[ pavematicar
K

Electronic Journal of Mathematical Analysis and Applications
Vol. 13(2) July 2025, No. 14.

ISSN: 2090-729X (online)

ISSN: 3009-6731(print)

http://ejmaa.journals.ekb.eg/
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METRIC SPACES
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ABSTRACT. This paper investigates fixed-point theorems for mappings satisfy-
ing (v, ¢)-weak contraction conditions within the framework of Branciari-type
generalized metric spaces. These spaces extend the concept of standard met-
ric spaces by relaxing the triangle inequality, thus providing a broader and
more flexible structure to study the existence and uniqueness of fixed points.
The results presented in this study generalize and unify several classical fixed-
point theorems, offering new insights into the behavior of such mappings under
weaker contractive conditions. A significant portion of the paper is dedicated
to providing illustrative examples, ensuring the applicability of the theoret-
ical results and demonstrating their relevance to practical scenarios. These
examples not only validate the imposed conditions but also highlight the util-
ity of (¢, ¢)-weak contractions in solving real-world problems. By bridging
the gap between abstract mathematical theory and practical application, this
work contributes to advancing fixed-point theory in generalized metric spaces,
paving the way for further developments in this field.

1. INTRODUCTION

Alber and Delabriere [3] introduced the concept of ¥-weak contractions and es-
tablished fixed point results for single-valued mappings satisfying such contractions.
Subsequently, Rhoades [12] generalized the results of Alber and Delabriere. The
notion of a generalized metric space was introduced by Branciari [7], and it later
came to be known as a Branciari generalized metric space.

The well-known Banach contraction principle, which guarantees the existence
and uniqueness of fixed points under certain conditions, has been extensively gen-
eralized in various directions. Amini-Harandi [5] introduced metric-like spaces, a
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generalization of partial metric spaces, and established new fixed point results in
this framework. Almarri et al. [4] developed fixed point theorems in M-metric
spaces using relation-theoretic approaches and demonstrated their applications to
electrical circuit problems. Nallaselli et al. [10] investigated admissible contrac-
tions in b-metric spaces and applied their results to solve certain classes of integral
equations. Haque et al. [9] studied bicomplex-valued controlled metric spaces and
employed fixed point results to address fractional differential equations. Gupta et
al. [8] proposed the notion of extended Gp-metric spaces and applied their fixed
point theorems to solve Fredholm integral equations. Wangwe [14] examined fixed
points in bicomplex-valued b-metric spaces and utilized these results to handle
nonlinear matrix equations. Finally, Shateri et al. [13] introduced the b, (s)-metric
space, which generalizes several known metric-type spaces, and established fixed
point theorems for function-valued mappings.

These contributions underscore the flexibility and robustness of fixed point the-
ory and its ongoing development to address increasingly complex mathematical and
applied problems.

In this paper, we prove the existence and uniqueness of a fixed point for two
mapping in Branciari type generalized metric spaces.

Branciari [7] defined

Definition 1.1. [7] Let X be a non-empty set and d : X xX — [0,4+00) be a
mapping such that for all x,y € X and for all distinct points u,v € X each of them
different from x and y satisfying the following conditions:

(a) d(z,y) =0 if and only if v = y;
(b) d(z,y) = d(y,z);
(c) d(z,y) < d(z,u) + d(u,v) + d(v,y) (the rectangular inequality).

Then (X,d) is called a Branciari type generalized metric space.

Definition 1.2. [7] Let (X,d) be a Branciari type generalized metric space and
{zn} be a sequence in X and x € X. We call that

(a) {xn} is convergent to x if and only if d(xn,x) — 0 as n — oo (denoted by
Ty = T).

(b) {xn} is a Cauchy sequence if and only if for each € > O there exists a natural
number N such that d(x,, z,) — 0 as m,n — oo.

(¢) X is complete if and only if every Cauchy sequence is convergent in X .

Denote by ¥ the set of functions # : [0, +00) — [0, +00) satisfying the following
conditions:

(a) ¢ is monotone non decreasing;

(b) lims—, t(t) > 0 for r > 0 and lim;_,¢+ 9 (t) = 0;

(¢) ¥(t) =0 if and only if ¢t = 0.
Also denote by @ the set of functions ¢ : [0, +00) — [0, +00) satisfying the following
conditions:

(a) limy—, inf p(t) > 0 for each r > 0;

(b) ©(t) — 0 implies that ¢ — 0;

(¢) (t) =0 if and only if ¢t = 0.
Zhiqun Xue and Guiwen Lv[15] proved the following theorem for a self mappings
in Branciari type complete generalized metric space given below
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Theorem 1.1. [15] Let (X,d) be a Hausdorff and complete generalized metric
space, and let T : X — X be a self-mapping satisfying
P(d(Tx, Ty)) < ¢ (and(x,y) + azd(z, Tx) + azd(y, Ty))
¢ (ond(z,y) + ad(x, Tz) + asd(y, Ty)) Vz,y € X,
where ¢ € ®,p € U and o; >0 (i =1,2,3) with a1 + as + a3 < 1. Then T has a

unique fized point.

Definition 1.3. [1] Let T and S be self mappings of a set X. If Tx = Sz = w, for
some x € X, then x is called the coincidence point and w the point of coincidence

of T and S.

Theorem 1.2. [2] Let f and g be weakly compatible self maps of set X. If f and
g have unique point of coincidence w = fx = gz, then w is unique common fized
point of fand g.

2. MAIN RESULTS

Here, U and ® denote the classes of functions as defined above. We now present
our first result.

Theorem 2.3. Let F' and T be self-mappings on a set X, and let (X,d) be a
generalized Branciari metric space satisfying the following condition:
Y(d(Tz,Ty)) < (nd(Fz, Fy) + apd(Fz, Tx) + asd(Fy, Ty))
— ¢ (and(Fz, Fy) + asd(Fz, Tx) + azd(Fy, Ty)), (1)

forallz,y € X, wherey € ¥, ¢ € ®, anda; > 0 fori=1,2,3 with a1 +az+az < 1.
Also assume:

(a) T(X) € F(X),

(b) F(X) is a complete subspace of the generalized Branciari metric space

(X,d).

Then, there exists a unique coincidence point of F and T. Moreover, if F and T

are weakly compatible, then they have a unique common fized point.

Proof. Let g € X, so Txzy € F(X). Thus, there exists z1 € X such that Tzy =
Fz; = yo. Continuing in this way, we get a sequence {z,} and {y,} as Tz; =
Fxo =y, Tag = Frg = yo, -+, T2y 1 = Fop = yn1, Tz = Fopy1 = Yn,
Txpni1 = Frpyo = yny1. We claim that {y,} is a Cauchy sequence in F(X).
Consider

d(ynay7t+1) = d(TxnaTIn—i-l)-
Put = 2, and y = 2,41 in (1),

’(/} (d(yna ynJrl)) - w (d(T(Eny Tanrl))
S ’l/) (Oéld(Fl’n, Fl‘n+1) —+ OéQd(FIn, Tllfn) —+ Oégd(FﬂL‘n+1, Tl’n+1))

- (b(ald(Fxn, Fapi1) + aod(Fay, Txy) + asd(Frni, Txn_H))
= 1b(ald(ynfh yn) + a2d(yn717 yn) + a3d(yna yn+1))

- (b(ald(yn—la yn) + a2d(yn—lv yn) + O‘Sd(yna yn+1)>'
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As we know ¢(t) > 0 for t > 0. Then, we get
P (d(yn» yn+1)) < (ald(yn—la yn) + 0‘2d(yn—1a yn) + agd(yn, yn+1)) .
Using property of ¢, we have
A(Yn: Yn+1) < a1d(Yn—1,Yn) + @2d(Yn—1,Yn) + a3d(Yn, Ynt1)-
It implies that

(Oq + OéQ)
d(ynvyn-‘rl) S —d(yn—la yn) = kd(yn—la yn)7
(]. — Ckg)
(o1 + a2) . . . .
where, ﬁ =k < 1. Applying repeated use of above inequality, we have
—as

d(Yn, Yn+1) < K"d(yo, y1)-
Since k < 1, k™ — 0 as n — 00, SO
d(Yn,Yns1) =0 as n — oo. (2)

For some natural number N with n > m > N, we have

d(ym7 yn) S d(ymv ym+1) + d(ym+1a ym+2) + -+ d(ynfla yn)
< k™d(yo,y1) + k™ d(yo, y1) + - + K" d(yo, y1)
< k™ d(yo, v1) + K" d(yo, v1) + -+ + K d(yo, 1) + K" d(yo, 1) + -
=k"[1+k+k 4+ + &+ ] d(yo, 1)
kn
= md(ymfh).
Since k < 1, so k™ — 0 as n — oo, therefore d(ym,yn) — 0 as m,n — oo. Thus,
{yn} is a Cauchy Sequence. That is {y,} = {Fzn4+1} is a Cauchy Sequence in
complete space F'(X). Therefore, 3 ¢ € F(X) such that Fx,11 — ¢ as n — oo.
Also, {Txn} = {Fxnt1} = {yn} = qasn — co. As {Fz,} converges to ¢ € F(X),
there exists p € X such that ¢ = F'p. Now, we claim that Tp = ¢q. Put x = p and
Yy =x, in (1),
Y (d(Tp, Txy)) < ¥ (ard(Fp, Fxy,) + asd(Fp,Tp) + asd(Fx,, Tx,))
— ¢ (a1d(Fp, Fxy) + aod(Fp, Tp) + asd(Fx,, Tx,)) . (3)
As we know ¢(t) > 0 for t > 0. Then we get,
Y (d(Tp, Txy)) < ¥ (ard(Fp, Fxy,) + asd(Fp, Tp) + asd(Fx,, Txy,)) .
Using the property of ¥, we have:
d(Tp,Txy,) < a1d(Fp, Fa,) + asd(Fp, Tp) + asd(Fx,, Tx,).
Taking limits as z,, — p, and noting Fx, — Fp =q, Tx, — q, we obtain:
d(Tp,q) < a2d(q,Tp).
Rewriting:
(1 —az)d(Tp,q) < 0.
Since d(Tp, q) > 0, it follows that d(Tp,q) = 0, i.e.,
Tp=q= Fp.

Thus, p is a coincidence point of F' and 7.
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We claim that F' and T have unique coincidence point. Suppose F' and T have
another coincidence point s i.e. F(s) =T(s) = ¢q. Then

¥ (d(Tp,Ts)) < ¢ (a1d(Fp, Fs) + aad(Fp, Tp) + azd(Fs,T's))
— ¢ (a1d(Fp, F's) + azd(Fp,Tp) + asd(Fs,Ts)) .

Since ¢(t) > 0 for every t > 0, so

Y(d(Tp,Ts)) < ¢ (and(Fp, Fs) + axd(Fp,Tp) + azd(F's, T's))
=9 (a1d(q, q) + a2d(q, q) + asd(q, q))
— (0) = 0.

Thus ¢(d(Tp,Ts)) < 0. Since 1(t) > 0 for every t > 0. Hence ¢(d(Tp,Ts)) =0. It
implies that d(Tp,Ts) = 0 and hence Tp = T's i.e. p is a unique coincidence point.
Since T' and F' are weakly compatible, so by Theorem 1.2, T" and F' have unique
fixed point. O

—~

Theorem 2.4. Let T and S be self-mappings on a set X, and let (X,d) be a
generalized Branciari metric space satisfying the following condition:

(d(Tx, Ty)) < (M(z,y)) — ¢ (M(z,y)) (4)
where
M(z,y) = max {d(Sz, Sy), d(Sz,Tx), d(Sy,Ty)},
for all z,y € X, and the following conditions hold:
(i) ¥ : [0,4+00) — [0, +00) is continuous, non-decreasing, and p(t) = 0 if and
only if t =0,
(i) P(t1) < P(t2) = t1 < o,
(i1i) ¢ : [0,4+00) — [0, +00) satisfies:

lim ¢(t) > 0 forr >0, and lime¢(t) =0 < r =0,
t—r t—r

(iv) Y €V, ¢ € D.

Also assume:

(a) T(X) € S(X),
(b) S(X) is a complete subspace of the generalized Branciari metric space
(X,d).

Then, there exists a unique coincidence point of T and S. Moreover, if T and S
are weakly compatible, then they have a unique common fized point.

Proof. Let zy € X, Taxg € S(X), so there exist 1 € X such Txg = Sz = yo.
Continuing this way, we get a sequence {z,} and {y,} as follows, Txz; = Sxzo =
y1, 7wy = Swg = yo, Txp_1 = Sy = Y1, T2y, = STpy1 = Yn, TTpy1 = STpyo =
Yn+1. Consider the sequence {y,} in S(X). We claim that {y,} is a Cauchy
sequence. Consider

d(ynv yn-‘rl) - d(Txnv T$n+1)'
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Using property of ¥, we have 9 (d(yn, yn+1)) < ¥ (d(Txy, Txpi1)). Then
$ (A, yrn) < 6 (AT, Tinsn))
< 4 (max {d(Stpn, Stpi1), d(Sxn, Txy), d(STpi1, TTni1)})
— ¢ (max {d(Sxpn, Stpni1), d(Sxpn, Txy), d(STpt1, TTni1)})
< ¢ (max {d(yn—1,Yn), d(Yn-1,Yn); d(Yn, yn+1)})
— ¢ (max {d(yn—1,Yn), d(Yn—-1,Yn), d(Yn, Yn+1)}) -
As we know, ¢(t) > 0 for ¢ > 0.

Y (d(Yn, Yn+1)) < ¥ (max{d(yn—1,Yn), d(¥n—1,Yn), d(Yn; Yn+1)}) -
Using property of 1,
A(Yns Yn+1) < max{d(Yn—1,Yn); d(Yn-1,Yn), d(Yn, Yn+1)})-
Case (i) Suppose max {d(yn—1,Yn), A(Yn—1,Yn): d(Yn, Yn+1} = d(Yn, Yn+1). Then
U (d(Yn, Yn+1)) < U (d(Yns Yn+1)) — ¢ (d(Yn, Yn+1))

leads a contradiction.

Case (i) Suppose max {d(yn—1,Yn)s d(Yn-1,Yn), d(Yn, Yn+1} = d(Yn—1,Yn). Then
we get d(Yn, Yn+1) < d(Yn—1,yn) for every n € N. Set d(yn, yn+1) = dp. Then we
have d,, < d,,—1 for every n € N. It shows that {d,} is decreasing sequence, but
dy, > 0 for every n € N. We claim that {d,,} — 0 as n — co. Assume contrary that
lim, o d, =1 > 0. Then,

'll) (d(ynv yn+1)) S 7/) (d(ynfl, yn)) - (ZS (d(ynflv yn)) .
Letting n — oo, we get
Jim ) (d(Yn, Y1) < lim 9 (d(yn-1,yn)) = m ¢ (d(Yn-1,9n)) -

It gives that

V(1) < ¥() — o)
which is contradiction unless I = 0. Hence [ = 0. So, lim,— 0 d(Zp, Tpt1) = 0.
Now, we will prove {y,} is a Cauchy sequence. Assume that {y,} is not a Cauchy
sequence. Then, for given € > 0, we can find the subsequences {y, ()} and {yn )}
with n(k) > m(k) > k with

A(Ym(k)s Yn(k)) = € (5)
Further, corresponding to m(k), it is possible to choose smallest integer n(k) with
n(k) > m(k) and satisfying (5). Then

d(Yn(k)> Ymk)—1) < € (6)
It gives that
€ < dYmk) Yn(k)) < AYmk) Unk)=1) + A Un(k) =15 Un(k))
<e+ d(yn(k)fla yn(k))

Letting £ — oo, we get

klinc}o d(yn(k)7 ym(k)) =€ (7)
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Again,
d (Yn(ky Ym@e)) < d Ynry Yn)—1) + & (Yne)—15 Ym)—1) + & (Ym) =1 Ymx)) »
d (Ynk)=15 Ym)—1) < & (Unk)—1>Ynk)) + & Unie)s Ymr)) + & (Ym)> Yme)—1) -

Letting &k — oo, we get

Jm d(Yn(k)y—1> Ym(k)—1) = €. (8)
Similarly, we can show

li =

Jim A(Yn(k)=2> Ym(k)—2) = € 9)

Put © = 2,,(1)—1 and y = 2,5)—1 in (4),

Y (d (T pey—1Te)-1)) < (M (Zimgy—1, Tnky—1)) — & (M (Zm)—1, Tngr)—1)) -

It gives that

U (d (Ymr)—15Yn)—-1)) < (M (Zpsy—1,Tngy—1)) — & (M (T -1, Tn(r)—1)) -
(10)

where
M (% p(k)—1, Tn(k)—1)
= max (d(STm)—1, STnk)-1))> ASTm(r)—1> TTm () -1), A(STpk)-1), TTr(r)-1)))
= max (d(Ym(k)—2: Yn(k)—2))> A Ym(k)—2+ ym(k)—1)7 A(Yn(k)—2) Yn(k)-1)))
Letting k — oo in (10), we get
P(e) < ¢ (max{e, 0,0}) — ¢ (max{e, 0,0}) = ¥(e) — ¢(e).
It is contraction when € > 0. Hence {y,} must be a Cauchy sequence. It means
{Tx, = Sz,41} is a Cauchy sequence. Since S(X) is complete. There is ¢ € S(X)
such that lim, o0 yn = T2y = SZpi1 = ¢. Since ¢ € S(X) there exists p € X such
that Sp = q. Using property of ¢, we have
< 4 (max {d(Szn, Sp), d(Sz,, Txy),d(Sp, Tp)})
— ¢ (max {d(Sz,, Sp), d(Sxy, Tx,),d(Sp, Tp)})
< ¢ (max {d(Szn,q), d(Szn, T2y),d(q,Tp)})
— ¢ (max {d(Szyn,q),d(Szy,, Tr,),d(q,Tp)}) .
Letting £k — oo, we get

Y (d(q,Tp)) < ¢ (max{d(q,q),d(q,q),d(q,Tp)})
— ¢ (max {d(q, q),d(q,q),d(q,Tp)}) -

It implies that,

Y (d(q, Tp)) < ¢ (d(q, Tp)) — ¢ (d(q, Tp))

Since ¢(t) > 0, so it is true only if, d(q,Tp) = 0 if and only if ¢ = Tp. Thus,
q = Tp = Sp. It means p is a coincidence point of S and T. Since S and T are
weakly compatible, so by Theorem 1.2, S and 7" have a unique fixed point in X. O
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Example 1. Let X = AU B, where A = {%, %, %, %} and B = [1,2]. Define the
generalized metric on X as :

d(y,x), z,y€X,

0, z,y € X with z =y,

0.3, z:%,yzéorl’:%,y:%,
d@y) =95 R N B

() x—g»y—507’$—3»y—47

0.6, ac:%,y:%m"x:%,y:%,

|t —y|, z,ye Borxe Aye B.

Then in [15] it has been shown that (X,d) is a Branciari-type generalized metric
space, but it is not a metric space as follows

11 11 11
O6_d<§’z_1>>d<§’§)+d<§’z>_05

Define T,F : X — X as follows

i zeL,2],

Te=31 v€{351}
b et
i, zel,2],

Fx= i, T = }1,
5 re{553

Use (t) = t,o(t) = %,t € [0,400). Then T and F are satisfies
Y (d(Tz,Ty)) < (a1d(Fz, Fy) + azd(Fx, Tx) + asd(Fy, Ty))

— ¢ (a1d(Fzx, Fy) + asd(Fx, Tx) + asd(Fy, Ty))

for all z,y € X, where a1 = 0.4,a2 = 0.4,a3 = 0.2. It has seen that T and f has a

unique fized point x = Zi'

3. CONCLUSIONS AND FUTURE WORKS

We have established two common fixed point theorems for (1), ¢)-weak contrac-
tions in Branciari-type generalized metric spaces. The results ensure the existence
and uniqueness of coincidence and common fixed points under suitable contractive
conditions and completeness assumptions. These theorems generalize and extend
several existing results in the literature.

Future research may explore the application of these theorems to multivalued
and self mappings, or their integration with other abstract spaces such as, partial
metric, or cone metric spaces.

REFERENCES

[1] M. Abbas and D. Doric, Common fixed point theorem for four mappings satisfying generalized
weak contractive condition, Filomat 24(2), 1-10, 2010.

[2] M. Abbas and G. Jungck, Common fixed point results on noncommuting mapping without
continuity in cone metric spaces, J. Math. Anal. Appl. 341, 416-420, 2008.

[3] Y. I. Alber and S. Guerre-Delabriere, Principle of weakly contractive maps in Hilbert spaces,
Operator Theory: Adv. Appl. 98, Birkhduser, Basel, 1997. DOI: 10.1007/978-3-0348-8910-0-
2.



EJMAA-2025/13(2) ON COMMON FIXED POINT THEOREMS 9

(4]
(5]
(6]
(7]
(8]
9

(10]

(11]

(12]
(13]
(14]

[15]

B. Almarri, S. Mujahid and I. Uddin, Fixed point results in M-metric space with application
to LCR circuit, U.P.B. Sci. Bull., Ser. A 86(1), 47-54, 2024.

A. Amini-Harandi, Metric-like spaces, partial metric spaces and fixed points, Fixed Point
Theory Appl. 2012:204, 2012. DOI: 10.1186,/1687-1812-2012-204.

C. D. Bari and P. Vetro, Common fixed points in generalized metric spaces, Appl. Math.
Comput. 218, 7322-7325, 2012.

A. Branciari, A fixed point theorem of Banach—Caccioppoli type on a class of generalized
metric spaces, Publ. Math. Debrecen 57, 31-37, 2000.

V. Gupta, O. Ege and R. Saini, Common fixed point results on complex valued Gb-metric
spaces, Thai J. Math. 16(3), 775-787, 2018.

S. Haque, G. Mani, A. J. Gnanaprakasam, O. Ege and N. Mlaiki, The study of bicomplex-
valued controlled metric spaces with applications to fractional differential equations, Mathe-
matics 11(12), 2742, 1-19, 2023.

G. Nallaselli, A. J. Gnanaprakasam, G. Mani and O. Ege, Solving integral equations via
admissible contraction mappings, Filomat 36(14), 4947-4961, 2022.

M. Asadi, New topologies on partial metric spaces and M-metric spaces, in: M. Younis,
L. Chen, and D. Singh (eds.), Recent Developments in Fixed-Point Theory, Industrial and
Applied Mathematics, Springer, Singapore, 2024, pp. 355-370.

B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal. 47(4), 2683-2693,
2001.

T. L. Shateri, O. Ege and M. de la Sen, Common fixed point on the b, (s)-metric space of
function-valued mappings, AIMS Math. 6(2), 1065-1074, 2021.

L. Wangwe, Solution of Fredholm integral equation via common fixed point theorem on
bicomplex valued b-metric space, Symmetry 15(2), 297, 1-15, 2023.

Z. Xue and G. Lv, A fixed point theorem for generalized (v, ¢)-weak contractions in Bran-
ciari type generalized metric spaces, Fixed Point Theory Algorithms Sci. Eng. 1, 2021. DOI:
10.1186/s13663-021-00688-2.

A. S. KARANDE

DEPARTMENT OF MATHEMATICS, KBC NORTH MAHARASHTRA UNIVERSITY, JALGAON, INDIA

Email address: anuprita.karande@gmail.com

C. T. AAGE

DEPARTMENT OF MATHEMATICS, KBC NORTH MAHARASHTRA UNIVERSITY, JALGAON, INDIA

Email address: caagel7@gmail.com



