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ABSTRACT. In this paper, we introduce a novel two-level iterative approach for Nystrém's method, designed
for the efficient solution of large equation systems resulting from the discretization of Fredholm integral
equations of the second kind. The developed two-level algorithm exhibits a computational cost advantage,
demonstrating faster convergence than the Atkinson-Brakhage iterative method and providing convergence
for a wider range of parameters, thus enhancing its stability and accuracy. Moreover, a derivation of the
convergence of this new method is presented, providing a theoretical foundation for its use and guaranteeing
its mathematical soundness. Illustrative numerical examples are included to showcase the method's
effectiveness and its superior performance in comparison to existing methods. The practical efficacy of the
algorithm is demonstrated through a detailed comparative analysis with the Atkinson-Brakhage method, with
a focus on its improved computational efficiency, broader applicability, and reduced sensitivity to parameter
selection. This new method leverages a two-stage iterative process where the first level provides a good initial
guess for the second, leading to accelerated convergence. The analysis features a rigorous scrutiny of the
spectral attributes of the iteration matrix, aiming to establish the wider convergence range. The results indicate
that this two-level approach provides a significant advancement in the numerical solution of Fredholm
integral equations.

KEYWORDS: Nystrom's method; Two-level iteration; Fredholm integral equations of the second kind;
Atkinson-Brakhage iteration; Convergence analysis.

1. INTRODUCTION principles of this algorithm are clearly shown through
Direct method loved to solve I teoral an analysis of the linear equation on C(D),

irect methods employed to solve linear integra _
equations of the second kind (see, for instance, [1]) all (@)= KO+ y©
result in systems of linear equations. These systems,
when of limited size, can be solved using Gaussian
elimination. However, for larger linear systems,
iterative methods are generally more efficient and
frequently the only feasible approach to finding a ) X
solution. So, there are many papers concerned with and the goal is to determine xeC(D). We assume (1 —

the iterative solution of integral equation, see for K ) is a nonsingu.lar map on C(D ) for the linear
example ([2]-[5]). integral operator in (1). The algorithm employs a

quadrature rule sequence, with index n, nodal points
Py . Pn
{tn, j}j=1 and weights {w,, j}j=1'

= fk (t,s)x (s)ds + y(t);teD (1)
D

The Atkinson-Brakhage algorithm addresses
equation (1), where k and y are continuous functions,

This paper introduces a new two-level iteration
of Nystrom's method to efficiently solve large systems
of equations that result from discretizing Fredholm Pn
integral equations of the second kind. The proposed j g(t)dt ~ Z W g(tn,j)' n>1 (2)
two-level algorithm is roughly half the cost of the =
Atkinson-Brakhage iteration and demonstrates
convergence across a wider parameter range.
Furthermore, the convergence of this new method is
derived.

D
If (2) is convergent for all g € C(D) ; define the
numerical integration operator

The Atkinson-Brakhage algorithm for integral

P
K,x = Z wn i k(t, ty;) x(t,;),  teD
equations ([6]-[9]) is reviewed initially. The core J=0
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forx e C((D)andn >1 .
The Nystrom approximation to (4 — K)x = y is

PN
Axy(t) — Z Wy k(t' tN,j) xN(tN,j) =y(t),
j=0
teD 3)
This is denoted abstractly by:
(A—Kyxy =y (4)

To solve Equation (3), the first step is to solve the
finite-dimensional system.

PN
A xN(tN,i) - Z Wy, j k(tN,i' tN,j) xN(tN,j) = y(tN,i)' i
j=0
=1,Py (5)
to determine the solution values at the nodal

points, and then, using the Nystrom interpolation
formula, to reconstruct the values of xy atany xyeD.

PN
xy(t) = % Z Wy, j k(t' tN,j) xN(tN,j) + %}’(t).
= teD.

Let x\” constitutes a prelimi imati

N preliminary approximation
of the solution xy for (5); the Atkinson-Brakhage
technique is characterized by ([9]-[11]).

x§q+1) = xlslq) + % (515;1) +7@) (6)
where

r@ = y— (- KN)XIE,q), (7)

50 = (A —K) T Kyr@, ®

N > n; in which N is commonly designated as
the fine mesh or fine level, while n is designated as
the coarse mesh or level.

iteration
necessitates two calculations of Ky. Initially, K| les,q) is
calculated to determine the residual r(@.
Subsequently, Kyr® is computed. The method
proposed here substitutes the second calculation of
Ky with a calculation of K,, where n < u < N. This
alteration approximately halves the computational
cost of the proposed technique's algorithm compared
to the Atkinson-Brakhage iteration and expands the
range of parameters for which our method achieves
convergence beyond that of the Atkinson-Brakhage
method.

2. MAIN RESULTS

This definition reveals that each

2.1. THE GENERAL FORM

To develop the new iteration method, we will
utilize the operator realization (4) derived from (3)
and then examine its implications for solving (5).
We use (4) because it allows for a straightforward

application of the collectively compact operator
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theory to demonstrate the method's convergence. A
philosophy throughout this paper is that we
iteratively solve (4) by presuming the direct
solvability of the equation
z=A—-K)w
for some much smaller parameterization variable n.
Rewrite (4) as
0=y—-@A—-Kyxy 9
Assume x,E,O) represents an initial approximation of
xy solution for (3). Establish the residual
r@ =y — (1 -Ky)x
= (= Kn)( =Ky - ")
=@A- KN)(xN - xlgo))
(0)

xy =xy) + (A —Ky) 1r®
O, 1(_ K\ o
=5 +5(1-5) ’
1 Ky K
_ O N, Ky 0
=xy +I(1+T+A_2+'")r()
1 Ky K2 K
()] N N N1\ _.(0)
=xO ¢+ (r1+|1+ 24+ |2
N ,1( [ FRRISY ],1)
1
xy =x0 + ZU+@- Ky) 'K @ (10)

Then consider the approximation
where n < pu « N. Using it in (10), define
1
=x{” + 2+ @ =K)7K,)
Define (1 — K,,) 'K, r@ = 6,5,0),
1
O =10 420+ 5)

XN
Finally, the generalized iteration is given by

X

1
x}slq+1) — x}EIQ) + z (515;2) + r(q)) (11)
r@ =y — (- Kyx (12)
5P =(A—K) K, r@ (13)

where g > 0, and x,f,o) is properly selected.

2.2. CONVERGENCE
Here we prove the convergence of the
proposed method. In the foregoing analysis we
need the following assumptions [2]
(Al) Kand K,,, n =1; are linear operator C(D) —
C(D).
(A2) I(Ky — K)gll = Oasn — 0,Vg € C(D).
(A3) The operators’ family {K,} is collectively
compact exhibits collective compactness; that is, the
set

Y={K,g:n=1and |g|l <1}
compact closure within €(D):

possesses a

LEMMA 1 From the assumptions (A1)-(A3) follows:
(i) K is necessarily compact.
(i) The sequence {K,} demonstrates uniform
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boundedness; in other words,
C1 = sup||Ky|| < oo.

nz1

(iii) If (A — K)™* exists, then for all n large enough,
specifically for n = N(1), (A — K,, )~! also exists and
its norm is bounded by C, (1),

() = S}Vlgl)ll(/1 — K7
nz

(iv) (K — KKl and [|(K — K,)K|| converge to
zeroasn — oo.
V) a, = supsup”(K - Km)K#“ - 0asn - oo,

m2n uz1

a

i) [|[(K — K,)(A — K) " Kx|| < ﬁ(1 +C,C, (D),
withp =por N,q = por N and||x|| <1
PROOF. see ([9], pp. 96 and 138).
THEOREM 2 Assume the integral equation (1) is
uniquely solvable for all y € C(D), also, let k(t,s) be
continuous for t,s € D. Assume that the numerical
integration scheme (2) converges for all g € C(D).
Provided that n is adequately large, the iterative
procedure (12-11) becomes convergent; specifically,
xP 5 xyas q— oo forallN>pu=n.
PROOF. Using (11),

1
Xy — x,s,q“) =xy — x,s,q) -3 (r(‘” + 6,%,‘”)
1
=xy =y =2 (14 @ = K) K )r @
= xy —x D — A=K (A - Ky + K,) 1@

—x® - A=K (A= Ky +K,)
x (A —Ky) (xN - x,f,‘”)
— (1 —1A- k) (A - K, +K,) A - KN))

X (xN - x,E,q))

=2 - K) AR - Ky)

:xN

—(A = Kn+K,) A= Kp)) (3 — )
Finally,
Xy — XD = %((K” — KKy
+A(Ky — #)) (oew = 25”)
= (R, +Ry) (XN - ngjq)) (14)
where
Ry = (A —K)™ ((Ku - Kn)KN) (15)
R, =A-K)*(Ky—K,) (16)

However, since
(K = KDl = (K|l + 0 as n — oo.
(see [9]) ; we can't show
[[(R)I| =0 for N=>uand p— oo.
Instead, we will show
sup [[(R2)?| >0 as p— o
Nzpu

(17).

Also, we can show that ||[(R,)| is bounded and
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[[R{]]| 0 as n — . These turn to be sufficient,
since we can use (14) to write

_ xlgq))
Then,

Xy — sz;HZ) = (Ry + Ry)? (xN
[ = 22| < 1Ry + R [y — 7|
< (IRyII? + IR NIRI+IIR N |
-7 (18)
To prove that [[(Ry)]| = 0 ; using (15) and Lemma 1
we get
IR, 1l < |71|||(/1 — KD MK = KKl
R [CEY AT )
< i M(an+4a,) < aiC (D (2ay),
Since a,>0asn->o and aq, <a,
I(RDII = 0 as n — co.
To show (17), write

[GOEE (CE SR MY
=12 = k)
1Ky — K@ — K™ (K — K]
<G = Ky) I
(K=K = K~ (Ky = K,)|
HI(K =K@ = K7 (Ky = K,))

u=n.

hence,

<1 = K) MK — Ky (A — K) Kyl
+ (K=K @ - K) K|
+ | (K~ K,)@ = K Ky |
+ ”(K - KM)(A - Kn)_lKu”)
Using Lemma (1) we get

2 v
1RD2 < 6 2% 4 6 e, )

[A]
<C,(1) %(1 +C,.6,(D)

Since
[I(R2)?|l » 0 as n — co. From (16) we get
IR, 11 < 112~ Ko) IRl + [| K,
< 2C,C,()
Since ||R;|| is bounded and
I(R)I = 0 as n - oo,
then  |[(RDINI(R)Il = 0 as n — co.
This completes the proof.
Based on (18), provided that n is sufficiently large,
there exists
e = (IR11I” + 2IIR IR I+ (R
=¢e(n) <1, sothat

2
[ = = e = 2

a, >0 asn—-o and N <a, <a, hence,

<< g0 g||xy — x,f,o)” -0 as q - oo,
2.3. IMPLEMENTATION
The following subsection outlines the

implementation of the iterative scheme defined by
(11). The linear system requiring solution is (5), with
the unknown quantities being
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Xy = (Xu(tns) o Xu(tny))
Considering the iteration formula (12-11), suppose
that {x,f,q)(t,\,’i)} is known.

First, calculate the residual (@ at t € {t,;} U
r@() = y(t) — Ax(q)(t)

{tN‘l-}:

+ z w2 @ty ) k(b ty,)  (19)
j=1
Second, determinek), r?) at the nodal points of both
the coarse and fine mesh:
Py
K, r@(t) = Z Wi 7O (b )k (8, t5)
j=1
te{tyju{tn} (20)
Third, Compute the correction factor & Is,q) on the
coarse mesh through the solution of the system.

Pp
286 (tn:) — Z Wi k(tni tnj) 5§q)(tn.j)
j=1
=K, rD(t,), i=12.,B (21

Fourth, extending this correction to the fine mesh

1
80 (tn) = 5 1K 7 (t)

n
+ Z Wi j 85 () (i tn,j)"
=

i=12,. (22)
Finally, define the new iterate x qH) on the fine
mesh by
v () = xﬁf“(tw.i)
+Z (T(q) (tN,i) + 6IE]q) (tN,i))'
i=12,..,Py (23)
We stop the iteration when
||x q+1)(tm (q)(tm) |
= 2 lr@n) + 6P )| <o i=12.P
24. OPERATIONS COUNT
We will analyze arithmetic operations’

number required to compute a single iteration of
(19-23). For this analysis, we assume that quantities
like {y(ty;)} and {wy k(ty; ty;)} are determined
in advance and retained for later employment
during the iterative steps.

1. To compute the residuals{r@(ty;)}  and

{r@(¢,)} of (19), approximately 2Py(Py+ B,)
arithmetic operations are needed (including
additions,  subtractions, multiplications, and
divisions).

2. Calculating {K, 7P (ty,;)} and {K,r@(t,;)} of
(20) requires approximately 2P, (Py + P,) arithmetic
operations.

3. To obtain the solution {5 ,E,q)(tn,i)} from the linear
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system (21) necessitates approximately 2B? number
of arithmetic operations, provided that an LU
decomposition of the linear system's matrix has
been previously computed and stored.

4. Calculating {S,E,q)(t,v,,’)} with the Nystrém

interpolation formula (22) necessitates roughly
2Py P, arithmetic operations.
5. The last step, (23), requires just 3Py arithmetic
operations.
Combining these, we have approximately

2P% + 4P,Py + 2P,Py + 2P, P, + 2P? + 3Py
arithmetic operations. The cost of a single iteration
of the method
approximately [10]

4P2 + 4P,Py + 2P? + 3Py

Thus, for N » u = n the proposed iteration method

Atkinson-Brakhage's was

(12-11) is approximately half as costly as the
Atkinson-Brakhage's method (6-8) per iteration.

3. NUMERICAL COMPUTATION

This section demonstrates the theoretical
convergence findings from the preceding section.
The following example was used in [10] to illustrate
the Atkinson Brakhage’s method.

Example. Consider solving the equation
1

Ax (t) — J k,(s +t) x(s) ds = y(t),

0
0<t<1l (24
1—y2

1 —y2% — 2y cos(2m1)

=1+ ZZ ¥/ cos(2mj1)
j=1

and 0 <y < 1. The function y(t) was so chosen that
the true solution was x(t) = 1.
The eigenvalues and eigenfunctions
corresponding integral operator (K) are
v/, cos(2mjt), j= 0,1,2, ... —yJ,sin(2mjt), j =
1,2, ..
The reformulation of the Dirichlet problem for
Laplace's equation (Au = 0) on an elliptical region
within the plane yields this integral equation, as
detailed in Kanwal ([11], p. 119). To define the
numerical integration operator (X,), the midpoint
rule [12] is utilized as the integration rule:

[ya(s)ds ~= 30, g(22), geclo4] (25)
In the followmg tables the initial guess is x

and the iterations was performed until E; =
|| (@) _ (q—l)”

with

ky () =

for the

and

(0)_0

was less than 10713, The column It

gives the number of iterates that were calculated,

(@) ||

the column E, gives the error ”x — Xy in the .nal
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computed iterate when compared with the true
solution

x= [x(tNyl),x(tN,z), ...,x(tNyN)T]; with x@ denoting
the final iterate.

As can be seen in Table 1, the iteration's
convergence rate is enhanced by increasing the
coarse mesh parameter n, with this rate being
independent of N. Additionally, it is noteworthy

that a mesh independence principle is in effect. That
is, an increase in N does not substantially alter the
number of iterates needed to attain a specified
decrease in the initial error. The results from the last
three rows of this table and the subsequent table
indicate that N>»u>=>n
effective and economical parameter choice.

constitutes the most

Table 1. The effect of n, u; and N on the convergence.

n u N )4 A E, E, It
14 100 500 0.8 0.9 diverges diverges

18 100 500 0.8 0.9 8.4E-14 2.2E-14 27
36 100 500 0.8 0.9 7.7E-16 4.0E-15 08
18 100 800 0.8 0.9 8.3E-14 2.5E-14 27
18 16 500 0.8 0.9 diverges diverges

18 20 500 0.8 0.9 9.0E-14 2.6E-14 29
18 500 500 0.8 0.9 8.4E-14 2.2E-14 27

Table 2. A comparison between the proposed technique and Atkinson-Brakhage technique

Atk.-Brakh. tech. Proposed tech.

A Y n N T E, It u E, It
0999 0.8 32 5000 051 4.46E-07 30 48  447E-7 30
0.001 0.5 16 500 diverges 16 2.95e-07 21
2 0.5 2 3000 7.66E-015 100 4 6.66E-16 19
5 095 8 800 0.1 diverges 16  6.88E-15 55

Column T gives 7 =

time of calculations of the proposed algorithm

time of calculations of Atkinson—Brakhage algorithm

There are many observations to make when
comparing the two methods.

First, from the first case, if the two methods have
the same rate of convergence and N > u = n, the time
consumed by the proposed technique equals 0.51 of
the time consumed by Atkinson-Brakhage technique
(this observation coincides with the results of the last
subsection)

Second, when the value of 2 (4 = 0.999) tends
to an eigenvalue, take y > n.

Third, when the value of 1 (4 = 0.001) tends to
zero, the proposed technique converges and
Atkinson-Brakhage technique diverges. In this case
we must take u = n.

Finally, from the third and fourth case, the
proposed technique is much faster in its convergence
than Atkinson-Brakhage technique and it gives a
good convergence in some cases in which Atkinson-
Brakhage technique gives no convergence.
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