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Abstract  

This paper extends our previous research on anisotropic conformal changes 𝐹(𝑥, 𝑦) ↦ 𝐹(𝑥, 𝑦) =
𝑒𝜙(𝑥,𝑦)𝐹(𝑥, 𝑦). The study focuses on the behavior of the Berwald connection, which measures the 

deviation of a Finsler structure from a Riemannian one, and the Chern-Rund connection on conic 

pseudo-Finsler surfaces under this anisotropic conformal transformation, along with the dynamical 

covariant derivative. In particular, we express the Landsberg tensor of the transformed Finsler metric 

𝐹 in terms of the difference between the horizontal coefficients of the Berwald and Chern-Rund 

connections. Consequently, we find the necessary and sufficient conditions under which the 

Landsbergian property is preserved under the anisotropic conformal transformation. Our findings 

shed light on the relationship between anisotropic conformal transformations and the intrinsic 

geometry of Finsler surfaces. Additionally, we provide explicit formulas for the anisotropic 

conformal transformation of the dynamical covariant derivatives in the context of conic pseudo-

Finsler surfaces. 

Keywords: anisotropic conformal change; conic pseudo-Finsler surface; modified Berwald frame; 

dynamical covariant derivative; Berwald connection. 

 

Introduction 

Anisotropic conformal transformations 

generalize classical (isotropic) conformal 

changes by allowing the conformal factor to 

depend not only on the position but also on the 

direction. In the Finsler geometry, this 

transformation takes the form 𝐹(𝑥, 𝑦) ↦

𝐹(𝑥, 𝑦) = 𝑒𝜙(𝑥,𝑦)𝐹(𝑥, 𝑦), where the function 

𝜙(𝑥, 𝑦) encodes the directional anisotropy. This 

anisotropy is important in various physical 

scenarios such as enables richer models of 

describing the universe, new solutions to 

gravitational field equations, light propagation 

https://www.ekb.eg/ar/home#portalMenu
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in anisotropic materials and potential 

explanations for phenomena not addressed by 

isotropic theories [Friedl-Sz´asz et al., 2025; 

Heefer et al., 2023; Hohmann et al., 2020; 

Pfeifer and Wohlfarth, 2012; Savvopoulos and 

Stavrinos, 2023; Voicu et al., 2023; Youssef et 

al., 2024; Youssef et al., 2025b]. 

The anisotropic conformal 

transformation of a conic pseudo-Finsler 

surface has been introduced and thoroughly 

investigated in [Youssef et al., 2024; Youssef et 

al., 2025a; Youssef et al., 2025b]. Unlike 

isotropic conformal changes, anisotropic 

conformal changes do not necessarily yield a 

pseudo-Finsler metric. Consequently, we have 

determined  the necessary and sufficient 

conditions for (𝑀, 𝐹) to remain a conic pseudo-

Finsler surface under such transformations. 

Notably, there exist non-homothetic conformal 

factors 𝜙(𝑥, 𝑦) that preserve the geodesic spray. 

Moreover, it is possible to transform a pseudo-

Finsler metric into a pseudo-Riemannian one, 

and vice versa. These results highlight the 

greater geometric flexibility and significance of 

anisotropic conformal transformations. We 

have further investigated the relationships 

between key geometric objects of 𝐹 and their 

counterparts for 𝐹, including the Berwald, 

Landsberg, and Douglas tensors, as well as the 

𝑇-tensor. In particular, we have determined the 

conditions under which the geodesic spray of a 

two-dimensional pseudo-Berwald metric 𝐹 is 

metrizable by a two-dimensional pseudo-

Riemannian metric 𝐹. Furthermore, we study 

the Cartan connection and derive several 

identities satisfied under the anisotropic 

conformal transformation. 

In Finsler geometry, the Berwald and 

Chern-Rund connections are canonical linear 

connections defined on the pullback bundle or 

the tangent bundle of a Finsler manifold [Miron 

and Anastasiei 2012; YOUSSEF, 2008; 

Youssef et al., 2009 ] The Berwald connection 

generalizes the Levi-Civita connection of 

Riemannian geometry and measures how far a 

Finsler structure departs from being 

Riemannian. A Finsler space is called a 

Berwald space if its Berwald curvature vanishes  

[Antonelli et al., 2013; Bao et al., 2012; 

Bidabad and Tayebi, 2011; Youssef et al., 2010; 

Shen and Shen, 2016; Bucataru and Miron, 

2007]. Both Berwald and Chern connections are 

torsion-free and only slightly fail to be fully 

metric-compatible, an expected feature in the 

Finsler setting. These connections coincide 

when the underlying Finsler structure is 

Landsbergian and when the structure is of 

Berwald type, they reduce to a linear connection 

on the manifold 𝑀 that acts directly on the 

tangent bundle 𝑇𝑀. 

In this paper, we explore specific 

properties of the Berwald connection on conic 

pseudo-Finsler surfaces (𝑀, 𝐹). We express the 

connection coefficients in terms of the modified 

Berwald frame. The transformation of the 

horizontal coefficients under anisotropic 

conformal changes has already been studied in 

our previous work [Youssef et al., 2024]. Here, 

we further examine the dynamical covariant 

derivative and provide an alternative proof that 

the dynamical covariant derivative of the 

modified Berwald frame vanishes. 

Additionally, we analyze how the dynamical 

covariant derivative transforms under 

anisotropic conformal changes. Furthermore, 

we study the Chern-Rund connection, express 

its horizontal coefficients using the modified 

Berwald frame and derive their transformation 

under anisotropic conformal changes. 

It is known that the difference between 

the Berwald and Chern-Rund connections is the 

Landsberg tensor. Therefore, we drive the 

anisotropic conformal transformation of the 

Landsberg tensor. As a result, we determine the 

necessary and sufficient conditions under which 

the Landsbergian property is preserved under 

the anisotropic conformal transformation 

Proposition 4.7. 

 Notation and preliminaries 

Let 𝑀 be a smooth manifold of 

dimension 𝑛. The tangent bundle of 𝑀 is 

denoted by (𝑇𝑀, 𝜋𝑀, 𝑀), where 𝑇𝑀 is the 

disjoint union of all tangent spaces at each point 

of 𝑀, and 𝜋𝑀: 𝑇𝑀 → 𝑀 is the the canonical 

projection onto the base manifold. The slit 

tangent bundle is defined as 𝒯𝑀 = 𝑇𝑀\{0}, 

which is the tangent bundle with the zero 

section removed. A local coordinate system on 

𝑀 is denoted by (𝑥𝑖), which induces local 

coordinates (𝑥𝑖 , 𝑦𝑖) on 𝑇𝑀, where 𝑥𝑖 are 

coordinates on the base and 𝑦𝑖 are the 

components of tangent vectors in each fiber. 

A smooth function 𝑓 ∈ 𝐶∞(𝒯𝑀) is 

considered to be positively homogeneous of 

degree 𝑟 in the fiber coordinates 𝑦, denoted 

𝑓 ∈ ℎ(𝑟), if it satisfies 
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 𝑓(𝑥, 𝜆𝑦) = 𝜆𝑟𝑓(𝑥, 𝑦),    ∀ 𝜆 > 0. 
A conic sub-bundle of 𝑇𝑀 is a non-empty open 

subset 𝒜 ⊆ 𝒯𝑀 such that 𝜋𝑀(𝒜) = 𝑀 and 𝒜 

is invariant under positive scaling of the fiber 

coordinates; that is, for any (𝑥, 𝑦) ∈ 𝒜 and any 

𝜆 > 0, one has (𝑥, 𝜆𝑦) ∈ 𝒜. 

Definition 2.1  A conic pseudo-Finsler 

metric on 𝑀 is a smooth function 𝐹: 𝒜 → ℝ, 

with 𝐹 ∈ ℎ(1), defined on a conic sub-bundle 

𝒜 ⊆ 𝒯𝑀. For each point (𝑥, 𝑦) ∈ 𝒜, the 

Hessian matrix  

𝑔𝑖𝑗(𝑥, 𝑦): =
1

2
�̇�𝑖�̇�𝑗𝐹2(𝑥, 𝑦),

where   �̇�𝑖: =
𝜕

𝜕𝑦𝑖
, 

must be nondegenerate. The pair (𝑀, 𝐹) is 

called a conic pseudo-Finsler manifold.  

In terms of the Finsler metric 𝐹, there 

exists a unique nonlinear Cartan (Ehresmann) 

connection in the conic sub-bundle 𝒜 ⊂ 𝑇𝑀 

with coefficients determined by  

 𝐺𝑖
𝑗

=
1

4
�̇�𝑖[𝑔𝑗𝑘(𝑦𝑚𝜕𝑚�̇�𝑘𝐹2 − 𝜕𝑘𝐹2)]. 

This nonlinear connection defines the 

horizontal derivatives 𝛿𝑖: = 𝜕𝑖 − 𝐺𝑖
𝑗
�̇�𝑗. The 

coefficients of the geodesic spray coefficients 

of 𝐹 can be expressed as  

 𝐺𝑖 =
1

4
𝑔𝑖𝑘(𝑦𝑚𝜕𝑚�̇�𝑘𝐹2 − 𝜕𝑘𝐹2). 

It is evident that 𝐺𝑖 are smooth and positively 

homogeneous of degree 2 in 𝒜; furthermore, 

the geodesic spray can be defined globally on 

𝒯𝑀 as 𝑆 = 𝑦𝑖𝜕𝑖 − 2𝐺𝑖�̇�𝑖. 
We are concerned with a two-

dimensional Finsler space (𝑀, 𝐹) with 

coordinates 𝑥 = (𝑥𝑖), 𝑦 = (𝑦𝑖), where 𝑖 = 1,2. 

Then we have  

ℓ𝑖 =
1

𝐹
𝑦𝑖,    ℓ𝑖 = �̇�𝑖𝐹,        ℎ𝑖𝑗 = 𝐹�̇�𝑖�̇�𝑗𝐹, 

    𝑔𝑖𝑗 = ℓ𝑖ℓ𝑗 + ℎ𝑖𝑗 . (2.1) 

 The angular metric tensor ℎ𝑖𝑗 of an 𝑛-

dimensional Finsler space has the matrix (ℎ𝑖𝑗) 

of rank 𝑛 − 1. In a two-dimensional space, the 

angular metric has a matrix of rank one and we 

have  

det(ℎ𝑖𝑗) = ℎ11ℎ22 − (ℎ12)2 = 0. (2.2) 

 If ℎ11 = ℎ22 = 0 , then (2.2) implies ℎ12 = 0, 

leading to a contradiction ℎ𝑖𝑗 = 0. Therefore, 

we assume ℎ𝑖𝑗 ≠ 0 and choose the sign 𝜀 = ±1 

for ℎ11. We find that 𝜀ℎ11 = (𝑚1)2 uniquely 

determines a non-zero 𝑚1 up to the sign of ℎ11. 

Subsequently, 𝜀ℎ12 = 𝑚1𝑚2 determines 𝑚2, 

and (2.2) gives 𝜀ℎ22 = (𝑚2)2. Consequently, 

we have (𝑚1, 𝑚2) and the sign 𝜀, satisfying  

ℎ𝑖𝑗 = 𝜀𝑚𝑖𝑚𝑗. (2.3) 

 

Henceforward, we work in a two-

dimensional conic pseudo-Finsler space 

equipped with a modified Berwald frame 

(ℓ𝑖, 𝑚𝑖). The components 𝑔𝑖𝑗 of the metric 

tensor are given by 

𝑔𝑖𝑗 = ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗 (2.4) 

 and its inverse as  

𝑔𝑖𝑗 = ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗. (2.5) 

 Consequently, the Kronecker delta takes the 

form  

𝛿𝑗
𝑖 = ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗, (2.6) 

 where 𝜀 is called the signature of 𝐹. The two 

vector fields ℓ = (ℓ1, ℓ2) and 𝑚 = (𝑚1, 𝑚2) 

have been chosen in such a way that they satisfy  

𝑔(ℓ, ℓ) = 1,    𝑔(ℓ, 𝑚) = 0,    𝑔(𝑚, 𝑚) = 𝜀. 
The main scalar ℐ(𝑥, 𝑦) is a ℎ(0)-smooth 

function that is derived from the Cartan tensor 

[Antonelli et al., 2013] and defined by  

𝐹𝐶𝑖𝑗𝑘 = ℐ𝑚𝑖𝑚𝑗𝑚𝑘 . (2.7) 

 For a smooth function 𝑓 ∈ 𝐶∞(𝒯𝑀), the 

vertical and horizontal scalar derivatives 

(𝑓;1, 𝑓;2) and (𝑓,1, 𝑓,2) in a Finsler surface (𝑀, 𝐹) 

are given by  

𝐹�̇�𝑖𝑓 = 𝑓;1ℓ𝑖 + 𝑓;2𝑚𝑖,

 𝛿𝑖𝑓 = 𝑓,1ℓ𝑖 + 𝑓,2𝑚𝑖
} (2.8) 

 where  

𝑓;1 = 𝑦𝑖�̇�𝑖𝑓, 𝑓;2 = 𝜀𝐹(�̇�𝑖𝑓)𝑚𝑖, 

𝑓,1 = (𝛿𝑖𝑓)ℓ𝑖, 𝑓,2 = 𝜀(𝛿𝑖𝑓)𝑚𝑖. 
 In particular, if 𝑓 is ℎ(𝑟), then 𝑓;1 = 𝑟𝑓. 

Lemma 2.2 [Matsumoto, 2003] Let 

(𝑀, 𝐹) be a conic pseudo-Finsler surface 

equipped with modified Berwlad frames. Then, 

we have the following:   

(i) ℓ𝑖𝑚𝑖 = ℓ𝑖𝑚𝑖 = 0,  𝑚𝑖𝑚𝑖 = 𝜀,  
ℓ𝑖ℓ𝑖 = 1,  

(ii) 𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗 = ℎ𝑖𝑗 ,     

𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗,  

(iii) 𝐹�̇�𝑗𝑚𝑖 = −(ℓ𝑖 − 𝜀ℐ𝑚𝑖)𝑚𝑗, 

𝐹�̇�𝑗𝑚𝑖 = −(ℓ𝑖 + 𝜀ℐ𝑚𝑖)𝑚𝑗. 

Definition 2.3 [Youssef et al., 2024] An 

anisotropic conformal change of a conic 

pseudo-Finsler metric 𝐹 is defined by  

𝐹 ⟼ 𝐹(𝑥, 𝑦) = 𝑒𝜙(𝑥,𝑦)𝐹(𝑥, 𝑦), (2.9) 

 where the conformal factor 𝜙(𝑥, 𝑦) is a smooth 

ℎ(0)-function on 𝒜. Under this transformation, 

the following condition holds:  

𝐹2(�̇�𝑖�̇�𝑗𝜙 + (�̇�𝑖𝜙)(�̇�𝑗𝜙))𝑚𝑖𝑚𝑗 + 𝜀

= 𝜎 − (𝜙;2)2 + 𝜀 ≠ 0, 

 with 𝜎 = 𝜙;2;2 + 𝜀ℐ𝜙;2 + 2(𝜙;2)2. 



In 
Pres

s
Berwald and Chern Connections under Anisotropic… Scientific Journal for Damietta Faculty of Science 15(2) 2025, 1-10 

4 

In this case, we say that 𝐹 is 

anisotropically conformally changed to 𝐹. The 

transformation (2.9) is called proper if the 

conformal factor 𝜙(𝑥, 𝑦) is neither isotropic nor 

homothetic, i.e., 𝜙;2 ≠ 0.  

Now, we define the v-scalar derivatives 

(𝑓; 𝑎, 𝑓; 𝑏) and h-scalar derivatives (𝑓,𝑎, 𝑓,𝑏) in 

(𝑀, 𝐹) for 𝑓 by:  

𝐹�̇�𝑖𝑓 = 𝑓; 𝑎ℓ𝑖 + 𝑓; 𝑏𝑚𝑖,     

  𝛿𝑖𝑓 = 𝑓,𝑎ℓ𝑖 + 𝑓,𝑏𝑚𝑖, 
 where  

𝑓; 𝑎 = 𝑦𝑖�̇�𝑖𝑓,   𝑓; 𝑏 = 𝜀𝐹(�̇�𝑖𝑓)𝑚
𝑖
,  

 𝑓,𝑎 = (𝛿𝑖𝑓)ℓ
𝑖
,   𝑓,𝑏 = 𝜀(𝛿𝑖𝑓)𝑚

𝑖
. 

 In [Youssef et al., 2024], we studied the 

anisotropic conformal change of a conic 

pseudo-Finsler surface (𝑀, 𝐹) equipped with a 

modified Berwald frame and determined how 

this change affects the components of the 

Berwald frame (ℓ, 𝑚) of 𝐹, that is,  

ℓ𝑖 = 𝑒𝜙 [ℓ𝑖 + 𝜙;2  𝑚𝑖],        ℓ
𝑖

= 𝑒−𝜙 ℓ𝑖, (2.10) 

𝑚𝑖 = 𝑒𝜙 √
𝜀

𝜌
 𝑚𝑖,                        

𝑚
𝑖

= 𝑒−𝜙 √𝜀𝜌 [𝑚𝑖 − 𝜀𝜙;2ℓ𝑖].

}   (2.11) 

𝜌 =
1

𝜎+𝜀−(𝜙;2)2  (2.12) 

Furthermore, the anisotropic conformal 

change of the geodesic spray coefficients, 

geodesic spray, Barthel connection coefficients 

and Berwald connection coefficients are given, 

respectively, by  

𝐺
𝑖

= 𝐺𝑖 + 𝑄 𝑚𝑖 + 𝑃ℓ𝑖, (2.13) 

𝑆 = 𝑆 − 2(𝑄 𝑚𝑖 + 𝑃ℓ𝑖)�̇�𝑖 , (2.14) 

𝐺𝑗

𝑖
= 𝐺𝑗

𝑖 +
1

𝐹
{2𝑃ℓ𝑖ℓ𝑗 + (𝑃;2 − 𝑄)ℓ𝑖𝑚𝑗 

+2𝑄ℓ𝑗𝑚𝑖 + (𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)𝑚𝑖𝑚𝑗},                          

 (2.15) 

𝐺𝑗𝑘

𝑖
= 𝐺𝑗𝑘

𝑖 +
1

𝐹2
[(2𝑃ℓ𝑖 + 2𝑄𝑚𝑖)ℓ𝑗ℓ𝑘 

+{(𝑃;2 − 𝑄)ℓ𝑖 + (𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)𝑚𝑖} 

         (ℓ𝑗𝑚𝑘 + ℓ𝑘𝑚𝑗) + {(𝜀𝑃 + 𝑃;2;2 − 2𝑄;2 

+𝜀ℐ𝑃;2)ℓ𝑖 + (2𝜀𝑃;2 + 𝜀𝑄 + 𝑄;2;2 

−𝜀ℐ;2𝑄 − 𝜀ℐ𝑄;2)𝑚𝑖}𝑚𝑗𝑚𝑘], (2.16) 

where  

2𝑄 = 𝜀𝜌𝐹2(𝜙;2𝜙,1 + 𝜙,1;2 − 2𝜙,2), (2.17) 

2𝑃 = −𝜌𝐹2𝜙;2(𝜙;2𝜙,1 + 𝜙,1;2 − 2𝜙,2) 

+𝐹2𝜙,1,  (2.18) 

2𝜀𝜙;2𝑄 + 2𝑃 = 𝐹2𝜙,1. (2.19) 

Also, we have the following identities [Youssef 

et al., 2025a]:  

𝜙;2

2𝜌
(𝐹2𝜌,1 − 2𝜀𝜌;2𝑄) = 𝑃;2 + 2𝜀𝜙;2;2𝑄 

−𝐹2𝜙;2,1 + 𝑄, (2.20) 
𝜙;2

2𝜌
(𝐹2𝜌,1 − 2𝜀𝜌;2𝑄) = −𝑃;2 − 2𝜀𝜙;2𝑄;2 +

𝐹2𝜙,2 + 𝑄.  (2.21) 
1

2𝜌
(𝐹2𝜌,1 − 2𝜀𝜌;2𝑄) = 𝑃 − 𝜀𝑄;2 − ℐ𝑄.  (2.22) 

𝜙;2𝑃 + 𝑃;2 + 𝜀𝜙;2𝑄;2 − ℐ𝜙;2𝑄 

−𝐹2𝜙,2 − 𝑄 = 0. (2.23) 

Berwald connection and dynamical 

covariant derivative 

Definition 3.1 [Antonelli et al., 2013] For a 

conic pseudo-Finsler surface (𝑀, 𝐹) there 

exists a unique linear connection ℬ𝛤 =

(𝐺𝑗𝑘
𝑖 , 𝐺𝑗

𝑖, 0), that satisfies the following:   

B1:  𝑦|𝑗
𝑖 = 0 i.e. 𝐺𝑗

𝑖 = 𝐺𝑗𝑘
𝑖 𝑦𝑘,  

B2:  ℬΓ is h-metric: 𝐹|𝑖 = 0,  

B3:  ℬΓ is h-symmetric: 𝑇𝑗𝑘
𝑖 = 0, i.e. 𝐺𝑗𝑘

𝑖 =

𝐺𝑘𝑗
𝑖 ,  

B4:  the (𝑣)ℎ𝑣-torsion tensor: 𝑃𝑗𝑘
𝑖 = 0, i.e. 

�̇�𝑘𝐺𝑗
𝑖 = 𝐺𝑗𝑘

𝑖 ,  

B5:  (h) hv-torsion vanishes, i.e. 𝐶𝑗𝑘
𝑖 = 0.  

This connection ℬΓ = (𝐺𝑗𝑘
𝑖 , 𝐺𝑗

𝑖, 0), is called 

Berwald connection. The horizontal and 

vertical covariant derivatives of 𝑋𝑗
𝑖 with respect 

to Berwald connection are given respectively 

by:  

∇𝛿𝑘

𝐵 𝑋𝑗
𝑖 = 𝑋𝑗|𝑘

𝑖 : = 𝛿𝑘𝑋𝑗
𝑖 + 𝑋𝑗

𝑟𝐺𝑟𝑘
𝑖 − 𝑋𝑟

𝑖 𝐺𝑗𝑘
𝑟 , 

∇
�̇�𝑘

𝐵 𝑋𝑗
𝑖 = 𝑋𝑗

𝑖|𝑘: = �̇�𝑘𝑋𝑗
𝑖. 

 

Proposition 3.2  Let (𝑀, 𝐹) be a pseudo-

Finsler surface. Then, for the Berwald 

connection ℬ𝛤 = (𝐺𝑗𝑘
𝑖 , 𝐺𝑗

𝑖, 0), the following 

relations hold:   

(i) ℓ|𝑗
𝑖 = 0,    ℓ𝑖|𝑗 = 0,    𝑚|𝑗

𝑖 =

𝜀ℐ,1𝑚𝑖𝑚𝑗,    𝑚𝑖|𝑗 = −𝜀ℐ,1𝑚𝑖𝑚𝑗,  

(ii) 𝐹𝑚𝑖|𝑗 = −ℓ𝑖𝑚𝑗 − 𝜀ℐ𝑚𝑖𝑚𝑗,    𝐹𝑚𝑖|𝑗 =

−ℓ𝑖𝑚𝑗 + 𝜀ℐ𝑚𝑖𝑚𝑗,  

(iii) 𝐹ℓ𝑖|𝑗 = 𝜀𝑚𝑖𝑚𝑗,    𝐹ℓ𝑖|𝑗 = 𝜀𝑚𝑖𝑚𝑗,  

(iv) (ℓ𝑖𝑚𝑗 + ℓ𝑗𝑚𝑖)|𝑘 = −𝜀ℐ,1(ℓ𝑖𝑚𝑗 +

ℓ𝑗𝑚𝑖)𝑚𝑘 .  

(v) 𝐺𝑗
𝑖 = −𝐹𝛿𝑗ℓ𝑖.   

Proof.  

(i) Since 𝑦𝑖 = 𝐹ℓ𝑖, take the horizontal 

covariant derivative of both sides and using 

B1 and B2, we obtain ℓ|𝑗
𝑖 = 0. The Berwald 
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connection is not h-metrical, then  

𝑔𝑖𝑗|𝑘 = −2ℐ,1𝑚𝑖𝑚𝑗𝑚𝑘 (3.1) 

Moreover, since ℓ𝑖 = 𝑔𝑖𝑗ℓ𝑗, then from (3.1) 

and Lemma 2.2 (i) along with ℓ|𝑗
𝑖 = 0, we 

have  

ℓ𝑖|𝑟 = 𝑔𝑖𝑗|𝑟ℓ𝑗 + 𝑔𝑖𝑗ℓ|𝑟
𝑗

 

= −2ℐ,1𝑚𝑖𝑚𝑗𝑚𝑟ℓ𝑗 = 0. 

Next, differentiating ℓ𝑖𝑚𝑖 = 0 and 

𝑔𝑖𝑗𝑚𝑖𝑚𝑗 = 𝜀 horizontally, leads to ℓ𝑖𝑚|𝑗
𝑖 =

0 and 𝑚𝑖𝑚|𝑗
𝑖 = ℐ,1𝑚𝑗. Thus we get  

𝑚|𝑗
𝑖 = 𝜀ℐ,1𝑚𝑖𝑚𝑗. 

From 𝑚𝑖 = 𝑔𝑖𝑟𝑚𝑟 and (3.1), we get  

𝑚𝑖|𝑗 = 𝑔𝑖𝑟|𝑗𝑚𝑟 + 𝑔𝑖𝑟𝑚|𝑗
𝑟  

= −2ℐ,1𝑚𝑖𝑚𝑟𝑚𝑗𝑚𝑟 + 𝜀ℐ,1𝑔𝑖𝑟𝑚𝑟𝑚𝑗 

= −𝜀ℐ,1𝑚𝑖𝑚𝑗. 

Consequently, we obtain  

ℓ|𝑗
𝑖 = 0,        ℓ𝑖|𝑗 = 0, 

𝑚|𝑗
𝑖 = 𝜀ℐ,1𝑚𝑖𝑚𝑗,        𝑚𝑖|𝑗 = −𝜀ℐ,1𝑚𝑖𝑚𝑗. 

(ii) From Lemma 2.2 (iii) and the vertical 

covariant derivative of ℬΓ, we obtain  

𝐹𝑚𝑖|𝑗 = 𝐹�̇�𝑗𝑚𝑖 = −ℓ𝑖𝑚𝑗 − 𝜀ℐ𝑚𝑖𝑚𝑗. 

𝐹𝑚𝑖|𝑗 = 𝐹�̇�𝑗𝑚𝑖 = −ℓ𝑖𝑚𝑗 + 𝜀ℐ𝑚𝑖𝑚𝑗. 
(iii) Similarly to (ii), from Lemma 2.2 (i) and the 

vertical covariant derivative of ℬΓ, we have  

𝐹ℓ𝑖|𝑗 = 𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗. 

𝐹ℓ𝑖|𝑗 = 𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗 . 
(iv) Follows directly from (i).  

(v) From (i), we have , then  

ℓ|𝑗
𝑖 = 0,        so        𝛿𝑗ℓ𝑖 + ℓ𝑘𝐺𝑗𝑘

𝑖 = 0. 

By B1,  

0 = 𝐹𝛿𝑗ℓ𝑖 + 𝑦𝑘𝐺𝑗𝑘
𝑖 = 𝐹𝛿𝑗ℓ𝑖 + 𝐺𝑗

𝑖. 

Therefore,  

𝐺𝑗
𝑖 = −𝐹𝛿𝑗ℓ𝑖. 

Definition 3.3 A nonlinear connection induces 

a dynamical covariant derivative ∇𝐷 that acts 

on functions 𝑓 ∈ 𝐶∞(𝒜) and Finsler vector 

fields 𝑋 ∈ 𝛤(𝜋∗𝑇𝑀) as follows:  

∇𝐷𝑓 = 𝑦𝑖𝛿𝑖𝑓 = 𝑆(𝑓), (3.2) 

∇𝐷𝑋 = (∇𝑋𝑖)𝜕𝑖,    ∇𝑋𝑖 = 𝑦𝑗𝛿𝑗𝑋𝑖 + 𝐺𝑗
𝑖𝑋𝑗 , (3.3) 

 where 𝑋 = 𝑋𝑖𝜕𝑖 in local coordinates. This 

definition allows ∇𝐷 to map functions and 

Finsler vector fields to their corresponding 

counterparts.  

Let 𝑇𝑠1𝑠2…𝑠𝑞

𝑟1𝑟2…𝑟𝑝 (𝑥, 𝑦) be the components 

of an (𝑝, 𝑞)-d-tensor field 𝑇. Then the 

dynamical covariant derivative ∇𝐷 maps 𝑇 to a 

tensor field with components: 

 

 

∇𝐷𝑇𝑠1𝑠2…𝑠𝑞

𝑟1𝑟2…𝑟𝑝 = 𝑦𝑘𝛿𝑘𝑇𝑠1𝑠2…𝑠𝑞

𝑟1𝑟2…𝑟𝑝 + 𝐺𝑚
𝑟1𝑇𝑠1𝑠2…𝑠𝑞

𝑚𝑟2…𝑟𝑝| 

+ ⋯ + 𝐺𝑚

𝑟𝑝𝑇𝑠1𝑠2…𝑠𝑞

𝑟1𝑟2…𝑚
 

−𝐺𝑠1
𝑚𝑇𝑚𝑠2…𝑠𝑞

𝑟1𝑟2…𝑟𝑝 − ⋯ − 𝐺𝑠𝑞
𝑚𝑇𝑠1𝑠2…𝑚

𝑟1𝑟2…𝑟𝑝 . (3.4) 

A scalar function with vanishing dynamical 

covariant derivative is constant along 

geodesics, and therefore is a first integral of the 

geodesic spray 𝑆.  
Lemma 3.4 In Finsler surfaces, a scalar 

function 𝑓 ∈ 𝐶∞(𝒜) is constant along the 

geodesic, that is, it is a first integral of the 

geodesic spray if and only if 𝑓,1 = 0. 
Proof. A function 𝑓 is constant along geodesics 

if its total derivative along the spray vector field 

vanishes:  
𝑑𝑓

𝑑𝑡
= ∇𝐷𝑓 = 𝑆(𝑓) = 0. 

From (2.8), we have  

0 = 𝑦𝑖𝛿𝑖𝑓 = 𝑦𝑖(𝑓,1ℓ𝑖 + 𝑓,2𝑚𝑖). 
The conclusion follows from Lemma 2.2 (i), 

which implies that this holds if and only if 

 𝑓,1 = 0.  

Lemma 3.5  The dynamical covariant 

derivative ∇𝐷, the Berwald connection ∇𝐵 are 

related by  

𝑦𝑘∇𝛿𝑘

𝐵 = ∇𝐷. 

 

We present an alternative proof of the 

well-known result that the dynamical covariant 

derivative of the Berwald frame of a conic 

pseudo-Finsler surface vanishes  [Bucataru and 

Miron, 2007]. 

Lemma 3.6 Let (𝑀, 𝑓) be a conic pseudo-

Finsler surface equipped with a Berwald frame 

(ℓ, 𝑚). Then the dynamical covariant 

derivatives of (ℓ, 𝑚) vanish.  

Proof. From Proposition 3.2 (i), we have  

ℓ|𝑗
𝑖 = 0,        ℓ𝑖|𝑗 = 0,  

 𝑚|𝑗
𝑖 = 𝜀ℐ,1𝑚𝑖𝑚𝑗,        𝑚𝑖|𝑗 = −𝜀ℐ,1𝑚𝑖𝑚𝑗 

 Along with Lemma 3.5, we get  

∇𝐷ℓ𝑖 = 𝑦𝑗ℓ|𝑗
𝑖 = 0, 

∇𝐷ℓ𝑖 = 𝑦𝑗ℓ𝑖|𝑗 = 0,  

∇𝐷 𝑚𝑖 = 𝑦𝑗𝑚|𝑗
𝑖 = 𝜀𝐹ℐ,1𝑚𝑖𝑚𝑗ℓ𝑗 = 0, 

∇𝐷 𝑚𝑖 = 𝑦𝑗𝑚𝑖|𝑗 = −𝜀𝐹ℐ,1𝑚𝑖𝑚𝑗ℓ𝑗 = 0. 

 Hence, the dynamical covariant derivative of 

the Berwald frame vanishes.  

 

Under the anisotropic conformal 

transformation 𝐹 ⟶ 𝐹 = 𝑒𝜙𝐹, we define the 

dynamical covariant derivatives in (𝑀, 𝐹) as  

∇𝐷𝑓 = 𝑦𝑖 𝛿𝑖𝑓 = 𝑆(𝑓), (3.5) 
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∇𝐷𝑋𝑗
𝑖 = 𝑦𝑘  𝛿𝑘𝑋𝑗

𝑖 + 𝐺𝑘

𝑖
𝑋𝑗

𝑘 − 𝐺𝑗

𝑘
𝑋𝑘

𝑖 , (3.6) 

 where 𝑆 and 𝐺𝑗

𝑖
 are given by equations (2.14) 

and (2.15), respectively, and the horizontal 

derivative 𝛿𝑗 is defined by  

𝐹𝛿𝑗 = 𝐹𝛿𝑗 − (2𝑃ℓ𝑖ℓ𝑗 + (𝑃;2 − 𝑄)ℓ𝑖𝑚𝑗 +

2𝑄ℓ𝑗𝑚𝑖 + (𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)𝑚𝑖𝑚𝑗)�̇�𝑖. (3.7) 

Proposition 3.7 Let the conic pseudo-Finsler 

metric 𝐹 be anisotropically conformal to 𝐹 =

𝑒𝜙𝐹. Then we have:  

∇𝐷𝑓 = ∇𝐷𝑓 −
2

𝐹
(𝑓;1𝑃 + 𝜀𝑓;2𝑄). (3.8) 

∇𝐷𝑋𝑖 = ∇𝐷𝑋𝑖 +
1

𝐹
[(−2𝑃 𝐴;1 − 2𝜀𝑄 𝐴;2 

+𝜀𝑄𝐵 + 2𝑃 𝐴 + 𝜀𝑃;2𝐵)ℓ𝑖 

+(−2𝑃 𝐵;2 − 2𝜀𝑄 𝐵;2 + 𝑃𝐵 + 𝜀𝑄;2𝐵 

 + 𝑄ℐ𝐵)𝑚𝑖]. (3.9) 

Proof. Firstly, from (3.5), (2.14) and (2.8) for a 

scalar function 𝑓 ∈ 𝐶∞(𝑀), we have  

∇𝐷𝑓 = (𝑆 − 2(𝑃 ℓ𝑖 + 𝑄 𝑚𝑖)�̇�𝑖)(𝑓) 

= 𝑆(𝑓) − 2(𝑃 ℓ𝑖 + 𝑄 𝑚𝑖)(𝑓;1ℓ𝑖 + 𝑓;2𝑚𝑖) 

 By using Lemma 2.2 (i), we obtain  

∇𝐷𝑓 = ∇𝐷𝑓 −
2

𝐹
(𝑓;1𝑃 + 𝜀𝑓;2𝑄) 

Secondly, on a Finsler surface, any tangent 

vector can be expressed in the form  

𝑋𝑖 = 𝐴(𝑥, 𝑦)ℓ𝑖 + 𝐵(𝑥, 𝑦)𝑚𝑖,    with  
  𝐴, 𝐵 ∈ 𝐶∞(𝑇𝑀). 
Consequently, From (2.8) and Lemma 2.2 (ii) 

and (iii), we get  

𝐹�̇�𝑗𝑋𝑖 = 𝐹�̇�𝑗(𝐴 ℓ𝑖 + 𝐵 𝑚𝑖) 

= 𝐴;1ℓ𝑖ℓ𝑗 + (𝐴;2 − 𝐵)ℓ𝑖𝑚𝑗 + 𝐵;1𝑚𝑖ℓ𝑗 +

(𝐵;2 + 𝜀𝐴 − 𝜀ℐ𝐵)𝑚𝑖𝑚𝑗. (3.10) 

 According to (3.6), we get  

∇𝐷𝑋𝑖 = 𝑦𝑘  𝛿𝑘𝑋𝑖 + 𝐺𝑘

𝑖
𝑋𝑘 = 𝑆(𝑋𝑖) + 𝐺𝑘

𝑖
𝑋𝑘 

         = 𝑆(𝑋𝑖) − 2(𝑃 ℓ𝑗 + 𝑄 𝑚𝑗) �̇�𝑗(𝑋𝑖  

+𝐺𝑘
𝑖 𝑋𝑘 +

1

𝐹
(2𝑃ℓ𝑖ℓ𝑘 + (𝑃;2 

−𝑄)ℓ𝑖𝑚𝑘 + 2𝑄ℓ𝑘𝑚𝑖 + (𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄)𝑚𝑖𝑚𝑘)(𝐴 ℓ𝑘 + 𝐵 𝑚𝑘) 
 From (3.10) and Lemma 2.2 (i), we obtain  

∇𝐷𝑋𝑖 = ∇𝐷𝑋𝑖 +
1

𝐹
[(−2𝑃 𝐴;1 − 2𝜀𝑄 𝐴;2 

+𝜀𝑄𝐵 + 2𝑃 𝐴 + 𝜀𝑃;2𝐵)ℓ𝑖 
+(−2𝑃 𝐵;2 − 2𝜀𝑄 𝐵;2 + 𝑃𝐵 + 𝜀𝑄;2𝐵 

+𝑄ℐ𝐵)𝑚𝑖]. 

Chern-Rund connection and anisotropic 

change 

Definition 4.1 [Antonelli et al., 2013] For a 

conic pseudo-Finsler surface (𝑀, 𝐹) there 

exists a unique linear connection ℛ𝛤 =

(𝛤
⋆

𝑗𝑘
 𝑖, 𝐺𝑗

𝑖, 0), that satisfies the following:   

R1:  𝑦
|
⋆
𝑗

𝑖 = 0, i.e. 𝐺𝑗
𝑖 = Γ

⋆

𝑗𝑘
 𝑖 𝑦𝑘 ,,  

R2:  ℛΓ is ℎ-metric: 𝑔
𝑖𝑗|

⋆
𝑘

= 0,  

R3:  ℛΓ is ℎ-symmetric: 𝑇𝑗𝑘
𝑖 = 0, i.e. Γ

⋆

𝑗𝑘
 𝑖 = Γ

⋆

𝑘𝑗
 𝑖 ,  

R4:  (h) hv-torsion vanishes, i.e. 𝐶𝑗𝑘
 𝑖 = 0,  

 This linear connection is called Chern 

(Rund) connection. The geometric objects 

associated with Chern connection will be 

marked by a star. 

The horizontal and vertical covariant 

derivatives of 𝑋𝑗
𝑖 w.r.t. Chern connection are 

given respectively by: 

𝑋
𝑗|

⋆
𝑘

𝑖 : = 𝛿𝑘𝑋𝑗
𝑖 + 𝑋𝑗

𝑟Γ
⋆

𝑟𝑘
 𝑖 − 𝑋𝑟

𝑖 Γ
⋆

𝑗𝑘
 𝑟,    𝑋𝑗

𝑖 |
⋆

𝑘: = �̇�𝑘𝑋𝑗
𝑖. 

Lemma 4.2  Let (𝑀, 𝐹) be a conic pseudo-

Finsler surface. Then the modified Berwald 

frame satisfies  

ℓ𝑖 (𝛿𝑘ℓ𝑗) + 𝜀 𝑚𝑖(𝛿𝑘𝑚𝑗)

= −ℓ𝑗(𝛿𝑘ℓ𝑖) − 𝜀 𝑚𝑗(𝛿𝑘𝑚𝑖) 

Proof. Since we have  

𝛿𝑗
𝑖 = ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗. 

taking the horizontal derivative yields  

0 = 𝛿𝑘(𝛿𝑗
𝑖) = 𝛿𝑘(ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗) 

= ℓ𝑗(𝛿𝑘ℓ𝑖) + ℓ𝑖 (𝛿𝑘ℓ𝑗) + 𝜀 𝑚𝑗(𝛿𝑘𝑚𝑖)

+ 𝜀 𝑚𝑖(𝛿𝑘𝑚𝑗) 

Consequently, we have  

ℓ𝑖 (𝛿𝑘ℓ𝑗) + 𝜀 𝑚𝑖(𝛿𝑘𝑚𝑗)

= −ℓ𝑗(𝛿𝑘ℓ𝑖) − 𝜀 𝑚𝑗(𝛿𝑘𝑚𝑖) 

Proposition 4.3  Let (𝑀, 𝐹) be a pseudo-

Finsler surface. Then, for the Chern-Rund 

connection ℛ𝛤 = (𝛤
⋆

𝑗𝑘
 𝑖, 𝐺𝑗

𝑖, 0), the following 

relations hold:   

(i) ℓ
 𝑗
⋆

𝑖 = 0,   ℓ
𝑖 |

⋆
𝑗

= 0, 𝑚
 |
⋆
𝑗

𝑖 = 0, 𝑚
𝑖 |

⋆
𝑗

= 0,  

(ii) 𝐹𝑚𝑖|
⋆

𝑗 = −ℓ𝑖𝑚𝑗 − 𝜀ℐ𝑚𝑖𝑚𝑗, 

𝐹𝑚𝑖|
⋆

𝑗 = −ℓ𝑖𝑚𝑗 + 𝜀ℐ𝑚𝑖𝑚𝑗,  

(iii) 𝐹ℓ𝑖|
⋆

𝑗 = 𝜀𝑚𝑖𝑚𝑗,    𝐹ℓ𝑖 |
⋆

𝑗 = 𝜀𝑚𝑖𝑚𝑗,  

(iv) 𝐹 (ℓ𝑖𝑚𝑗 − ℓ𝑗𝑚𝑖)|
⋆

𝑘 = 𝜀 ℐ(ℓ𝑖𝑚𝑗 −

ℓ𝑗𝑚𝑖)𝑚𝑘 .  

(v) Γ
⋆

𝑘𝑗
 𝑖 = ℓ𝑖𝛿𝑘ℓ𝑗 + 𝜀𝑚𝑖𝛿𝑘𝑚𝑗.  

Proof.  

(i) Since the Finsler metric satisfies  

𝐹2 = 𝑔𝑖𝑗𝑦𝑖𝑦𝑗, it follows from R1 and R2 

that  
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𝐹
 |
⋆
𝑖

= 0. (4.1) 

 Since 𝑦𝑖 = 𝐹 ℓ𝑖, differentiating 

horizontally gives  

0 = 𝑦
 |
⋆
𝑗

𝑖 = 𝐹
 |
⋆
𝑗
ℓ𝑖 + 𝐹 ℓ

 |
⋆
𝑗

𝑖 . 

By (4.1), we have ℓ
 |
⋆
𝑗

𝑖 = 0. 

Next, taking the horizontal covariant 

derivative of the covector ℓ𝑖 = 𝑔𝑖𝑗ℓ𝑗, we 

obtain  

ℓ
𝑖 |

⋆
𝑟

= 𝑔
𝑖𝑗 |

⋆
𝑟

 ℓ𝑗 + 𝑔𝑖𝑗  ℓ
 |
⋆
𝑟

𝑗
. 

By R2 and ℓ
|
⋆
𝑟

𝑗
= 0, we have ℓ

𝑖 |
⋆
𝑟

= 0. 

Moreover, differentiating ℓ𝑖𝑚𝑖 = 0 and 

𝑔𝑖𝑗𝑚𝑖𝑚𝑗 = 𝜀 horizontally, we get ℓ𝑖𝑚
 |
⋆
𝑗

𝑖 =

0  and 𝑚𝑖𝑚
 |
⋆
𝑗

𝑖 = 0. Thus we get 𝑚
 |
⋆
𝑗

𝑖 = 0. 

Finally, from 𝑚𝑖 = 𝑔𝑖𝑟𝑚𝑟 and R2, we get 

𝑚
𝑖 |

⋆
𝑗

= 𝑔
𝑖𝑟 |

⋆
𝑗
𝑚𝑟 + 𝑔𝑖𝑟𝑚

 |
⋆
𝑗

𝑟 = 0, where 

𝑚
 |
⋆
𝑗

𝑖 = 0.  

(ii) From Lemma 2.2 (iii) and the vertical 

covariant derivative of ℛΓ, we obtain  

𝐹𝑚𝑖|
⋆

𝑗 = 𝐹�̇�𝑗𝑚𝑖 = −ℓ𝑖𝑚𝑗 − 𝜀ℐ𝑚𝑖𝑚𝑗. 

𝐹𝑚𝑖|
⋆

𝑗 = 𝐹�̇�𝑗𝑚𝑖 = −ℓ𝑖𝑚𝑗 + 𝜀ℐ𝑚𝑖𝑚𝑗. 
(iii) Similarly to (ii), from Lemma 2.2 (i) and 

the vertical covariant derivative of ℛΓ, we 

have  

𝐹ℓ𝑖|
⋆

𝑗 = 𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗. 

𝐹ℓ𝑖|
⋆

𝑗 = 𝐹�̇�𝑗ℓ𝑖 = 𝜀𝑚𝑖𝑚𝑗. 
(iv) Follows directly from (ii) and (iii). 

(v) From (i), we have ℓ
𝑗 |

⋆
𝑘

= 0 and 𝑚
𝑗 |

⋆
𝑘

= 0, 

then  

𝛿𝑘ℓ𝑗 − ℓ𝑟Γ
⋆

𝑘𝑗
 𝑟 = 0. (4.2) 

𝛿𝑘𝑚𝑗 − 𝑚𝑟Γ
⋆

𝑘𝑗
 𝑟 = 0. (4.3) 

Multiply (4.2) by ℓ𝑖 and (4.3) by 𝜀𝑚𝑖, then 

solve these equations to find Γ
⋆

𝑗𝑘
 𝑖 (taking 

into account 𝛿𝑗
𝑖 = ℓ𝑖ℓ𝑗 + 𝜀𝑚𝑖𝑚𝑗), we get  

 Γ
⋆

𝑘𝑗
 𝑖 = ℓ𝑖𝛿𝑘ℓ𝑗 + 𝜀𝑚𝑖𝛿𝑘𝑚𝑗 

Remark 4.4 

(a) From Proposition 4.3 (i), we have ℓ
 |
⋆
𝑗

𝑖 = 0 

and 𝑚
 |
⋆
𝑗

𝑖 = 0. Therefore, we obtain the 

following equations:  

𝛿𝑗ℓ𝑖 + ℓ𝑘Γ
⋆

𝑗𝑘
 𝑖 = 0, (4.4) 

𝛿𝑗𝑚𝑖 + 𝑚𝑘Γ
⋆

𝑗𝑘
 𝑖 = 0. (4.5) 

 By multiplying (4.4) by ℓ𝑟 and (4.5) by 

𝜀𝑚𝑟, and solving these equations to find 

Γ
⋆

𝑗𝑘
 𝑖  (taking into account 𝛿𝑗

𝑖 = ℓ𝑖ℓ𝑗 +

𝜀𝑚𝑖𝑚𝑗), we get  

Γ
⋆

𝑗𝑘
 𝑖 = −ℓ𝑗𝛿𝑘ℓ𝑖 − 𝜀𝑚𝑗𝛿𝑘𝑚𝑖. 

(b) The symmetry of Γ
⋆

𝑗𝑘
 𝑖  (i.e., Γ

⋆

𝑗𝑘
 𝑖 = Γ

⋆

𝑘𝑗
 𝑖 ) is 

obtained from (a), Lemma 4.2, and 

Proposition 4.3 (v).  

 

Proposition 4.5  Let (𝑀, 𝐹) be conic pseudo-

Finsler surface and (2.9) be the anisotropic 

conformal transformation.The transformation 

of the horizontal coefficients of Chern 

connection are given by  

𝐹2 Γ
⋆

𝑗𝑘

 𝑖

= 𝐹2Γ
⋆

𝑗𝑘
 𝑖 + 2𝑃ℓ𝑖ℓ𝑗ℓ𝑘 + 2𝑄𝑚𝑖ℓ𝑗ℓ𝑘 

+(𝑃;2 − 𝑄)(ℓ𝑖𝑚𝑗ℓ𝑘 + ℓ𝑖ℓ𝑗𝑚𝑘) 

+ (𝐹2𝜙;2

𝜌,2

2𝜌
+ 𝐹2𝜙;2,2 − (1 + 𝜀𝜙;2;2 

+ 𝜀𝜙;2

𝜌;2

2𝜌
)(𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)) ℓ𝑖𝑚𝑗𝑚𝑘 

+(𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)(𝑚𝑖ℓ𝑗𝑚𝑘 + 𝑚𝑖𝑚𝑗ℓ𝑘 

+ (𝜀𝐹2𝜙,2 − 𝜀𝐹2
𝜌,2

2𝜌
− (𝜀ℐ + 𝜙;2 −

𝜌;2

2𝜌
) 

(𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄))𝑚𝑖𝑚𝑗𝑚𝑘 . 
 Proof. The anisotropic transformation 

of Γ𝑗𝑘
𝑖 , in view of Proposition 4.3 (v), is given 

by  

𝐹2Γ𝑗𝑘

𝑖
= −𝐹2ℓ𝑗𝛿𝑘ℓ

𝑖
− 𝜀𝐹2𝑚𝑗𝛿𝑘𝑚

𝑖
 (4.6) 

 Firstly, using (2.10), (2.1) and (3.7), we can 

find the anisotropic transformation of the first 

term of (4.6).  

𝐹2ℓ
𝑖
 𝛿𝑘ℓ𝑗 = 𝑒−𝜙ℓ𝑖(𝐹2𝛿𝑘 − [2𝑃ℓ𝑟ℓ𝑘 + (𝑃;2 

 −𝑄)ℓ𝑟𝑚𝑘 + 2𝑄ℓ𝑘𝑚𝑟 + (𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄)𝑚𝑟𝑚𝑘]𝐹�̇�𝑟)(𝑒𝜙(ℓ𝑗 + 𝜙;2𝑚𝑗)) 

From (2.8), we get  

𝐹2ℓ
𝑖
 𝛿𝑘ℓ𝑗 = 𝑒−𝜙ℓ𝑖(𝑒𝜙𝐹2[𝛿𝑘ℓ𝑗 + (𝜙,1ℓ𝑘 

+𝜙,2𝑚𝑘)(ℓ𝑗 + 𝜙;2𝑚𝑗) + 𝜙;2𝛿𝑘𝑚𝑗

+ (𝜙;2,1ℓ𝑘 + 𝜙;2,2𝑚𝑘)𝑚𝑗]

− 𝑒𝜙[2𝑃ℓ𝑟ℓ𝑘 + (𝑃;2 − 𝑄)ℓ𝑟𝑚𝑘

+ 2𝑄ℓ𝑘𝑚𝑟 + (𝜀𝑃 + 𝑄;2

− 𝜀ℐ𝑄)𝑚𝑟𝑚𝑘] [𝜙;2𝑚𝑟(ℓ𝑗 + 𝜙;2𝑚𝑗)

+ 𝜀𝑚𝑗𝑚𝑟 + 𝜙;2;2𝑚𝑗𝑚𝑟 + 𝜙;2(−ℓ𝑗𝑚𝑟

+ 𝜀ℐ𝑚𝑗𝑚𝑟)]) 

 By using Lemma 2.2 (i), we obtain  

𝐹2ℓ
𝑖
 𝛿𝑘ℓ𝑗 = 𝐹2ℓ𝑖𝛿𝑘ℓ𝑗 + 𝐹2𝜙;2ℓ𝑖𝛿𝑘𝑚𝑗 

+𝐹2ℓ𝑖[(𝜙,1ℓ𝑘 + 𝜙,2𝑚𝑘)(ℓ𝑗 + 𝜙;2𝑚𝑗) 

+(𝜙;2,1ℓ𝑘 + 𝜙;2,2𝑚𝑘)𝑚𝑗] − ℓ𝑖[2𝜀𝑄ℓ𝑘 
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+(𝑃 + 𝜀𝑄;2 − ℐ𝑄)𝑚𝑘][𝜙;2(ℓ𝑗 + 𝜙;2𝑚𝑗) 

+𝜀𝑚𝑗 + 𝜙;2;2𝑚𝑗 + 𝜙;2(−ℓ𝑗 + 𝜀ℐ𝑚𝑗)] 

 From the formula of 𝜌 (2.12), we get  

𝐹2ℓ
𝑖
 𝛿𝑘ℓ𝑗 = 𝐹2ℓ𝑖𝛿𝑘ℓ𝑗 + 𝐹2𝜙;2ℓ𝑖𝛿𝑘𝑚𝑗 

+𝐹2ℓ𝑖[(𝜙,1ℓ𝑘 + 𝜙,2𝑚𝑘)(ℓ𝑗 + 𝜙;2𝑚𝑗) 

+(𝜙;2,1ℓ𝑘 + 𝜙;2,2𝑚𝑘)𝑚𝑗] − ℓ𝑖[2𝜀𝑄ℓ𝑘 + (𝑃 

+𝜀𝑄;2 − ℐ𝑄)𝑚𝑘]
1

𝜌
 𝑚𝑗 

= 𝐹2ℓ𝑖𝛿𝑘ℓ𝑗 + 𝐹2𝜙;2ℓ𝑖𝛿𝑘𝑚𝑗 

+𝐹2(𝜙,1ℓ𝑘 + 𝜙,2𝑚𝑘)ℓ𝑖ℓ𝑗 

+[𝐹2𝜙;2𝜙,1 + 𝐹2𝜙;2,1 −
2𝜀

𝜌
𝑄]ℓ𝑖𝑚𝑗ℓ𝑘 

+[𝐹2𝜙;2𝜙,2 + 𝐹2𝜙;2,2 −
1

𝜌
(𝑃 + 𝜀𝑄;2 

−ℐ𝑄)]ℓ𝑖𝑚𝑗𝑚𝑘 (4.7) 

 Secondly, we find the second term of (4.6), by 

(2.10) and (2.11) along with (3.7), we have  

𝜀𝐹2 𝑚
 𝑖

 𝛿𝑘  𝑚𝑗 = 𝜀(𝑒−𝜙√𝜀𝜌(𝑚𝑖 

−𝜀𝜙;2  ℓ𝑖))(𝐹2𝛿𝑘 − [2𝑃ℓ𝑟ℓ𝑘 + (𝑃;2

− 𝑄)ℓ𝑟𝑚𝑘 + 2𝑄ℓ𝑘𝑚𝑟 + (𝜀𝑃 + 𝑄;2

− 𝜀ℐ𝑄)𝑚𝑟𝑚𝑘]𝐹�̇�𝑟)𝑒𝜙√
𝜀

𝜌
𝑚𝑗. 

From (2.8), we get  

𝜀𝐹2 𝑚
 𝑖

 𝛿𝑘  𝑚𝑗 = 𝜀√𝜀𝜌(𝑚𝑖 − 𝜀𝜙;2  ℓ𝑖) 

(𝐹2√
𝜀

𝜌
𝑚𝑗(𝜙,1ℓ𝑘 + 𝜙,2𝑚𝑘  

−𝜀𝐹2√𝜀𝜌 𝑚𝑗

(𝜌,1ℓ𝑘 + 𝜌,2𝑚𝑘)

2𝜌2
 

+𝐹2√
𝜀

𝜌
𝛿𝑘𝑚𝑗 − [2𝑃ℓ𝑟ℓ𝑘 + (𝑃;2 

−𝑄)ℓ𝑟𝑚𝑘 + 2𝑄ℓ𝑘𝑚𝑟 + (𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄)𝑚𝑟𝑚𝑘] [√
𝜀

𝜌
𝜙;2𝑚𝑗𝑚𝑟

− 𝜀√𝜀𝜌 𝑚𝑗

𝜌,2𝑚𝑟

2𝜌2
+√

𝜀

𝜌
(−ℓ𝑗𝑚𝑟

+ 𝜀ℐ𝑚𝑗𝑚𝑟)]) 

 By applying Lemma 2.2 (i), we can rewrite the 

expression as follows:  

𝜀𝐹2 𝑚
 𝑖

 𝛿𝑘  𝑚𝑗 = 𝜀𝐹2𝑚𝑖𝛿𝑘𝑚𝑗 − 𝐹2𝜙;2ℓ𝑖𝛿𝑘𝑚𝑗 

−2𝜀𝜙;2𝑄ℓ𝑖ℓ𝑗ℓ𝑘 − 𝜙;2(𝑃 + 𝜀𝑄;2 

−ℐ𝑄)ℓ𝑖ℓ𝑗𝑚𝑘 + 2𝑄𝑚𝑖ℓ𝑗ℓ𝑘 + (𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄)𝑚𝑖ℓ𝑗𝑚𝑘 + (𝜀𝐹2𝜙,2 − 𝜀𝐹2
𝜌,2

2𝜌
 

−(𝜀𝑃 + 𝑄;2 − 𝜀ℐ𝑄)(𝜙;2 −
𝜌,2

2𝜌
 

+𝜀ℐ))𝑚𝑖𝑚𝑗𝑚𝑘 + (𝜀𝐹2𝜙,1 − 𝜀𝐹2
𝜌,1

2𝜌
 

−2𝑄(𝜙;2 −
𝜌,2

2𝜌
+ 𝜀ℐ))𝑚𝑖𝑚𝑗ℓ𝑘 

+(−𝐹2𝜙;2𝜙,1 + 𝐹2𝜙;2

𝜌,1

2𝜌
+ 2𝜀𝜙;2𝑄(𝜙;2 

−
𝜌,2

2𝜌
+ 𝜀ℐ))ℓ𝑖𝑚𝑗ℓ𝑘 + (−𝐹2𝜙;2𝜙,2 

+𝐹2𝜙;2
𝜌,2

2𝜌
+ 𝜙;2(𝑃 + 𝜀𝑄;2 − ℐ𝑄)(𝜙;2 −

𝜌,2

2𝜌
+ 𝜀ℐ))ℓ𝑖𝑚𝑗𝑚𝑘 (4.8) 

From (4.7) and (4.8), we determine the 

anisotropic conformal transformation of the 

horizontal coefficients of Cartan connection  

𝐹2 Γ
⋆

𝑗𝑘

 𝑖

= 𝐹2Γ
⋆

𝑗𝑘
 𝑖 + (𝐹2𝜙,1 − 2𝜀𝑄𝜙;2)ℓ𝑖ℓ𝑗ℓ𝑘 

+ (𝐹2𝜙,2 − 𝜀𝜙;2(𝜀𝑃 + 𝑄;2 −  𝜀ℐ𝑄)) ℓ𝑖ℓ𝑗𝑚𝑘 

+(𝐹2𝜙;2

𝜌,1

2𝜌
− 𝜀𝜙;2

𝜌;2

𝜌
𝑄 + 𝐹2𝜙;2,1 − 2𝑄 

−2𝜀𝑄𝜙;2;2)ℓ𝑖𝑚𝑗ℓ𝑘 + (𝐹2𝜙;2

𝜌,2

2𝜌
+ 𝐹2𝜙;2,2 

−(1 + 𝜀𝜙;2;2 + 𝜀𝜙;2

𝜌;2

2𝜌
)(𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄))ℓ𝑖𝑚𝑗𝑚𝑘 + 2𝑄𝑚𝑖ℓ𝑗ℓ𝑘 + (𝜀𝐹2𝜙,1 

−𝜀𝐹2
𝜌,1

2𝜌
+

𝜌;2

𝜌
𝑄 − 2𝜀ℐ𝑄 − 2𝜙;2𝑄)𝑚𝑖𝑚𝑗ℓ𝑘 

+(𝜀𝐹2𝜙,2 − 𝜀𝐹2
𝜌,2

2𝜌
− (𝜀ℐ + 𝜙;2 −

𝜌;2

2𝜌
)(𝜀𝑃 

+𝑄;2 − 𝜀ℐ𝑄))𝑚𝑖𝑚𝑗𝑚𝑘 + (𝜀𝑃 + 𝑄;2 

−𝜀ℐ𝑄)𝑚𝑖ℓ𝑗𝑚𝑘. 
 From (2.19) and (2.20)- (2.22) the formula of 

Γ
⋆

𝑗𝑘

 𝑖

 can be obtained.  

 

Proposition 4.6  Let the conic pseudo-Finsler 

metric 𝐹 be anisotropically conformal to 𝐹 =

𝑒𝜙𝐹. Then the Landsberg tensor of 𝐹 is given 

by  

𝐿𝑗𝑘

𝑖
= 𝐿𝑗𝑘

𝑖 +
1

𝐹2
[((𝜀𝑃 + 𝑃;2;2 − 2𝑄;2 

+𝜀 ℐ𝑃;2) ℓ𝑖 + (2𝜀𝑃;2 + 𝜀𝑄 + 𝑄;2;2 − 𝜀 ℐ;2𝑄 

−𝜀 ℐ𝑄;2) 𝑚𝑖)𝑚𝑗𝑚𝑘  − (𝐹2 𝜙;2  
𝜌,2

2𝜌
 

+𝐹2 𝜙;2,2 − (1 + 𝜀 𝜙;2;2 + 𝜀 𝜙;2  
𝜌;2

2𝜌
)(𝜀𝑃 

+𝑄;2 − 𝜀 ℐ𝑄))ℓ𝑖𝑚𝑗𝑚𝑘   − (𝜀𝐹2 𝜙,2 

−𝜀𝐹2  
𝜌,2

2𝜌
− (𝜀 ℐ + 𝜙;2 −

𝜌;2

2𝜌
)(𝜀𝑃 + 𝑄;2 

−𝜀 ℐ𝑄))𝑚𝑖𝑚𝑗𝑚𝑘]. 

Proof. Let (𝑀, 𝐹) be a conic pseudo-Finsler 

surface equipped with the Chern connection 
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ℛΓ = (Γ
⋆

𝑗𝑘
 𝑖 , 𝐺𝑗

𝑖, 0) and the Berwald connection 

ℬΓ = (𝐺𝑗𝑘
𝑖 , 𝐺𝑗

𝑖, 0). The Landsberg tensor is 

defined as the difference between the horizontal 

coefficient of the two connections, 

consequently,  

𝐿𝑗𝑘
𝑖 : = 𝐺𝑗𝑘

𝑖 − Γ𝑗𝑘
𝑖 . 

Under the given anisotropic transformation, the 

transformed Landsberg tensor is given by  

𝐿𝑗𝑘

𝑖
= 𝐺𝑗𝑘

𝑖
− Γ

⋆

𝑗𝑘

 𝑖

. 
From (2.16) and Proposition 4.5 we get  

𝐿𝑗𝑘

𝑖
= 𝐿𝑗𝑘

𝑖 +
1

𝐹2
[((𝜀𝑃 + 𝑃;2;2 − 2𝑄;2 

+𝜀 ℐ𝑃;2) ℓ𝑖 + (2𝜀𝑃;2 + 𝜀𝑄 + 𝑄;2;2 

−𝜀 ℐ;2𝑄 − 𝜀 ℐ𝑄;2) 𝑚𝑖)𝑚𝑗𝑚𝑘   

−(𝐹2 𝜙;2  
𝜌,2

2𝜌
+ 𝐹2 𝜙;2,2 − (1 + 𝜀 𝜙;2;2 

+𝜀 𝜙;2  
𝜌;2

2𝜌
)(𝜀𝑃 + 𝑄;2 − 𝜀 ℐ𝑄))ℓ𝑖𝑚𝑗𝑚𝑘   

−(𝜀𝐹2 𝜙,2 − 𝜀𝐹2  
𝜌,2

2𝜌
− (𝜀 ℐ + 𝜙;2 

−
𝜌;2

2𝜌
)(𝜀𝑃 + 𝑄;2 − 𝜀 ℐ𝑄))𝑚𝑖𝑚𝑗𝑚𝑘]. 

  

Proposition 4.7  Let (𝑀, 𝐹) be a conic 

pseudo-Finsler metric and (2.9) be the proper 

anisotropic conformal transformation, 

provided that the conformal factor is 

horizontally constant. Then the property of 

being Landsbergian is preserved if and only if 

𝜙;2,2 = 0.  
Proof. As, if the conformal factor is 

horizontally constant (𝜙,1 = 𝜙,2 = 0), that is 

𝑃 = 𝑄 = 0 [Youssef et al., 2024, Theorem 

4.11]. From Proposition 4.6, we have  

𝐿𝑗𝑘

𝑖
= 𝐿𝑗𝑘

𝑖 +
1

𝐹2
[−(𝐹2 𝜙;2  

𝜌,2

2𝜌
 

+𝐹2 𝜙;2,2)ℓ𝑖𝑚𝑗𝑚𝑘 + 𝜀𝐹2  
𝜌,2

2𝜌
𝑚𝑖𝑚𝑗𝑚𝑘]. 

Consequently the Landsbergian property is 

preserved under the anisotropic conformal 

transformation if and only if  

 𝜙;2  
𝜌,2

2𝜌
+ 𝜙;2,2 = 0,        

𝜌,2

2𝜌
= 0. 

Since (2.9) is proper i.e. 𝜙;2 ≠ 0, then the 

Landsbergian property is preserved if and only 

if 𝜙;2,2 = 0.  

References 

Antonelli, P. L., Ingarden, R. S., and Matsumoto, M. 

(2013). The theory of sprays and Finsler spaces 

with applications in physics and biology, volume 

58. Springer Science & Business Media. 

Bao, D., Chern, S.-S., and Shen, Z. (2012). An 

introduction to Riemann-Finsler geometry, 

volume 200. Springer Science & Business 

Media. 

Bidabad, B. and Tayebi, A. (2011). Properties of 

generalized berwald connections. Bulletin of the 

Iranian Mathematical Society, 35(1):235–252. 

Bucataru, I. and Miron, R. (2007). Finsler-Lagrange 

geometry: Applications to dynamical systems. 

Editura Academiei Romane Buchurest. 

Friedl-Sz´asz, A., Popovici-Popescu, E., Voicu, N., 

Pfeifer, C., and Heefer, S. (2025). Cosmological 

landsberg-finsler spacetimes. Physical Review 

D, 111(4):044058. 

Heefer, S., Pfeifer, C., Reggio, A., and Fuster, A. 

(2023). A cosmological unicorn solution to 

finsler gravity. Physical Review D, 

108(6):064051. 

Hohmann, M., Pfeifer, C., and Voicu, N. (2020). 

Cosmological finsler spacetimes. Universe, 

6(5):65.  

Matsumoto, M. (2003). Finsler geometry in the 20th-

century. handbook of finsler geometry. vol. 1, 2, 

557-966. 

R. Miron and M. Anastasiei, The geometry of 

Lagrange spaces: theory and applications, 

Springer Science & Business Media 59 (2012). 

Pfeifer, C. and Wohlfarth, M. N. (2012). Finsler 

geometric extension of einstein gravity. Physical 

Review D—Particles, Fields, Gravitation, and 

Cosmology, 85(6):064009. 

Savvopoulos, C. and Stavrinos, P. (2023). 

Anisotropic conformal dark gravity on the 

lorentz tangent bundle spacetime. Physical 

Review D, 108(4):044048. 1   

Shen, Y.-B. and Shen, Z. (2016). Introduction to 

modern Finsler geometry. World Scientific 

Publishing Company. 

Voicu, N., Cheraghchi, S., and Pfeifer, C. (2023). 

Birkhoff theorem for berwaldfinsler spacetimes. 

Physical Review D, 108(10):104060. 

Youssef, N. L., Abed, S., and Soleiman, A. (2010). 

Geometric objects associated with the 

fundamental connections in finsler geometry. J. 

Egyptian Math. Soc., 18:67–90 (arXiv: 

0805.2489). 

N.L. Youssef, Cartan and Berwald connections in 

the pullback formalism, Algebras, Groups and 

Geometries 25 (2008), 363–386. 

N.L. Youssef, S.H. Abed and A. Soleiman, A global 

approach to the theory of connections in Finsler 

geometry, Tensor (Japan) 71 (2009), 187–208, 

arXiv:0801.3220. 

Youssef, N. L., Elgendi, S., Kotb, A., and Taha, E. 

H. (2024). Anisotropic conformal change of 



In 
Pres

s
Berwald and Chern Connections under Anisotropic… Scientific Journal for Damietta Faculty of Science 15(2) 2025, 1-10 

10 

conic pseudo-finsler surfaces, I. Classical and 

Quantum Gravity, 41(17):175005. 

Youssef, N. L., Elgendi, S., Kotb, A., and Taha, E. 

H. (2025a). Anisotropic conformal change of 

cartan connection of a conic pseudo-finsler 

surface. Submitted.  

Youssef, N. L., Elgendi, S., Kotb, A., and Taha, E. 

H. (2025b). Anisotropic conformal change of 

conic pseudo-finsler surfaces, II. submitted.

 الملخص العربي

 إتصالات بيرفلد وتشيرن تحت التحويلات التشاكلية الاتجاهية على الأسطح الفينسلريةعنوان البحث: 

 1، أحمد طرابية2، ابتسام طه1*على قطب ،4، 3، صلاح الجندى2نبيل يوسف

 مصر -جامعة دمياط-كلية العلوم-قسم الرياضيات1

 .مصر -جامعة القاهرة-العلومكلية -قسم الرياضيات2
  السعودية -الجامعة الاسلامية-كلية العلوم-قسم الرياضيات3

 مصر. –جامعة بنها -كلية العلوم-قسم الرياضيات4

 الاتجاهيةالتشاكلية  التحويلاتعملنا السابق حول استكمال  عتمد هذه الورقة على ت

 𝑭(𝒙, 𝒚) → �̅�(𝒙, 𝒚) = 𝒆𝝋(𝒙,𝒚)𝑭(𝒙, 𝒚)  

الريمانية،  الهندسةفينسلر عن  هندسة لد، الذي يحدد مدى انحراف فمن هذه الدراسة هو دراسة سلوك اتصال بيرالهدف الأساسي 

جه على هذين الاتصالين بو التشاكلى الاتجاهيل يالتحو .  وتم دراسة تاثيرروند على أسطح فينسلر-اتصال تشيرنكذلك تم دراسة و

من خلال التعبير عنه من حيث الفرق بين المعاملات الأفقية  المحولة  F̄ لة فنسلرلدالاندسبيرج  ممتدنستنتج  ومن ثم الخصوص،

الضرورية والكافية التي يتم بموجبها الحفاظ على خاصية لاندسبيرجيان  الشروط اوجدناوبالتالي،  .روند–لاتصالات بيروالد وتشيرن

يوفر هذا النهج رؤية جديدة للتفاعل بين  .حيث ان هذا الشرط يعتمد على عامل التحويل الاتجاهى الاتجاهىالتحول  هذا في ظل

 .والهندسة الجوهرية لأسطح فينسلر الاتجاهىالتحول 




