
instead of “limit” if “Na,p.y)[f 0 gln = +00” is replaced by “p(a,p,)[f © gln = +00”
and the other conditions remain the same.

Theorem 3.4. Let f, g be meromorphic functions and h be an entire function
such that 0 < Nagnlf 0 glh < plapylf © glh < 00 and 0 < Aapqlfln <
Pla,8.)fln < 400, then

Maglfoghn . alog® TN (Tyoy (1))
P, B,7) [f]h T or—too a(IOg[z] Tf:l(Tf(T)))
< min { Aaslf 2 9ln pa,smlf ©gln }

- Ma,g. f]n Pia,8.) f]n
< max { Masnlf 0 gln piasnlf o gln }
- /\(a,ﬁ,'y) [f]h Pa,B,7) [f]h

[2] -1

< lim supa(IOg 2Th foOQ(T)
rotoo aflog® T 1 (T (1))

) Pla,B,7y) [f Og]h_

Aagoy) Lf1n

<

Proof. From the definitions of A4, 5,4)[f°9]ns P(a,8,7)[fO9]ns Aasy) [f1hs Papy) IR
and for arbitrary positive €, we have for all sufficiently large values of r,

a(10g® T, (Tyog (1)) 2 (Mas[f © gln — €) Blog(3(r))), (7)
a(log® Ty (Tyog(r))) < (p(asplf © gl + &) Blog(+(r))), (®)

a(log?! T, (T (1)) 2 (Na,p[f1n — €) Bllog(v(r)) (9)
and a(log?® Ty (T5(r)) < (p(a,5,7 [fln + €) Blog(r(r))). (10)

Again for a sequence of values of r tending to infinity,

a(log® T, (Tfog () < (A(@sm[f © gl + €) Bog(v(r))), (11)
a(log® Ty (T (1)) = (p(a,s) [ © gl — €) Bllog(v(r))), (12)

a(log® T, (T4(r)) < (A, [f]n + €) Blog(y(r)) (13)
and a(log®™ T, (T (1)) 2 (p(aup.) [f1n — £) Blog(y(r))). (14)

Now from (7) and (10) it follows for all sufficiently large values of r that
a(log? Ty ! (Tyog (1)) _ Atwsmlfogln —€
a(log® T, 1 (T4 (r))) Papnfln +€
As g (> 0) is arbitrary, we obtain that

o i 20087 T (Trog (1)) A f © gl
robee a(log® TN (T () T Plawp Fn

(15)
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Combining (9) and (11), we have for a sequence of values of r tending to infinity
that

a(logh T, (Tye, (1))

a(logh T, (Ty(r)))
Since € (> 0) is arbitrary it follows that

< Mapylfogln te
Magy)lfln —€

(2] -1 A
hm infa(log 2Th ETfog (T))) S (avﬁv’Y) [f © g]h ) (16)
e a(log T (Ty(r)) Aasn fIn
Again from (7) and (13), for a sequence of values of r tending to infinity, we get
a(log® T, (Tyeg(r) | Awpmlfogln — ¢

a(log® T, 1 (T4 (r))) Aagnlfln+e
As e (> 0) is arbitrary, we get from above that

log? T, (T Ao
Jimn sup 218 i E roa(M)) o Mewsmlf 0 gln an
r+oo alog® T (Ty (r)) Mg fIn
Now, it follows from (8) and (9), for all sufficiently large values of r that
o(log® Ty ! (Tyog(r)) _ Plauslf o gln +e

a(log? T, 1 (T (r))) Aasnfln—¢
Since € (> 0) is arbitrary, we obtain that

limsupa(log[z] Tfrl(Tfog(T))) < Pa,B,y) [f Og]h. (18)
rotoo a(log? TN (Ty (1))~ Mawson [fIn

Now from (8) and (14), it follows for a sequence of values of r tending to infinity
that

a(log® T, (Tyoy (1) _ Pasplf o gnte

a(log? T, 1 (T (r))) Plapnfln—€
As g (> 0) is arbitrary, we obtain that

log® T, (T
hmlnfa( Og 5 h E f g('f'))) S p(a,ﬂ,'y)[fog]h. (19)
r=+oo q(log! ]T,; (T¢(r))) (e, fln
So combining (10) and (12), we get for a sequence of values of r tending to
infinity that

a(log®! T, (Tho,(r))) o Plapylfoglh —e

a(log? T, (T4 (r))) Plapnfln + €
Since € (> 0) is arbitrary, it follows that

log? T (T, o '
limsupa( 0og - h f f Q(T))) 2 p( xﬁy’Y)['fog]} . (20)

rotoe a(logl® T (T (r))) Pla.) [ fIn
Thus the theorem follows from (15),(16),(17), (18), (19) and (20)

(I
Remark 3.4. If we take ‘0 < Aagq)[9ln < Plasy)lgln < +00” instead of
0 < XNagylflh < papylfln < +00” and other conditions remain same, the
conclusion of Theorem 3.4 remains true with “Na.5.)[9]n”, “Pia,plgln” and
“a(log? T, (Ty(r)))” in place of “Na.pnlfln”s “Plaslfln” and

“a(log? T, (Ty(r)))” respectively in the denominators.
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