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ANALYTICAL PROPERTIES OF FRACTIONAL CALCULUS
AND TRANSFORMS ASSOCIATED WITH EXTENDED
MITTAG-LEFFLER FUNCTION

N.U. KHAN, M. KAMARUJJAMA, AJIJA YASMIN

ABSTRACT. The main object of the present paper is to introduce a new ex-
tension of the generalized Mittag-Leffler function utilizing the extended beta
function. Among the many properties we evaluated for the extended Mittag-
Leffler function are derivative formulas, Mellin transform, Laplace transform,
Euler-Beta transform, and Whittaker transform. Further, we establish some
results based on the consequences of Riemann-Liouville fractional integral and
differential operators on the extended Mittag-Leffler function.

1. INTRODUCTION AND PRELIMINARIES

Special functions are essential across scientific fields, serving as indispensable
tools for mathematicians, engineers, and scientists in various applied and com-
putational mathematics branches. In recent decades, several authors have cre-
ated compelling and useful extensions for various special functions.([1]-[5], [7]-
[15],[24], 251, 31]).

In 2012, Srivastava et al.[26] defined © ({j,}nen,; ®) that is an appropriate
function of sequence {j, }nen, of arbitrary numbers (real or complex) as
S o dn Lp (|z|<R; 0< R < o0; jo:=1)
O ({Jn}neng; @) =
wo 2* exp(z) [1+0 ()] (R(z) = 00wy > 0; a € C)
1)
here wy and « are some suitable constants essentially dependent on the sequence
{Jn}nen,. With the help of this sequence, they introduced the following extended
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generalized gamma function, beta function, and the Gauss hypergeometric function.
in})n > xr— . b
Ty Peeno) () — / T ({yn}neNo; —y - y) dy, (R(z) > 0;R(b) > 0)
0
(2)
(ndnemo) (a, ;) /1 1=yt ( {in} " _a
BWnineNo)(a, B30) = | y* (1 —y)”~ <jnn ;- )y
0 o Tyl y)
(min {R(a), R(8)} > 0; R(b) > 0)

3)

and
({dn }neng) = BWinkneno) (0, 4 m, 05 — 0y;b) 2™
F, “(a,01;02; x) = a)m —
b (a, 015623 ) mZ::O( ) B(61,05 — 01) m! (4)

(R()>0; |z|<1; R(62) > R(61) >0)

respectively. Equations (2)-(4) produce extensions for different specific cases of the
sequence {Jjy tnen,. For example, if we put

In = (@1)n (n€No),

(w2)n

Equations (2)-(4) yields the following extensions by Ozergin et al. [20]
w1 ,w o r— b
o) = [Ty (e -2 ay o)
0
(R(b) > 0; min {R(z), R(w1), R(ws)} > 0).
1
b
B(w17w2) . :/ a=1lc1 _ B—1 F . v
(Oé,ﬁ,b) 0 Y ( y) 1471 | W1; W2, y(]. _y) dya (6)

(R(b) = 0; min{R(a), R(S), R(w1), R(wa)} > 0)

and
(w1,w2) 0. 1 (w1,w2) . z
F, 01;6 ——75 m B 01+m,05—01;6)— ,
b (a7 1,Y2, l') B(el, 92 91) mzo(a) ( 1T Mm,u2 1 )m' (7)

(| z |< 1; min{R(wy), R(w2)} > 0; R(62) > R(61) > 0; R(b) >0)
respectively. When j, = 1, egs. (2)-(4) become the following functions studied by
Chaudhry et al. [3, 4] as follows

re) = [ e (—y - 2) dy, (R(H) > 0; z€ C) ®)

1
Blasin) = [y - e (< (R9)>0) (0)

and
> B(6; +m, 0y — 01 b) ™
Fifa,01:0012) = 3 () Br, 0, — 1) )W ! (10)
m=0 ’ :

(R(62) > R(61) >0; b>0, |z |<1)
respectively. For j, = 0 (n € Ny) or for b = 0, eqgs. (2)-(4) become to their classical
forms [16, 19].
In 1903, Mittag -Leffler [17, 18] introduced and studied the Mittag-Leffler func-
tion E,(z) defined as,
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Eo(2) = mgo F(#mﬂ) ., (z,a € C;R(a) > 0) (11)

In 1905,Wiman [28] introduced E, g(z) defined as,

E,5(2) (z,a,8 € C;R(ax) > 0,R(8) > 0) (12)

Zm
- mz::() Tlam+38) "’

Further, the generalized Mittag-Leffler function was introduced and studied by
Salim [22] in 2009 and defined as,

> 91 2™
E91’02 Jm , 13
o Z Tam + ) G (13)

(a, 8, 2,601,002 € C; min{R(«), R(5), R(62)} > 0; R(62) > R(6;) > 0)

where, (61)., is the classical pochhammer symbol.

The Fox H-function is known as a generalization of the Fox-Wright function [6]
defined by a Mellin-Barnes integral

H™" ¢ (g g )7 (927 92) (gpa g/pi)
- (h1, 1), (hay h2),s ooy (B, ig)
H L(hy + hkx)H (1 — g + gr) (14)
_ 1 k=1 k=1 P
21 L g , P
II T —=he+hez) T] Tloe+ ge)
k=m+1 k=n-+1

where L is a contour separating the poles of the two factors in the numerator.

The generalized Wright hypergeometric function , ¥, [t], known as the Fox-Wright
function, is a particular case of Fox H-function [29, 30| defined as

ol = [ G ®

m

_ Z g1 +glm F(gp +gpm) L (16)
o L(hy + hyim).. T(hg + hym) m!
1- 9179’1)7 sy (1 - g 7g, )
— HgLP ¢ ( ; Py Ip) 17
‘Z“[ (0.1), (L= At By, s (L= B, By {an
where, Hp 411 [t] denotes the Fox-H function [6].
For 1 = ... = g, = Lh = .. = Hq = 1 Eq.(14) becomes the generalized

hypergeometric function ,Fy [31]

(91, 1)5 05 (g5 15 ] _ T(g1)--T'(gp) . .
p¥q (h1,1)7...7(hq,1);t T T(h). PFq(glv"'7gpahla---ahq7t) (18)
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Primarily due to the significant applications of these extended hypergeometric
functions, we extend the generalized Mittag-Leffler function (13) employing the
extended beta function Bintneno) (o, B:b) as defined in (3) and consider the fun-
damental properties such as differentiation and derivative formulas alongside var-
ious integral transforms such as Euler-Beta transform, Laplace transform, Mellin
transform, and Whittaker transform. Furthermore, we explore some results involv-
ing Riemann-Liouville fractional integrals and derivatives of the extended Mittag-
Leffler function.

2. EXTENDED MITTAG-LEFFLER FUNCTION.

Here by using (3) with the approach

(gl)m - B(el +m, 0y — 91) N B({j"}"eNo)(Ql +m, 0y — 01;b) (19)
(02)m B(0:1,0, — 61) B(01,05 — 61) ’

We will define the new extended Mittag-Leffler function as follows:

%) B({jn}neNo)(el + m, 92 _ 91; b) om

({jn}nEN )?01792
= ’ ib) = 20
8 (2:0) P B(0y,05 — 01) Tamsp®
(o, B, 2,601,050 € C; b>0, min{R(), R(B3), R(62)} > 0; R(62) > R(6;) > 0).
Remark 1. The special case of (20) when we confirmed the sequence j,, = EZ;%:
(n € Ny), yields another form
e (w1,w2) _ .. m
w1 ,w2);01,0 B (91 +m, 02 91, b) z
EELes000 (p) = 3 (21)

3(01,92 —01) F(am—i—ﬁ)

m=0

(o, B,2,01,00 € C; b > 0, min{R(«), R(B),R(62)} > 0;R(02) > R(#;) >
O,R(wl) > O,R(OJQ) > 0)

For b= 0 or j, =0 (n € Ny), eq (20) reduces to (13).

Remark 2. If we put a« =0, 8 =1 in (20) and (21) we get

(ntneng)it1.02 oy D(02) & (Linkneng) [(01,1), (1,1);
]EO,I (Z’ b) - 1—\(91)2\:[!1 (02’ 1)’ (Z?b) . (22)
and
(w1,w2);01,02 F(92) (w1,w2) (017 1), (17 1);
E b)) = \ ; . 2
0,1 (Z,b) F(91)2 1 (92’1); (Z,b) ( 3)

Further if we put, j,, =0, b =0, a =1 and z is replaced by —z, we get

B0 () = D02 g, {(91, D, (1,1 _ } . (24)
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in tn ;01,0
3. DERIVATIVE PROPERTIES OF Ei{fe Fneno )ity *(2;b)

Here, we consider some derivative properties of the extended Mittag-Leffler func-

tion (20).

Theorem 3.1. We have the following differential formula for the extended
Mittag-Leffler function

<C§i) |: B— 1]E({Jn}neN0)91702(>\ a, b) ,3 k— 1E({JW}WEN0)91702(A a, b) (25)
z

(o, 8,2,01,00 € C; R(B—k) >0,k eN; R(62) > R(6,) > 0).

Proof. Using (20) and applying term-wise k times differentiations on (25), we

get

k . .
B({jn}neNo)(91 +m792 —91§b) AT (d)k (Zozm-i-ﬁ—l)
B(91,02—91) F(Qm+/8)

B({]n}nENo)(el + m, 92 - 91; b) AT”
B(01,60 — 6,) L(am+ S —k)

&l =

M

3
IS

(Zam+[3—k—1>

M

0
—(Ak f: BWnineno) 0y +m, 0z — 6130) A"z
B(01,92—91) I‘(am—i—ﬁ—k)

3
I

m=0

ﬁ k— 1E((l{]6n}£eNo)91,92(/\ a. b)

Theorem 3.2. The following derivative formula for the extended Mittag-Leffler
function holds

dk ({Jntneng)if1,02
(dzk) [Ea,ﬁ o (Z;b)}

() i BWinkneno) () +m 4+ k,0y — 0150)  (m 4+ 1)p2™
- (eg)k foopy B(el +/€,92 —91) F(am—&-ﬁ—kak)

(a, B,61,00 € C; k€ N; R(b) >0,R(6:) > R(61) > 0) .

(26)

Proof. Differentiating eq. (20) with respect to the variable z we get,

i B({jn}nENo)(el +m, 92 _ 91’ b) om

d (L Ineng)i01,62 d
2R 0301 . -
(dz) { o8 (= b)} dz B(61,0, — 01) T(am + f)

_ Z {]W}neNO) 01 + m, 92 91’ b) Zm_lm
B(61,02 — 61) I'(am + B)

m=0

Now replacing m — m + 1 and applying a known result ([21], p.46)

)
B(6y,05 — 6,) = 033(91 +1,05 — 6y)



6 N.U. KHAN, M. KAMARUJJAMA, AJIJA YASMIN JFCA-2025/16(2)

we obtain,

O = B Inemo) (0 +m 41,0, — 0150)  (m+1)2"
N B(0; + 1,05 —04) Flam+ 6+ «a)

0
2 m=0

After repeating this process as term-wise kth time differentiation, we obtain

d* , :
() G ain)

_ (01 i B({j"}”ENo)(91 +m+k, 0y —01;0)  (m+1)2z™
o (02)k B(01 +k’,92 701) F(ogm{»ﬂ{»ak)

m=0

Remark 3. If we take b = 0 or j, = 0, we get a known result [22] as a special
case of (26) that is

d* 61,62 e = (01 + k) (mA4 1) 2™
(dzk) {]Eaﬁ } Z:O O + k) T(am+ B +ak)’

Theorem 3.3. Extended Mittag-Leffler function satisfies the following differen-
tiation formula:

Jntn ;01,0 in}n ;01,0 d nin ;01,0
IE(Q{’JB} ENO) 1 2(2,()) :ﬂE((l{)]B£IENO) 1 2( b)"’azdiE;{JleENO) 1 2(2’7()) (27)

(o, 8,01,05 € C; R(b)>0, R(62)>R(61)>0).
In particular,

d
01,0 01,0 01,0
B0 (2) = BELS(2) + 0z LEUS(2), (28)

Proof. Applying (20) in left hand side of (27) of we obtain,

d .
6E {JW}neNo) 01,02 (Z b) + Oézi]E({]ﬂ}neNo)vel,QQ (Z, b)

a,B+1 d a,B+1
(Un e 03,02 BWin}neno) () +m, 05 — 013 b) 2"
B 0 . _
=PE, 541 +04Z E B(61,65 — 61) T(am+ B+ 1)
0 ({Jn}nEN ) _ . m
{]n}nEN )?91792 B 0 (91 + m, 92 91’ b) zam
— E 0 . b
=BEq 511 (230) + m§:0 B(61,02 — 61) IFam+ 5 +1)

Now using I'(A 4+ 1) = AI'(\), above equation becomes

Z B({Jw}nENO 91 + m, 92 917 b) m
N B(6y,02 — 61) I'(am + B)

({ n}” )70110
:IEQ)% SN TUTE (20 D).

When b =0 or j, =0 (n € Np), we get relation (28) from (27).
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4. INTEGRAL TRANSFORM OF EXTENDED MITTAG-LEFFLER FUNCTION

Here, we will discuss certain integral transform for ]E({]"}"ENO) 01,02 (2;0) .

1. Euler-Beta Transform.

For the function f(z), the Euler-Beta transform [29] is defined as

1
Bl = [ #7027 () ds (29)
0
Theorem 4.1. The following Euler-Beta transform for IES];}"ENO);GI’HQ (2;b) holds:
B {ESEJgL}nENO);glﬁz (tsz; b),p, q}
(30)

_r B({jn}neNo)(gl +m702 —91;b) N |: (p,(,UQ),(l,l);
B(61,02 — 61) 2728, a), (p+ ¢, w2);
(a, 8,061,062 € C; R(b) >0, R(p) >0, R(q) > 0, R(62) > R(61) > 0).
Proof. Using (29) in (20), we obtain
jn neNg ;91,92 w2, .
B {Efx{% Fremo 02 ,b),p,q}

1 A 4
zp—l(l _ Z)q—lEL{;g!L}’!LGNO)791792 (L2, b) dz

P = )t i BUWnIneno)(f) 4 m, 0y — 01;0) "z )
B(01,02 — 01) I(am + B)

BUnkneno) (9, +m,  — 61;0) " /1 gprwam=l(] _ pya-lg,
B(91,92—91) I‘(am—i—ﬂ) 0

BUinkneno) 9y +m, 0y — 01;b) " I'(p +wam)I'(q)

—_

S— S—

m=0

M

3
I
=

tnqg

= B(61,0 — 61) T(am +B) T(p+q+wam)
(31)
({]n}neN ) 0 o 0 T 1) ¢™
:F(q) o) (01 +m,0; — 0150 Z '(p +wam)l'(m + 1) e
B(61,05 — 61) I‘am—i—ﬁ )(p + g + wam) m!
Using eq (15) and (16) in (32), we obtain the desired result.
: ({intneng)if1,02
Remark 4. Replace z by (1 —2) in E. 5 (2;b) we get,
in tn ;01,0 w
BB 01— 2y )ip.g |
' [in}nerg)i01,0
:/ 11 = a0 g e g (33)
0
B({jn}neNo)(al +m, 0o — 91; b) |: (q,wz), (17 1);
=T'(p 2¥2 .
B(01,02 — 01) (B,), (p+ g, w2);

Remark 5. If we put b = 0 or j, = 0 in (30), we get the known result for
Euler-Beta transform of generalized Mittag-Leffler function Eiﬁ’ﬁ% (=) [22].
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2. Laplace Transform.

For the function f(z), the Laplace transform [23] is defined as:
L{f) = [ e ds (34)
0
Theorem 4.2. The following Laplace Transform for IES;"}"EN“)%’% (2;b) holds:

/ Pl ]E((X{;n}neNo);el,ez(tsz;b) I
) ,

) 35
_ 1 BWnenO(0) +m, 02 —01;0) o [(pown), (1,1); ¢ )
G B(01,02— 6) S B CAER
(a,ﬁ,92791 € C; R(S) > O,R(b) > O,R(eg) > R(Ql) > 0)
Proof. Using (20) in the left hand side of (35), we obtain
/ 2P lems2 ESJ;}”GNO);OI’OZ (tz*2;b) dz
0
:/OO Sp—lg—sz Z Bntneno) (B; +m, 0y — 015b) 724" dz
0 m—0 3(01,92—91) F(am+ﬂ)
0o . 36
_ Z B({Jn}neNo 91 +m, 92 91; b) tm / Zp+w27n—le—sz dz ( )
o B(61,02 — 61) [(am + )
1 BWnkneno) (6 4+ m, 65 — 61;b) i P(p+wym)D(m+1) (t \™
- sP (91, 92 — 91) 0 F(am + B) m)! sw2

Now, using eq (15) and (16) in (36), we get the desired result.

Remark 6. If we put b = 0 or j, = 0 in (35), we get the known result for
Euler-Beta transform for the generalized Mittag-Leffler function EZ“BOQ (2) [22] as

o0
/ 2P lems2 Eilgz (tz*?) dz
0

:i F(02) |:(91a1)7(p7w2)7(171); t
2 T(61) ° (02,1),(B,a); s+

3. Mellin Transform.

A properly integrable function f(y) with index s has the following definition for
the Mellin transform [26]:

M{f(z);z — s} = /0oo 27 f(2) dz (37)

whenever the improper integral in (37) exists.
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Theorem 4.3. The following Mellin Transform for ES% Fneno )it 02 (z;b) holds:

M{E {Jn}nENO) 01, 92( ,b),b - S}

_ DT J“”"E”O)(s)r(% “Hts)
- T(6:)T(6s — 61) 22

(01 +5,1), (1,1); (38)

(61 +25,1),(8,0); ~|

(R(s) > 0, and R(w2 — w1 + 8) > 0),
where Fé{j"})"ENO) is a particular case of (2) for b = 0.

Proof. Using (37) in (20), we obtain

M{E({]n}nENo) 01!92( . b). b — 5}

_ / b RN ) b

0
_ /oo bs?l i B({jn}neNo)(Ql + m, 02 o 91; b) m
0 m=0 B(eh 02 — 91) F(Ozm + ﬁ)
1 e LM ‘
B(6,05 — 61) Z T'(am+ 5) / bs_lB({Jn}”ENO)(al +m, 03 — 01;b) db

m=0

Which on further solving gives,

m

1 o
~ B(61,02— 61) Z ['(am + B)

m=0

/ bs—lB({jn}neNo)(el + m, 92 — 91; b) db (39)

Applying a known result [26]

o .
/ b1 BWinkneno) (¢ 2: b)db = F((){]"})"ENO)(S) B(t+s,z+s), R(s) >0,
0

in (39) we get,

M{E({]n}nENo) 91»‘92( ;b); b — S}

F({Jn})neNo)( ) o0 Zm
- B(# 0, — 0 P ———
B0, 05 — 0r) mzo 1+m+s,0; 1+S)F(am+ﬁ)

(U DneNo) () 1(0,) T(0, — 61 + 5) i T(6) +s+m)T(m+1) 2™
o r

I'6,)T(02 — 61) (02 + m + 2s)T(am + B) m! (40)

m=0

Now using, (15) and (16) in (40), we get the required result.
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4. Whittaker Transform.

Theorem 4.4. The following Whittaker Transform for Eﬁg}"ENO);Gl’GQ (z;b)
holds:

[t W B )
0 ,

. B({jn}neNo)(Gl +m, 0y —01;b) v [(;+77+1/,w2),(%77+1/7w2)7(1,1); t}
3¥2

=P B(91,92—91) (Bva)7(1_)‘+y7w2); pwz
(41)
Proof. Substitute pz = w in L.H.S of (41), we obtain
v—1 e} ; wan
o u —u B({]n}nENo)(el + m 92 _ 91. b) tm <’U,> 2 1
— e Wi,(u : . - —du
/o <p> 2@ 2 5 G, g am + ) v) b
> B({jn}neNo)(ﬁl +m, 0 —91‘5) tm [ mty—1 U
— —v ? ? w2 v— 5 W d
P 22 TB(6,,0, — 0,)T (am + B) pr /o ! ¢F Wan(u) du
(42)
Applying the integral formula
> (3 +n+v) (5 —n+v) -1
v—1_ == dr = 2 2 + J—
/0 ' e Wy, (z)de T At0) , | R(vtn) > 5
where Wy () is the whittaker function [27],
we get,
- BWinkneno) (0, 4+ m, 0y — 61;b)
b B(6h,02 — 61)
XiF(%+n+y+w2m)F(%fnJrz/ergm)F(erl) t\" (43)
(1 =X+ v+wsm) I'(am + B) m! pe2

m=0

Using (15) and (16) in (42), we get the desired result.

5. FRACTIONAL PROPERTY OF EXTENDED MITTAG-LEFFLER FUNCTION

In this section, we will discuss the results involving the Riemann-Liouville right-
sided fractional integral operator I, and the derivative operator D, , which are
defined respectively as [15, 23]

(100 = 5 | o (R@) >0, 1€ ©) (14)

and

D00 = (§) G500, (n= (R0 + 15 R > 0.9 €C) (45)

where, [t] is the greatest integer.
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A generalized Riemann-Liouville right-sided fractional derivative operator Dy
of order 0 < n < 1 and 0 <+ <1 with respect to ¢ by Hilfer [9] is defined as follows:

(D o)1) = (IJJ ’”d) (170 6) (1), (m = [RON]+1: R(n) > 0.0 € O).

dt
(46)
Theorem 5.1. For ¢t > r, the following results hold:
- in}n 01,0 o
(Ig+ [(Z —7“)’8 1]E({J Yneng);01 Q(q(z _T) ;b)]) (t) (47)
:(t )5+n I]E({Jn}neNo) ;01,02 (q(t _ T)a' b)
a,B+n 5 .
and
- jn}n ;01,0 a
(Dg+ [(z — )8 1E({J bnemo) 00z 0y ;b)D ) "
_ B—n—1m({in}tneng);01,02 _oaa.
=(t—r) Eog—n (q(t —7)%; b).
where,

e R+7 0475791,92,77,(] € C’ R(Oé) > OaR(ﬁ) > 07R<77) >0

Proof. Using (20) and (44), term by term fractional integration and using the
relation

(15 [(= — r)ﬁ_l]) (t) = I‘(E(i)ﬂ) (t — r)a'w_l, (a, 8 € C, R(a) >0, R(B8) > 0)
(49)

yields for ¢t > r :

‘n n 0 ;91792 a
({Jn}n NO —_ . m
I B € (91 +m, 92 017 b) q (Z _ r)ocm+[3—1 (t)
B(el, 02 — 91)F(am + 5)
i BWinkneno) (0 4+ m, 0y — 61;b) (
01792 —91) (am+ﬂ)

m=0
—(t — ) 12 BWindneno) (g, +m, 02 — 615b)
B(61,02 — 01)T'(am + B+ 1)

d

mO

Igy [(z =)™ P71 (1)

(q(t —r)*)™

=(t —r)Ptn- IES@;EN“ P00 (gt — )% b).

Hence, we get the desired result (47).
Next, by using (20) and (45), we get,
(P8 |2 = )P B (e =) ) )

(&) (0 [ G ] 0

d\" — Y neng ;01,02 a
() lemnmm sl e )
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Now applying (25), we get the desired result (48).

Finally, from egs. (20) and (46), we obtain

(D7 [z = P B e gz = ri)]) (0

> B({j"}"ENo)(el +m, 0, —Hl'b) qm
_ Dmv ) ) _ \am+B8-1
2 " BEf oTamt ) G “

m=0

B Z {Jn}neNo)(91 +m, 0y — 61;b)

B0, — 00T (am 3 §)  Dox (=™ @) (50)

Using the well—known result of Srivastava and Tomovski [23], in (50), we are keeping
the desired result (46).
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