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INTRODUCTION

The central problem of probability theory is the problem of finding the
most general conditions for the convergence of laws of sequences of sums of
random variables. Throughout the paper X,, X,, ..., Xn, ... denete mutually
independent random varaibles, defined on the probability space { Q, F, P }

Let L W % 3. be consccutive sums. Thus the problem beco-

search for conditions under which the law of convergence hold for the

formed sums -%?-'- -A, where A, , B, > ° are such normed

constants.

The classical limit problem deals with random variables which have Qaite

first moments and, in the normal convergence case, with finite second moments
as well.

Due to the powerful tools of characteristic functions and the efforts of Kolm-
ogorov A., Levy F., Feller W., Bawly G., Khinchine A., Gunedenko E., Doblin
W., (1931 - 1938), probability theory can give the answer of the following ques-

: what laws, in addition to the normal law, may be limit laws for sums of
independent random varaibles.

| The solution of the problem is due to the introduction, by de Finetti of the
dlgfmictly divisible family of laws, and to the discovery of their explicit representa-

. by Kolmogorov A., in the case of finite second moments, and by Levy P,
n the gencral case.
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The real liberation which gave birth to the centrai limit probifem
with @« new approach due to Levy P. He stated and solved the following problem
find the family of all possible limit laws of normed sums of independent and
identically distributed random variables.

We are concerned now with some definitions which we are needed throu.
gheout the paper.

Deginition of infinitely divisible laws «

A distribution function F (Xx) is called infinitely divisible, if for any positive
integer n, its characteristic function is the n t4 power of some other characteristic
function. It is already proved that [1] the class of limit laws for sums of indepe-
ndent random variables coincides with the class of infinitely divisible laws.

Definition of quasi stable laws < :

Due to Levy P. (see [2] page «2.8») a distribution function F (x) is called
quasi stable if for any constants b, > 0, b2 > o C1 and C2 there exists the
constants b > o and C succh that
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or expressed in terms of characteristic functions
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where b and y are the constants Wthh we can find. It is provcd [2] that quas:
characteristic functions have the form
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where ¢ = o, |B] <<, 0 << @ <C 2 and a are real numbers. This type of
characterlstlc functions are called by Feller W. ( [3] page 166) stable in the
broad sense, and is called by Loeve M.
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|"4] page 326), Gnedenko B., Kolmogorov A. ( {1])
stablecharacteristic functions.

Drfinttion of siable laws t, :
Due to Levy P. ( [2] page 94, paragraph 30 and page 193-202 ) a distribu-
function F (x) is called stable if for any comstants b, > o, b, > o, there

stable a costant b such that

F(—f»r) e f(-%}-) : F (-%—)
expreesed in terms of charateristic functions

Fimt) 1(Byt) o« t(B1)

there are a difference between the two classes 7, eand ¢, , whema « = |

cauchy type. Stable characteristic functions have the forwa,
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where C=o, |B| < 1, 0<a<{2 and a are real numbers. This tyoe of charact-
eristic functions are called stable in the strict senes by Feller W. ( [3] page 166),

and are called strongly stable by Gnedenko B., Kolmogorov A. ( [1] ). We
can easily prove that the class 1, is containde in the class T,

Definttion of semi stable laws © 3

stable Due to Levy P. ( [2] page 204) a distfibution function F (x) is called sem
if its characteristic function satisfies the following difference equation :

o (dt) = d9 (1)
orany real q = o, d 7= 1 where

g ()= 4 (@
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It is known ([2]) that o (t) have the following type :

@ it) - v [- P (fmrtr) o (h\l\)]

where P, and P, arc periodic functions with period In q. This typc of characte-
ristic functions are used by Zinger A. ( [5]) to obtain the class of distributions,
when among the distributions of the sum of random variables Xi there are only
r different ones.

Definition of quasi - semi stable laws T,:

Due to Levy p. (2] page 208) a sditribution function F (X) is called quausi-
semi stable if its characteristic function satisfy the following difference equation, |

oc@dt)y=da%o @) +iyt
for any real q, where o (t) = In f (t) and « , V¥

are constants, It is proved that ([2])
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It is easily to prove the following [6] page 116 - 118 7
Lemma : Let for any real X > o and y > o, we have,
1.k (X) is measurable function, k (x) < o.

2k (xy) =k (X) k ()

then the only function which satify these conditions is the function
R (x) = X&

for any oo < a < oo

In this paper we study the summation of a random number of independent
stochastic quantities, and the investigation of limiting distributions for such
sums. Consider a s quence of integer random variables - ;, V,, ...; Vp, --- defined
on the same probability space of events { Q, F, P, } for any n , with positive
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integer values and tending to 4 oo for n — oo all investigations it was
sumed that v, is for any n indepent of the random variables X,. Let

-
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The main result :

The aime of this paper is to obtin the semi stable laws as limiting distribu-
don for random sums. Let

be a sequence of normed sums, aving a non-degenerate limit distribution for
appropriatly selected constants B,~>o. Assume tha the random variables in
the sum have a distribution functions F,"™(x),

F,® (x), with characteristic functuons , f{® (t), fi (),

where,
> {(n) otk (n)
"“’ (¢) s ] 0"‘ dF(n'(%, - 12 {t) tf e dF2 (»)
! ~ 0D ‘ - OO

we introduce the motations r,_ , I,, for the number of random variables in
S [k, ], having a distribution function F,*”(x) and F,®(x) . We have

[kn] = Tjn + Ton
It is proved in [7], [8] the following theorem :

Theorem : If for n — oo
S
n

where ¢ (X) is non-degenerate limit distribution, and if there exists a sequonce
of positive numbers k_, such that k,—-»co, and

l
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Then for cvery sequence (B, — o) and for every n,

8 5. |
Q ()= .xp{o;, (f_;)}. ®(1)

n

in eSery fimite interval t, where

Tn m.é“ o‘h {t)

)
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and

Theorem: Let for amy sequemce B,— co, there exists a sequence K, — oo
such that

tim o (L),
neTn (g=) = Wm (f('f;.)-aj.t(g),,, 0

Then, there exists a such that for any a we have
o (at) = a% (1)

Proof : We have
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where f, is the real part of the characteristic function f. and f, is the imagi-

1 1 ) ) .
nary part, and —— = § (—5 ) is continuous function,
n

k,
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or , .
o(t) = O (1) & (-‘T..;

and put t = at , then
c@t) =01 k(@

instead of t put b* , we have

c(@bt)y =g (t) k(@ = o)k (b) k (a)

—o®k(@b)

k(a b) = k (a) k (b)

inthe lemma, we have
k (a) = ax

where o is a constant, and than we have,

o (at) = a% o (1)

Remark 1 : It is easy to prove that, if we have the relation

o (@at) = ax t),az£o0,az21l,a >0

then f (t) is infinitely divisible characteristic function. Rezaly put in the above

Relation al/@ instead of a , therefore, we have,
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o‘(o”‘ t) - ag(t)
i t
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which proves that,we are dealing with infinitely divisible characteristic functions.

Remark 2 : It is proved in [8] that the liriting distribution for the random sum,
is the class of infinitely divisible distributions The last thecorem shows that
the limit class is a combination of two semi stable laws of class ;.
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