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Abstract:

MSC 2020: 33C15; 30G35; 33C60; 26A33; 33C05

In this paper, we examine a specialized form of the bicomplex hypergeometric function, known as the k-bicomplex
confluent hypergeometric function (CHF). We introduce a detailed analysis of its properties, focusing on its formulation
with bicomplex parameters, convergence conditions, and derivative and integral representations. By exploring the k-
confluent case, we highlight unique theoretical insights and practical applications, particularly within the framework of
bicomplex k-Riemann-Liouville (R-L) Fractional calculus. Our findings expand the current understanding of bicomplex
functions in applied sciences and mathematical analysis, laying a foundation for further exploration in specialized
functions and fractional operators within the bicomplex domain.
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1 Introduction

The exploration of bicomplex numbers and
fractional calculus has led to substantial
advancements in applied sciences and mathematical
analysis. Bicomplex numbers, introduced by Segre in
1892 [1], extend the complex number field to a
four-dimensional framework, allowing for
complex-valued coefficients and multiple imaginary
units. This number system has broad applications in
areas such as special relativity, fluid dynamics, and
electromagnetic theory. In recent years, several
studies have established foundational aspects of
bicomplex function theory, including the idempotent
representation,  which  simplifies  calculations
involving  bicomplex numbers by enabling
term-by-term operations [2,3,4,5,6].

Special functions [7,8] form a core area within
bicomplex analysis, and extending classical functions
to bicomplex variables has proven to be highly
beneficial. For instance, the binomial theorem
formula, Gauss multiplication theorem, and Legendre
duplication provide essential frameworks for
expanding the gamma and beta functions to
bicomplex numbers, as discussed in [9]. Such
extensions have facilitated the development of a more
robust theory of bicomplex special functions,
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allowing for new applications and deeper theoretical
insights.  Additionally,  generalized functions,
including the k-generalized beta and gamma functions
and the k-Pochhammer symbol, presented by
Wu-Sheng and Rafael in 2007 [10], were recently
extended to the bicomplex domain in our previous
work [11]. These generalizations have created a
versatile framework for the study of special functions,
enabling new recurrence relations and identities that
further enrich the field.

Research on hypergeometric functions has seen a
resurgence, as evidenced by the considerable number
of recent publications exploring their applications and
generalizations. Hypergeometric functions are vital in
mathematical analysis, given their wide-ranging
applications and complex relationships with other
special functions and fractional calculus. Many
researchers  have  developed extensions  of
hypergeometric functions and introduced various
k-symbols and k-fractional derivatives, significantly
broadening the scope of these functions [12,13,14,
15].

Additionally, Coloma [16] has contributed to
fractional bicomplex calculus by defining the (R-L)
derivative along the bicomplex basis. This expansion
includes basic functions such as exponentials,
trigonometric functions, and analytic polynomials,

Sohag J. Sci. 2025, 10(1), 80-87 80


https://orcid.org/0000-0002-3415-3510
https://orcid.org/0000-0001-5454-380X
https://orcid.org/0000-0003-3059-8253

Research Article

reflects the growing interest in fractional calculus as a
nearly foundational area of mathematics, alongside

classical calculus. Historically viewed with
skepticism, fractional operators have gained
recognition in recent decades, as differential

equations incorporating fractional operators have
proven highly effective for modeling real-world
phenomena. Applications of fractional calculus span
numerous fields, encompassing biological and
ecological modeling, diffusion, control systems,
signal processing, and viscoelastic systems.

Building on these foundations, special functions
have emerged as a rich area of research within
bicomplex analysis, especially with regard to their
generalized forms. Generalized special functions are
invaluable because many familiar special functions
can be seen as specific cases. In particular, the
hypergeometric function has gained renewed interest
due to its wide applicability in mathematical analysis
and its intricate relationships with fractional calculus.
This paper builds upon our previous work [17], where
we extended the concept of hypergeometric functions
to bicomplex variables and developed integral and
differential representations for bicomplex
hypergeometric functions.

In this work, we delve into a special case of the
bicomplex hypergeometric function, termed the
k-bicomplex (CHF). This function inherits many
essential features of the hypergeometric function
while offering simplifications that broaden its
applicability. We analyze its convergence region,
derive series expansions, and present integral and
differential representations specifically adapted to the
k-confluent case within the bicomplex framework.
Additionally, we extend the theory by incorporating
the k-(R-L) fractional derivative and integral in the
bicomplex domain, proving several essential theorems
to establish a robust theoretical basis for this function.

The k-bicomplex (CHF) holds promise for
applications in fields where differential equations and
special functions involving bicomplex numbers are
relevant, such as quantum mechanics,
electromagnetism, and control theory. By extending
the framework of bicomplex analysis, our findings
contribute to the foundational understanding of
bicomplex numbers and fractional operators,
providing a solid platform for further exploration in
both pure and applied contexts.

2 Preliminaries

The vocabulary and important definitions utilized to
produce the primary findings are introduced in this
section.

2.1 Bicomplex numbers

A group of bicomplex numbers BC that result
from Segre’s work is defined as (see [1,5,6]):

BCZ{AZ(I]-Fjb],(I],b]EC}. @))
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where a; = € +i&, by, = & +ig4 and i,j are
independent imaginary units defines as

P=—1=j%ij=ji=k, ik=—j, jk=—i.

Idempotent Representation -
As indicated by e; = 1;” and ey = 1_2” . The two
idempotent zero-divisors elements have the following

traits (see [4,5,6]):

61-62=O, 62-6120,

2 2
ey =e1, e =e,

e1ter=1,e1—ey=ij.
The bicomplex number can therefore be written as
A =ay+ jby = Aie1 + Aer, )
where A1, A, € C,as =a; —iby, A, = a; +ib;.

By converting bicomplex numbers into complex
numbers, idempotent representations (2) make
computations easier. The identities e; - e = 0 and
ey -e; = 0 allow us to write certain significant

idempotent qualities as follows: If A = Aje; + Aze2
and 0 = O1e1 + &, then (see [5,6])

1LA®S =16 e+ A& e,
2.A+0= (A +01)er + (A +0)ez,
3. AI’L = A«{le] +A£lez;

4. M = ellel +e’l2ez,

1 _ 1 _ 1 1
3. 2 = Mei+her l]el + lzez'

2.2 Special functions

The gamma and beta functions were previously
introduced, respectively, as follows (see [19,20]):

I'(u)= _/Om e Pp*ldp. 3)

This holds true for u > 0.

Blu)= [ p 0 ap @

It holds true for both u# > 0 and v > 0.

The k-gamma and k-beta functions were defined
by Eddy, Rafael, and Wu-Sheng a few years later (see
[10], [21]), beginning with the k-Pochhammer symbol
as:

(81)cp = 61(01 +k)(61 +2k)--- (61 + (c—D)k), (5
where (81)o=1,k>0,c>1,and 6, € C—{0}.
The k-gamma function is defined as [10]
00 k
Ii(8) = / e T ptap, (6)
0

where k > 0, ; € C, and Re(6;) > 0.
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The k-beta function is defined as [10]

(818, / Pt (1= p)EVdp, )
_ Li(0)Ii(8)
ﬁk(61562)_ 17((81+82) 7k>07 (8)

where 6,6, € C with Re(8;) > 0 and Re(8,) > 0.

Rainville in [19] introduced the first definition of
confluent hypergeometric function as:
o (B)e A
F(81:0;M) = ® L, 9
( 1 l) C;) (82)0 c!

where 8, & and A, € C.

Gamma and beta functions in bicomplex numbers
were defined by Mathur and Goyal in 2006.

The bicomplex gamma function’s integral form is
explained by (see [9]).

1) = vt sar "

where A = Aie) + Arer, W = Yie| + Yaes, Wi, ys €
R™, and D be a domain in BC, D = (dy,d5), with dy =

dl (1[11) and dz = dz(l[lz).
For a bicomplex number A,
symbol is represented by (see [9]):

(A4), =20 (A+1)@(A+2)®(A+3)®
®(A+c—1),c>0.

the Pochhammer

Y

According to [9], The following is the definition of the
bicomplex beta function:

(1.8) = [Vl e-y) eay, (12)
Ba(2.8) = L), a3

where 1,8,y € BC, v = yie; + yaer, Y1, ys € RY,
and D = (dl,dz) with d; = dl(‘lfl) and dp = dz(l[/z)

Numerous advancements and applications in
special functions have occurred recently. In 2024,
Bakhet et la. extended the bicomplex gamma and beta
functions (see, [11]) as following:

Fz,z«(m:/@e%@w“@d% (14)

where L = Aje1 + Azea, Re(4;) > 0 and Re(A,) > 0,
W =Vie +Yrer, W, ¥ € R and D = (d1,d>) with
d = dl(llfl) and dr = dz(l[/z).

They then provided the following definition of the
bicomplex number represented by the k-Pochhammer
symbol (see [11]):

(M) s =A@ (A+0)B(A+20)@ (143K e
®(A+(c—1)k) (15)
= (Al)c,k el Jr(/lz)ak er.
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The following is the definition of the k-bicomplex beta
function:

Boh.8) = [whlon-witaay, a6

where k cRT, 1,86 € BC, A = A1e1 +Arer, 6 = O1e1 +
Sre with Re(A;) > [Im(A,)| and Re(d;) > |Im(8)],
Y = VYie; + Yrer, and Y, Y, € [0, l].

In 2022, Rekha and Ajit defined the bicomplex
hypergeometric function (see [18]):

§ CL® 20 -

F(§,8:m51) =

where §,0 and A € BC.

Recently, authors [22] defined bicomplex (CHF) as
following

5 lc
y (&)e

F(§;6;4) = ). (18)

c=0

where {,8 and A € BC; 6 = d1e; + 62, which 81,6,
are neither zero nor a negative integer.

3 k-Bicomplex Confluent Hypergeometric
Function (CHF)

The extension of the confluent function in BC is
covered in this section, along with some fundamental
ideas about these functions. We also find the
derivative and integral representations of the
k-bicomplex (CHF) and find its convergence region
with some corollaries.

Theorem 1. Let §, 6, and A e BC, A =a;+j b =
Mei+Mher, S =ar+j by =6e1 + ey § =a3+
j bz =&e1 +&en, then the k-bicomplex (CHF) yields
as

agkir. s. _ - (C) E
FHGA) _cga ®)ex = o (19)

={F*(1;81:M)} e1 + {F*({2;82:42)} e,

where 81, 6, are neither zero nor a negative integer,
andal,az,a3,b1,b2,b3 eC.

Proof. Using the idempotent components associated
with e and ej, the hyperbolic units to duplicate the
k-bicomplex (CHF). For bicomplex numbers
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£, 8, and A, we get

o‘*k _ . (C k
(§;051) —Cgb(a
i (re +§2€2)¢k (Ae1 + Aaer)
=0 (5161+5262)Ck c!
o ( Jek €1+ éz)ckez)
=)
c=0 ( 61 Lkel—&- Lk€2)

® (l]é‘] Jr)Lzez)
c!

(A (E1)ex) e1 + (A2 &)ep) e2
= !l (61)ckertc! (02)cx e

- 51 Lk )Ll
_<LZ%) Ck C' ‘

- (él)c,k@ e
+<L.Zo (B1)es c! ) ’

|
M 8

= {F¥(&1;81:M) ) e1 + {FX(G0: 3 00) ) e

Hence, the proof is completed.

The k- bicomplex (CHF) can also be rewritten as

ka 5), . _Zac’k@)}tc,
- =
which
(C)c,k
o (S)C,k ®c! Lek €1 + 2.c.k €2,
and
(él)ck — (§2>c,k
Olck = Tagend’ O oyurel

Next, we study about this series convergence
region.
Corollary 2. The series (19) is hyperbolically
convergent in the ball By(0,00) = {4 :|A|y <y oo}
and diverges outside of its closure Here, |A|y denotes
the modulus of hyperbolic-valued and |A|y <y o
means that A can take any finite value in the
bicomplex space (see [3]).
Proof. Assume that A = A e; + A3 e, 6 = 01 e1 +
% ez, § = Ere1 + &rea, where &1,8,41,42,61,0, are
complex numbers. According to [23], we can use the
root and ration test to get

. Oc kIN .
R =1lim supw, provided § +r,§ +1 ¢ O,.
ey Ot kv
o . O;
R= {hmsup Lok }elJr{hmsup ok }ez
oo Ol,c+1.k C—ee 02 c+1,k

—J 1im su (él)c,k (51)6-‘1-17/( (C+ 1)! e
_{CI—"” b (61) e c! (&)1 } :
(&2)ek  (82)er1k (c+1)!

+ < lim su
{Hw Pl(&)ex !

©2025 Sohag University
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It follows that (&;)cq 1.6 = (&1 +¢k)(&1)ck

R= { lim sup
c—o0

v [}

+ { lim sup

C—>o0

={=}er+{o}er =

eaican].

In the ball By(0,00) = {A : |A|y <y oo}, the series is
completely hyperbolically convergent and does not
diverge anywhere in the bicomplex plane (see [23]).
This is the proof.

Which Q) is the set of Zero divisors defined in [17].

Theorem 3. Suppose that { and & are bicomplex
numbers, then Integral represention of k-bicomplex
(CHF) is given by:

I54(6) S
kFZk(C)®13,k(67C>/D(1 v)

® Y @dy.

FHE:8:A) =

[
K Yk

For any finite value A in the bicomplex space , which
v = yiel + Whey € BC, vy and y, € [0,1], and D
is a curve in BC made up of two components dy, da
in C.

Proof. From the idempotent representation of the
k-bicomplex (CHF) and under the above conditions,
we have

FHE:8:A) =

From the k-Pochhammer symbol’s definition we
Latek) oo

Ii(A1)

canused (A)cx =
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e
kI (&) I (62— &)
1 — ¢
G L e e A ‘“”}
1—]‘6(61> C=01—l‘<(51 +Ck) c! c=0
I} (81)
L (8- &) = {
k I; I (6 —
17{(51_51)}61 k(&) (61— &)
oo c 1 -6 A
n Fk(‘SZ)ZFk(éz—&-ck)X& X/o (I=y1) * "y dyy pei
L (&) & T (6 +ck) !
I; (&)
I; (& — &) +{
— k I; I; (6 —
X17<(5z§2)}62 (&) i (62— &)
1 & &
_ Ii (61) X/O (1—1l/2)52’(g 711//2"2 Lehava dl//z}ez
L (&) i (81— &1)
C B B.4(5)
x Z (E14ct) x L8 &) AT\, TkD(0) @ Ba(6-0)
I]L 61 —|—Ck) c! ’ 5-¢ I
(62) ®/D(l —y) eyt edVady.
I
+{ L&) (65— &) This completes the proof.
Remark 4. If {, 6, and A € C, we obtain the integral
X Z Li(& j;_‘Ck x 17(]({52 %) X ‘}ez representation of k-(CHF) (see, [24]), and if we put
k(82 + ck) ¢ k=1, we get the integral representation of (CHF) (see,
(et (19)
L6 L (6 = &) Theorem 5. Assume that {,8 and A € BC. Then the

Xi)ﬁk(él + ck, 51 —51) X );tc}el

Ii (8)
L (&) 1k (8, — &)

1

X iﬁk(§2+ck,82—§2) X ?}62.
c=0 :

By using k-beta function definition in eq. 7, we get

gkir. sy _ Ii(%)
F (C,S,l)—{n(gl)rk(&&)
. 5,-& Sitck
xczollc/ol( - 3 Ty ayn
. i (&)
L&) (6 - &)
o |l 52;52_1 52k+6k xf
x;)z/o (1— v, dlllz
B I (61)
) KG(EN(8 &)
XAI(I—W1)51;§I7 b Z, /'Llllfl

©2025 Sohag University
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m'™" derivative of k-bicomplex (CHF) is given by
dm
gkir. §.
|7 @8]
_ (C)c,k

()L)c,k

(20)
@ FX(E +ck; 8 +ck M), k> 0.

Proof.
When m = 0, the relation is correct , then when
m =1, we have

d
dr

[#(8;8:4)] =

(etc=v+1)

AL'
()

_C (C+k)ck
_5®Z TR

which (§) e 14 =C @ (E4+K)ex

Likewise, we obtain the 2" differential, which

®

2{(,

e

dlz

eg Sohag J. Sci. 2025, 10(1), 80-87 84
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By differentiation m times, then we obtain the general
relation:
dm

dam

(PG| =

This concludes the proof of the theorem.

4 Application
The following is how the authors [17] defined
k-Bicomplex R-L Fractional Calculus :
The k-Bicomplex R-L Fractional integration is
provided by :
IYF(A) = _
Ok kI (@)
N (21)
@ [ a-w eFy) edy. keR",
where A, a and v € BC, L = a| + jb; = Adje; + Aen,
with Re(a;) > |[Im(b1)], @ = oye; + opez, with
Re(a;) > 0, Re(op) > 0. and ¥ = yie; + Yren,
Vi, ¥ €RT.
The fractional derivative k-R-L of a bicomplex
function F of order o can be written as follows:
(0D F)(A) = oD}, (0D~ F(2)
B 1
T D) (22)
dH A Y . 4
—_— —y) QRF
o [ A=w' T e P edy,
which A, and v € BC, A = a| + jb; = Adje; + Aen,
with Re(a;) > |[Im(by)|, ¢ = 01+ jor = atje; + e,
with Re(a;) > 0, Re(az) > 0 and pu = [Re(o7)] + 1.

V= yier + ey, Y1, ¥ € RT.

Definition 6. Assume { € BC. The bicomplex k-Fox
-Wright function is defined by the formula:

k _ k (anpn)l,p .
o= (g ¢
) 23
_ HZ:]B,k(Mnu+Pn) g @3)
u=0 Hi:]B,k(Nmu'i‘Qm) ul’

where p and ¢ denote the function numerators and
denominators, respectively. M, N,,, P, and
On E BC,n = 1 ,2,...,psm = 1,2,....q. Such that

1+2Qm ZP > 0.

The blcomplex k-R-L fractional operator is applied
to the k-bicomplex (CHF) in this section.

Theorem 7. Suppose that the bicomplex function
FK(L,8;0) is piecewise continuous on O' = (0,00)

©2025 Sohag University sjsci.journals.ekb.eg
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and integrable on any finite subinterval of O = [0,0),

then

olL [FH (83 8:0)]

4(8) (k. £), (k. k) AT‘*)
(0) (k.8). (k. o)’

where £,8,A,00 and y € BC, k >0, v = y; + jy»,
with Y1,y € R*.

=1%t® ®2‘1’2k[

Proof. Applying the k-R-L fractional operator (21) to
the k-bicomplex (CHF) (19), we obtain

o - (C)c,k E
i | L 5)es ]

FHE:8:4)]

OIIS.C}L [

22 1

l K I[/Cdlllz}eg,

—1 ¢
llll dllll;

%
v; dy,.

n; = 0, when

Sohag J. Sci. 2025, 10(1), 80-87 85
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moe gk L/ N ]
_ 3 _A
Then where I} = 4, /0 (1 M) x Ry @dy,
ak . - | rk
olk;LV (€;6;4)] Lh=2, F 1/ (1— i’z)uz ’l®y/‘®dl//2
__ A ®i(€ ted o 1(1—N)%_1®N”®dN X ’
kGp(a) ~ = (8)ex < o Suppose that n; = W‘ . When y; =0, n; = 0 and when
’7 l/flzl.tl,m:l.Then
2'% - (C)ck A€
= ® 7 @By (o ck+k) mee ol -
B,k(a) c;()((s)c,k I :/'Lllk l‘“/ (17}11)%_1®nﬁ®dﬂ1,
« & A€ Dlck+k 0
2% Z (8)ek ® AT ®L o B 1 ma |
= (0)ck I(o+ck+k) similarly I, =7, / (1—ny) 7 ®@n5 @dn;.
0
a I3i(6 I; k I (ck+k A€
% g L2l )®Z 2k(C+C ) 2.4 (ck+k) @ % Then
Li(8) S hx(d+ck) — Dy(a+ck+k) )
_l% ®B,k(6) o 1Pk (k g) ( ) }I ODk)L[J (C!B’A‘)]
= E7k(§) 2 (k 5) (k a+k) _ 1 ®i (g)ak ® dl'l {A%J"L}
KDx(i— ) & (8)ex - dRF
Where 2?’2]‘ represent bicomplex k-Fox-Wright ‘:(1) ’
function that defined in eq. (23). Thus, the proof is ® / (1— N)%—l QN @dN
finished. 0
Theorem 8. Assume that ﬁk(é’;a;l) be a piecewise _ 1 ® i (8)ek 2 a {l %+C}
bicomplex function that continuous on O' = (0,e0), La(u—o) = (0)exc! —dAH

and integrable on any finite subinterval of O = [0,0).
Consider |t = Re(ay) + 1, where A = a; + jby,
a;, by eC,withu—1<ao < u, Then

o 71%‘” I54(6)
0Da 75 (8:8:4)] = — I(8) 25)
(k’C)’(hu—O{—i—k),(k,k) A

k
®3'fl3 <k56)7(k>:u'_a_uk+k)7(0kmu'_a+k>’
Proof. Applying the bicomplex k-R-L fractional
operator (22) to the k-bicomplex (CHF) (19), we
obtain

oD 8 ! oL
A FHE:8:0)] = kl"zk(u a) Ey
®/ (A — ) T FNE 6 w) wdy
dH
krz,k(u —a)
A _ ”]‘;,afl . (C)c,k K
®/0 (A —y) ®c;0(6)c,k®d ®dy
_ 1 - (C)c,k ®£
KA —0) LO(«S)C,(C' aAn
®/ A—v)F ey ady.

Let] = / (A —w) s ey edy

A —a
®/ (1- I T gy oy
0 A

pl-ag o A 1-
:{’11 ¢ 1/ (1—M)p 1®W®dW1}€1
0 A
- .
+{/12 ‘ '/ (1- 22y ®w‘®dw}
0 A
=l ei+1 e,

©2025 Sohag University sjsci.journals.ekb.eg

@By (1 —a,ck+k)
Lk B(%‘i_C"F])
8)cu c! B(%Jrc—uﬂ)
D (ck+k)
Gi(u—a+ck+k)’

Z
c:(]

oA T ek g

¢
using property I3 4 ({) = ki len (C> , then

k
waxn (§)sk
M ’
S;()(‘S)s,k
kH @I (u— o+ ck+k)
I (U — o+ ck— pk+k)

DY [ 7 (L3 8:4)] =2

Di(ck+k) A
I (u— o+ ck+k)
_7L¥’” I54(6)
T g ®F (9]
LO), (ke — o+ k), (k,k .
3% E gEk,ﬁ—g—u)k(jtk)),(k,ﬂ—wrk)’)L '

The theorem has been clearly explained.

5 Conclusion

In this paper, we introduced the k-bicomplex (CHF)
and developed a foundational theory for this special
function within the framework of bicomplex analysis.
By applying bicomplex parameters to the (CHF), we
established its series representation and convergence
properties. We also formulated integral and
differential representations specific to the bicomplex
k-confluent case, which serve as essential tools for
further analysis. Utilizing the k-R-L fractional

Sohag J. Sci. 2025, 10(1), 80-87 86



Research Article

calculus, we proved several new theorems that extend
the utility of fractional operators within the bicomplex
domain.

Our results underscore the versatility and potential
applications of the k-bicomplex (CHF) in
mathematical modeling, physics, and engineering
fields where complex systems require advanced
analytic tools. By providing a framework for these
functions and fractional operators, we contribute to
the ongoing expansion of bicomplex special
functions, enhancing their applicability in diverse
contexts.

Looking forward, further research could explore
applications of the k-bicomplex (CHF) in solving
differential equations and in mathematical physics,
particularly in areas like quantum mechanics, control
systems, and electromagnetic theory. Additionally,
exploring connections between k-bicomplex (CHF)
and other classes of special functions could yield new
insights and broaden the theoretical scope of
bicomplex analysis. These findings set the stage for
the continued development of bicomplex function
theory and its applications in both theoretical and
applied sciences.
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