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ABSTRACT

In the current work, new pseud-spectral differentiation and integration matrices have been constructed via the second
kind of Chebyshev polynomials as a basis function. To achieve that purpose, the continuous inner product of the
spectral expansion summation is transformed into a discrete one via the Trapezoidal integration technique. Hence, the
given problem, differential, integral, or integro-differential equations, is transformed into a system of algebraic
equations. Unlike the standard spectral methods, the algebraic system of equations’ unknowns are the dependent
variables’ values at equidistant points. The constructed pseud-spectral differentiation and integration matrices have
been tested to approximate the differentiation and integration of known functions and examine their applicability as
differentiation and integration operators. In addition, the matrices have been used to approximate the solution of
differential, integral equations, and integro-differential equations. Some of the presented differential, integral, and
integro-differential equations represent models concerning real-life applications. Log error figures have shown the
stability of the results.

1. Introduction

Ordinary differential equations (ODEs) [1] are one
of the most important tools to represent several
mathematical models in both pure and applied
analysis, like physics [2], chemistry [3], biology [4],

and heat and fluid flows [5].

Integro-differential equations (IDEs) contain the
integral and derivative of an unknown function. IDEs
have several applications in the field of engineering.
Some applications of these equations can be found in
electromagnetic theory [6] and poroelastic solid [7].
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The most common IDE is the Volterra—Fredholm
integro-differential equation (VFIDE), which has been
examined in [8,9].

The exact solutions to some differential problems
have not been found, so we use numerical and
approximated methods [10] to obtain their solutions.
There are many types of numerical methods, such as
finite element [11], finite difference [12], and Runge-
Kutta [13] methods. Approximate methods, such as
the spectral method [14], are semi-analytic to solve
ordinary, partial, and fractional differential or integral
equations.

The main idea of the spectral method is to
approximate the function G(s) by a finite sum of
unknown coefficients and basis polynomials. We can
express the solution as follows:

G(s) = 21‘/1':0 enb(s),
which e, are unknown coefficients and P,(s) basis
function. After using the spectral methods, the
differential problem will transform into a system of
algebraic equations with unknown coefficients.

The basis function used in the spectral method is
usually orthogonal polynomials. The authors used
Chebyshev polynomials in [15,16], and the authors in
[17] used rational Chebyshev. Also, the authors in [18,
19] used shifted fifth-kind Chebyshev polynomials. In
addition, the modified Chebyshev was used in [20],
while monic Chebyshev polynomials were used in
[21]. Different orthogonal polynomials, such as
Legendre polynomials, are shown in [22,23]. On the
other hand, the shifted Legendre polynomial has been
employed as a basis function in [24].

The spectral methods have three main types: Tau
[25], Galerkin [26,27], pseudo-spectral (Collocation)
method [17]. The pseudo-spectral method is a form of
the spectral method. This paper aims to use the second
kind of Chebyshev polynomials as a basis function in
the  pseudo-spectral method. Hence, new
differentiation and integration matrices will be
constructed. Consequently, the given differential
problem will be transformed into a system of algebraic
equations whose unknowns are the dependent
variable’s values; unlike the regular spectral method,
the unknowns are the spectral constants expansion.

The problem in the pseudo-spectral method is how
to deal with the integration of the continuous inner
product [rev]. We used the trapezoidal numerical
integration method to transform the inner product’s
integration into a summation.

This paper includes six sections. Section 2
introduces some properties of the second kind of
Chebyshev polynomials and the main form of the
Trapezoidal method. In Section 3, we construct

differentiation and integration matrices for the second
kind of Chebyshev polynomials. In addition, we show
the formula of differential, integral, and integro-
differential equations and the solution steps in Section
4. We presented some known test functions and
applications of ODEs and IDEs, as well as their
approximate solution, to show this method’s
efficiency in Section 5. Finally, the paper ends with a
section for the concluding remarks.

2. Preliminaries

This section presents properties of the second kind
of Chebyshev polynomials (CHPs2). In addition, the
general form of the Trapezoidal integration technique
has been reported.
The second kind of Chebyshev polynomials, U,(s),
The degree n for which the variable s is defined on the
interval [-1,1] can be obtained according to the
recurrence relation [29].

Upi1(s) = 2sU,(s) — Up_1(s), n=1,2,..,(1)
which Uy(s) = 1, U,(s) = 2s.
Another form of CHPs2 can be written using
trigonometric functions:

Un(s) = %1 n= 011: ey (2)
with s = cos9 and 9 € [0, 7].

The boundaries of CHPs2 can be determined as the
following relations:

Up,(-D)=(D"(n+ 1), 3)
Up,(1) = (n+1). 4)
The relation between the first derivative of the first-

kind and second-kind Chebyshev polynomials is
defined by:

U,(s) = ﬁT’nH(s), n=01,.. 5)

The boundary of the first kind of Chebyshev
polynomials at s = +1is T,,(+1) = (x1)™.

The orthogonal relation of CHPs2 concerning the
weight function w(s)=v1 — s? is[30]:
1

(Un, Uy = f Un () Un () (s)ds

-1
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0, n+m,
z n=m. ©)

’

2

The integration of the continuous function P(s)
over the interval [a, b] can be approximated using the
Trapezoidal rule as:

b h e
[ P(s)ds =5 (P(so) + 220277 P(sq) + P(s,)),
. (7)
where h = %a . The values of s; can be calculated
from Sq =So + qh,q =01, ..., v.

In the next section, we will use the properties of
CHPs2, the Trapezoidal numerical method, and the
concept of the pseudo-spectral expansion to get the
differentiation and integration matrices.

3. Pseudo-spectral Matrices for the
Second Kind of Chebyshev Polynomials

This section will wuse the pseudo-spectral
expression and calculate its coefficients.

Lemma 1. Let G(s) be a continuous function on the
interval [-1,1] that can be approximately expanded
such that:

G(s) = K:O 6n Un(s)' ®)
Then
8n = 20 Ci/ 1 = s2U ()G (5, )
which
2 i=1,..,K—1,
Ci={™ (10)
) i=0K.

K

while §,, are coefficients for the expansion of pseudo-
spectral and U, (s) are the basis functions for CHPs2.

Proof. Using the form of pseudo-spectral expansion in
Eq. (8), we obtained:

GIW(S)Un(8) = Enzo 8 Un() w(SHUp(s). (11

Via the orthogonal relation of CHPs2 in Eq. (6), we
get:

6y =2 [, GEIW(S)Un (s)ds. (12)

By solving this integration via the Trapezoidal rule,

the proof is complete.

3.1 Differentiation Matrices for the Second Kind of
Chebyshev Polynomials

In this subsection, we obtained the pseudo-spectral
differentiation matrices of CHPs2 (CHPs2-DMatrix).

Theorem 1. Let G(s) be the function that satisfies
Lemma (1). Then:

G’(Sj) =2 dj;G(s), j=01,..,K,
(13)

dji = En=0 Civ1 = sPUn(s) Un' (s, (14)

such that C; is defined in Eq. (10), and 0 < j < K.
Proof. From Lemma (1), by differentiating Eq. (8), we
obtained:

G'(8) = Xn=o Xico Ci/ 1 = sPUn(s:) G(s) U/ (s).
(15)

where:

Collocate Eq. (15) by the points s;:

G'(57) = X0 Voo €1 = s2U, (50) Up(s;) G(s0),
(16)

which completes the proof.

We can write the expression form of CHPs2-
DMatrix as G’ = DG, such that:

doo - dox
D=\ : R
dgo - dgk

The order of differentiation [ € N for DMatrix can
be introduced as D!. Such that we can express to
dWas:

d}i’) =Y CJ1=s2Un(s) ULV (s).  (17)

3.2 Integration Matrices for the Second Kind of
Chebyshev Polynomials

In this subsection, we obtained the pseudo-spectral
integration matrices of CHPs2 (CHPs2-BMatrix).

Theorem 2. Let G(s) be the function that is defined
in Lemma (1). Then:

f—S{G(s)ds =Y obiG(s), j=01,..,K,
(13)

where:
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v
1
b = Zon 1 CiﬁUn(Si)(Tn+1(sj)
n=

= (=D™*). (19)
Proof. From Lemma (1), by integrating Eq. (8), we
get:
7 6(s)ds =
b0 2K o Ci/1 = s2U, ()G (s) [ Uy (s)ds, (20)
where j = 0,1, ..., K.

Using the relation in Eq. (5), and boundary of T(s) to
determine this integration, we obtained:

[ G(s)ds =
Sh=0 2 0 == Cif1 = S2Un(5) (T (s)) —
(—)™1)6(s)). (E2))

This completes the proof.

We can write the expression form of CHPs2-
BMatrix as ffl G(s)ds = BG, such that:

boo -+ bok
B=| : HE R
bgo -+ bgk

The next section presents the problems formulation of
ODEs and IDEs and how we can solve them via the
DMatrix and BMatrix of CHPs2.

4. Problem Formulation and the
Algorithm of Solution

We will discuss the problem statements of ordinary
differential, integral, and  integro-differential
equations. Then, algorithms for approximating the
solution via the CHPs2-DMatrix and CHPs2-BMatrix
have been designed.

4.1 CHPs2-DMatrix for Solving the Ordinary
Differential Equation
Consider the formula of linear or nonlinear ODEs as:

F(s,G(s),G6'(S),..,6P(s)) =0, se[-11],
(22)

which the initial and boundary conditions can be
expressed as:

G(_l) = Yo, G’(_l) =91, G(p)(_l) = YGp, (23)
G(1) =hy,G'1) = hy,...,GD() = h,, (24)

..........

Using the approximated expression of Eq. (8), the
definition of the CHPs2-DMatrix Eq. (17), and
collocating Eq. (22) by the equidistant points to
obtain:

F (Sj,G(Sj),Ziio d}l G(Si), ey §(=0 d](ll) G(SL)) = 0,
0<j<K, (25)

with the initial and boundary conditions:
G(-1)=go XodoiG(s) =91, .-

KodP G(s) = g, (26)
G)=hy,  YodyiG(s)=hy, ...,
Kod)G(sp) = hy. 7)

Egs. (25,26,27) form an algebraic system of linear
or nonlinear equations that are easily solved for the
unknown functions G(s). Algorithm (1) shows steps
for solving the initial boundary value problem (IBVP)
Egs. (22,23,24) via CHPs2-DMatrix.

Algorithm 1: Steps for solving ODEs.

Step 1: Input V,K € N.

Step 2: Use Eq. s; =sg+ih to calculate the
equidistance point.

Step 3: Use Eq.(17) to construct the CHPs2-Dmatrix’s
elements d].(il) .

Step 4: Use steps (1-3) to substitute into the Egs.
(22,23,24) to get the system Eqgs. (25,26,27).

Step 5: Solve the algebraic system from step 4 to get
the unknown functions G (s;).

4.2 CHPs2-BMatrix for Solving the Integral Equation
Consider the following integral Equation:

G(s) =0(s) — [F,F(5,t,G())6(Ddt =0,  (28)

where V(s), and Q(s) are given continuous functions.
To solve this problem via the integration matrices for
CHPs2, similar procedures to those done for the IBVP
can be executed.

Jj
G(s) = 0(5)) = ) buF (53,60, G(5D)G(E) = O,
i=0

j=01,..,K. (29)
Algorithm (2) shows steps for solving the integral
Equation via CHPs2-BMatrix.
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Algorithm 2: Steps for solving an integral Equation.

Step 1: Input V,K € N.

Step 2: Use Eq. s; =sg + ih to calculate the points of
CHPs2.

Step 3: Use Eq. (19) to construct the CHPs2-Bmatrix’s
elements b;.

Step 4: Use steps (1-3) to substitute into Eq. (28) to
get Eq. (29).

Step 5: Solve Eq. (29) from step 4 to get the unknown
functions G (s).

4.3 BMatrix and DMatrix for Solving IDEs
Integro-differential equations contain a derivative

part and an integral part. For this reason, we will use
both matrices of CHPs2.

Consider the problem of IDEs:
Fi(s,6(5),G'(S), ... 6V(s) ) =
[ Fa(s,t,G®)dt + [° F4(s,t,6(D)dt, s €
[-1,1], (30)
subject to a sufficient number of initial and boundary
conditions. Substitute with the DMatrix and BMatrix
of CHPs2 in Egs. (13) and (18), we obtained:

K

j:l(Sj, G(S}),Z dﬂ G(Sl); :Z d](ll) G(SI.))
i=0

= . i=0

K J
= > bFa(sy, b GG + ) by (s 6 G(s0),
i=0 i=0

j=01,..,K. 31)

The obtained algebraic system will be solved to
determine the unknown function values. Algorithm (3)
shows the steps for solving IDE via DMatrix and
BMatrix for CHPs2.

In the next section, we will test the differentiation
and integration matrices for CHPs2 via the well-
known functions to prove the stability and accuracy of
the present matrices and solve real-life applications.

5. Applications of CHPs2-DMatrix and
CHPs2-BMatrix

The following section will apply the differentiation
and integration matrices to differentiate and integrate
some test known functions. Then, some different types
of applications have been solved. The results have
been presented to show the accuracy and efficiency of
the investigated CHPs2-DMatrix and CHPs2-BMatrix.

5.1 Test of known functions
Example 1: Consider the following different test
functions:

G,(s) = s%,G,(s) = e5,G3(s) = sins.

Tables (1) and (2) present the point-wise absolute
error (point-wise AE) and the max absolute error
(MAE) for differentiating the functions using the
differentiation matrix for CHPs2 for different values
of Vat K = 1000. While Tables (3) and (4) show the
point-wise AE and MAE of the integration. The
results prove the efficiency and stability of the present
method.

Table 1: Point-wise AE for the approximate differentiation
atV =5and K = 1000 of Example 1.

Algorithm 3: Steps for solving IDEs.

Step 1: Input V,K € N.

Step 2: Use Eq. s; =s, + ih to calculate the points of
CHPs2.

Step 3: Use Eq. (17) to construct the CHPs2-
Dmatrix’s elements dj(il ).

Step 4: Use Eq. (19) to construct the CHPs2-Bmatrix’s
elements by;.

Step 5: Use Eq. (19) to construct the CHPs2-Bmatrix’s
elements bj;.

Step 6: Use steps (1-5) to substitute into Egs.
(30,23,24) to get the system Egs. (31,26,27).

Step 7: Solve the system from step 6 to get the
unknown function G (s).

s G1(s) G2 (s) G (s)
-1.0 | 7.48x107%* | 5691073 1.39 x 10702
-0.8 | 291107 | 1.97«107%* | 3.11 1073
-0.6 | 3.85%107% | 1321079 | 6.77 x 10704
-0.4 | 5981079 | 2.82x107% | 8.07 10794
-0.2 | 5.56%107% | 9561079 | 1.77 « 10794

0 499 %107%* | 9.28%107%* | 6.86* 107 %
0.2 5.56 «107% | 4.50«107% | 1.77 «107%
0.4 598 % 107% | 1.95%107% | 8.07«107%*
0.6 3.85+107% | 6.00+107%* | 6.77 » 107%*
0.8 2.91%107% | 8.79%107% | 3.11%107°
1.0 748 %1079 | 34110792 | 1.39%10792
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Table 2: MAE for the approximate differentiation at

K = 1000 of Example 1.

4 G1(s) G2 (s) G5(s)
8.02%107%* | 5.69x107° | 3.78 %107
3| 8.02+107% | 1.34%107°' | 1.97 1072
4 | 7.50%107% | 3.65%107°% | 1.97 x 1072
5| 7.50%107% | 3.41%107°2 | 1.39 %107

Table 3: Point-wise AE for the approximate integration at

V =5 and K = 1000 of Example 1.

N Gl(s) Gz(s) G3(S)
-1.0 0 0 0
-0.8 | 1.19%107%* | 1.74+107° | 6.05%107°5
0.6 | 1.14%107%* | 436%1079 | 6.12 %1079
-04 | 890%1079 | 2.41%107° | 4.43x107%*
-0.2 | 8.44%107% | 4.31%107% | 3.97%107°5

0 1.00 *107°* | 9.44x107°7 | 5.12 10795
0.2 1.16 * 107%% | 3.86%107% | 6.28% 10795
0.4 | 1.12%107%°* | 575%107% | 5.81%107°
0.6 | 8.65%107% | 7.34%107% | 4.09%107°°
0.8 | 8.20%107% | 4.04%107% | 4.20%107°°°
1.0 | 2.01%107°* | 3.16+107°%% | 1.02%*107°*

Table 4: MAE for the approximate integration at K = 1000

of Example 1.

|4 G1(s) G2(s) G3(s)

2 1.37 x 10704 1.08 = 10792 9.84 * 1073
3 1.34 % 10704 1.30 « 10793 1.46 = 10704
4 2.01%107% 3.16 * 107% 1.46 = 10704
5 2.01%107% 3.16 * 107% 1.21 %« 10794

5.2 Numerical Examples

This subsection approximates solutions of some
applications using the CHPs2-DMatrix and CHPs2-

BMatrix to illustrate our method’s efficiency.

Example 2: The formula of the nonlinear Riccati
Equation [31]:

G'(s) — G?*(s) =1, 0<s<1,
with the initial condition G(0) = 0, and the exact
solution is G(s) = tans. After shifting the domain of
s from [0,1] to [-1,1]. The MAE equals 8.509 = 10701
at V = 4,K = 1000. Table (5) presents the point-wise
AE. Moreover, Figure (1) shows the Log Error for
different values of V and K = 1000.

Table 5: Point-wise AE at V = 4 and K = 1000 of
Example 2.

s G(s)
-1.0 1.33% 10790

-0.8 | 3.29 %107t

-0.6 | 3.5210701

-0.4 | 3.82x107%1

-0.2 | 3.01%107°t

0 3.50 * 1071

0.2 3.88 %1071

0.4 4.34 %1071

0.6 5.02 « 10791

0.8 6.08 * 1071

1.0 7.74 % 10701

0a

Log Error

Figure 1: Log error for Example 2.
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Example 3: Consider the stable population model [32]:
N

G(s)=e5— f(s —t)G(t)dt, s e€[0,1].
0
The exact solution is G(s) = é(es + cos s +sins),

such that (s —t) is the net maternity function of
females of class age t at time s. e® is the contribution
of birth due to females already present at time s, with
G being the number of female births. After shifting the
domain of s from [0,1] to [-1,1]. The MAE can be
determined wusing CHPs2-BMatrix and equals
6.03x107% at V =7,K =1000. The MAE and
point-wise AE are presented in Tables (6) and (7). In
addition, Figure (2) shows the Log error, such that, by
increasing the value of V, the accuracy of the
approximation increases.

Table 6: MAE at K = 1000 of Example 3.
%4 G(s)

1 2.19 % 10792

2 4.03 * 107%

3 7.59 x 10705

4 43010705

5 4.62 10705

6 6.00 x 1075

7 6.03 * 10705

8 7.37 10795

Log Error

Figure 2: Log error for Example 3.

Table 7: Point-wise AE at V = 7 and K = 1000 of

Example 3.
s G(s)
-1.0 0

-0.8 1.01 10795

-0.6 | 1.91%107%

-0.4 | 3.40%107%°

-0.2 | 3.02x107°5

0 3.09 + 10705

0.2 4.46 » 10705

0.4 5.18 « 10795

0.6 | 4.69%1079

0.8 5.33 « 10795

1.0 5.28 « 10795

Example 4: Consider the following first-order Volterra
IDE [33]:

G'(s) +f Gt)dt=1, s€[01],

with the initial cgndition G(0) =1, and the exact
solution is G(s) = sins. After shifting the domain to
[-1,1] using the relation u = i(s + 1). Table (8)
presents the point-wise AE at V = 5, K = 500.

Example 5: Consider the following second-order
Volterra-Fredholm IDE [34]:

G'(s)+G(s)=2+¢e°— e+] G(t)dt
0

1
+f Gdt, 0<s<1,
0

where the initial conditions are G(0) = G'(0) = 1, the
exact solution is G(s) =e®. The MAE equals
1.46 * 1079 at V =5,K = 1500 and the point-wise
AE has been expressed in Table (9).
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Example 4.

s G(s)
-1.0 1.06 * 10722
-0.8 | 5.57*107°!
-0.6 | 5.52 10701
-0.4 5.08 x 10701
-0.2 | 5.04 %1070t

0 4.55 % 10701
0.2 494 % 10701
0.4 | 34710701
0.6 3.92 10701
0.8 2.84x10701
1.0 | 84110701

Table 9: point-wise AE atV =5 and K = 1500 of

Example 5.

s G(s)
-1.0 | 2.03%107%
-0.8 | 1.05%10703
-0.6 | 1.14 %107
-0.4 | 1.21x107%
-0.2 | 1.18 10703

0 1.07 = 10793
0.2 1.05 % 10793
0.4 1.23 x 10703
0.6 1.45 % 10703
0.8 1.11 % 10793
1.0 7.90 * 10794

6. Conclusion

This paper uses the Trapezoidal integration rule to
introduce new differentiation and integration matrices
for solving ODEs and IDEs via the pseudo-spectral
expansion method. The basis function of pseudo-
spectral is the second kind of Chebyshev polynomial.
The constructed matrices convert the given differential
problem into a system of algebraic equations. The
unknown values of the algebraic system are the values
of the dependent variable. In addition, algorithms for
solving the initial boundary value problem and
integral and integro-differential equations have been
designed. Different well-known tests, like polynomial,
exponentiation, and trigonometric functions, are used
to prove the constructed matrices’ reliability.
Moreover, the matrices have been applied to
approximate the solution of some real-life
applications.
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