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ABSTRACT

A super edge trimagic total labeling (SETTL) of a graph I with «a vertices and £ edges is a bijection
®: [V (I VU ET)] —{1,23,--,a+ [} such that for each edge Yw € E(I"), the value of the formula
[PM) + P(w) + P(Ww)] is either K; or K, or K3, with the additional condition that ®: [V (I')] —
{1,2,3,--,a}. A super edge trimagic total graph is the one that allows a super edge trimagic total
labeling. The idea of super bimagic total labelling of connected graphs gets further investigated in this
study. First, we present the triangulated prism graph TII, and demonstrate its bimagic total labelling by
using the bimagic numbers K; = 6r and K, = 8r, showing that this graph admits a super bimagic
total labeling. Secondly, the idea of super edge trimagic total graph labeling was introduced. We found
some complicated graphs with trimagic total numbers, including the triangulated wheel graph, the double
vertex wheel graph, and the closed triangulated water wheel graph.

Keywords: Super edge trimagic total labeling, Triangulated prism, Double vertex wheel graph.

1. INTRODUCTION

All graphs considered in this study are finite, undirected, and simple connected graphs. Given a graph
r=W(),EM)), leta=|V(I)| represent the cardinality of its vertices, and g = |E(I")| represent the
cardinality of its edges. We follow [1,2] for general graph theoretical notion.

A graph labeling is a mapping that, based on certain restrictions, maps a graph's elements (vertices,
edges, or both) to positive numbers. There are many different types of labeling, and all those labeling
issues will share the three common factors.

[(1)] A set of numbers from which vertex or edge labels are chosen.

[(iD)] A rule that assigns a value to each edge or vertex.
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[(ii1)] A condition that these values must satisfy.

Graph labeling techniques can be applied to deal with problems in communication networks, improve
communication speed in sensor networks, create fault-tolerant systems using facility graphs, design good
radar type codes in coding theory, and address problems in mobile ad hoc networks [3].

Rosa proposed the concept of graph labelings in [4] at the beginning of the 1960s. Different graph
labelling strategies have been researched after the publication of this study. See a dynamic survey of
graph labelling, [5], for a thorough analysis of the topic.

The labeling of a graph is called total labeling if the domain of the mapping is the union of the vertices
and the edges. Introduction of edge bimagic total labelling (EBTL) of graphs by J. Baskar Babujee [6] in
2004 described by a graph I' with a bijection ®: [V(I') U E(I")] — {1,2,3,...,a + B} so that the results
of edge wights wte(Pw) = [PW) + P(w) + P(Jw)] for each edge Yw € E(I") is either the constant
represented by k,or k.

2013 saw the introduction of edge trimagic total labelling (ETTL) of graphs by C. Jayasekaran et al.
[7]. Fora (a,B) graph I', an edge trimagic total labelling can be characterised as a bijection ®: [V (I") U
E(N] — {1,2,3,---,a + B}, so that the value of edge wights wte(Yw) = [PW) + P(w) + PPHw)],
for each edge dw € E(I') , is equal to the distinct constant k; or k, or ks. The authors of [8, 9, 10,11]
demonstrated that certain graph classes have an edge trimagic total labeling.

Definition 1.1. A super edge trimagic total labeling (SETTL) of a graph I with a vertices and 8
edges is a bijection ®: [V (I'") U E(I")] — {1,2,3,---,a + B} such that for each edge Yw € E(I'), the
value of the formula [ @(¥) + ®(w) + P(Iw)] is either K, or K, or K3, with the additional condition
that ®: [V (I')] — {1,2,3,-- -, a}. A super edge trimagic total graph is the one that allows a super edge
trimagic total labeling.

As an illustration, C. Jayasekera et al. [12,13] proved that the generalized prism and web graph admit
super edge trimagic total labeling. Furthermore, they found super edge trimagic total labeling of square of
a cycle and gear graphs. In this paper, we try to push the super edge trimagic total labeling (SETTL) by
finding more complicated graphs which possess super edge trimagic total labeling.

Definition 1.2. [14] For any two graphs H = {A;,1,,..,4.} and T ={wy,w,,..,wi}. The
Cartesian product, denoted by H [X] T, is anew graph with vertexset V(H X T') =V(H) X V(T)
and the edge { (11, w;), (A5, w,)} is presented in the product whenever 1,4, € E(H) and w; = w, or
symmetrically w,w, € E(I) and A, = A, . The Cartesian product of a graph H with a path P, is
called a prism over H. The ladder graph L, = P, X B. is defined as a prism over a path B., while the
circular ladder graph (prism) I, = P, X C, ,see Fig 1.

Illustration: The Cartesian product of the path P, and the cycle Cs gives the prism Il5 is depicted in
Fig 1.
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Figure 1. The Cartesian product of the path P, and the cycle Cs.
2. SUPER EDGE BIMAGIC TOTAL LABELING OF TRIANGULATED PRISM GRAPH TII,

Definition 2.1. The triangulated prism graph TII, is a prism with additional edges wAxc+1)mod
K € [1,r], so the vertex set V(TII,) = { A, w,, k € [1,r] } and edge set
E(TI}) = (Acwis Medier Dmod £6 W@ (e+1)mod 1 DicAe+1)mod r K € [L,1]} . As a result, the graph
TII. has o = 2r vertices and B = 4r edges.

Theorem 2.2. For any positive integer r, the triangulated prism graph TII,. is super edge bimagic total
graph with bimagic numbers K; = 6r and K, = 8r.

Proof: The suggested labelling transformation {1, : [(V U E)(TII. )] — {1,2,3,..., 6r} is as follows:

() =2x—1, K € [1,r],
Uy (wy) = 2x, K€ [1,r1],
Y (wd) =6r—4x+1, K € [1,1],
6r —4x — 2 if K€ [1,r—1];
lIjl((’)}c(")(l&l)mod r) = { 6r — 2 if K=r,
6r —4x if kK€ [1,r—1];
lIjl(}\l<}\(1<+1)mod r) = { 6r if [ K = I‘,]
6r—4x—1 if kK€ [1,r—1];
lI"l((’olc}\(1c+1)mod r) = { 6r — 1 if K=r,

To establish that the triangulated prism graph TII. has bimagic constants, consider the edge w, A, ,
K € [1,7] then,
(W1 (wie) + W1(A) + W (w0 d)] = [(4x — 1) + (6r — 4k + 1)] = 6r = K;.
For the edge AcAy1, K € [1,r— 1] then,
(W1 () + W1 (Aes1) + U1 (A )] = [(4K) + (61 — 4K)] = 67 = K.
For the edge A AGe+1ymoar » K =7 then,
[Lpl(/lx) + l-ljl(/l(K+1)mOd r) + lI—’l(/lic/1(1c+1)mod r)] = [(@2r) + (6r)] = 8r = K,
For the edge w, w41 , k € [1,r — 1] then,
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(W1 (@) + Wy (@per1) + W (@i )] = [(4K + 2) + (6r — 4k — 2)] = 61 = K
For the edge wyW(c+1)modr. Kk =T then,
[Ll-’l (w) + Uy (w(;c+1)mod r) + lIjl((“)ic(“(ic+1)mod r)] =[@r+2)+(6r-2)] =8r =K,
For the edge w,A+1, K € [1,7 — 1] then,
[W1 (@) + W1 (Ager1) + W1 (@iedier )] = [(4c + 1) + (6r — 4 — 1) = 61 = K
For the edge ¢«A(ic+1)modr - K=r then,
[¢(¢K) + 1/’()L(K+1)mod r) + lp(d);c/l(lﬁl)mod r)] =[@r+1 +(6r—-1]=8r=K,
Similarly, it can be shown that the formula [ {1 (A) + ¥4 (@) + Y1 (Aw)], for each edge Aw €
E( TII,.), provides either of the bimagic constants K; = 6r or K, = 8r . Therefore, a super edge bimagic
total labelling for all r is allowed by triangulated prism graph TII,.

Example 2.3. In Fig. 2, we display the SEBTL of the graph TIIg with bimagic numbers K; = 48
and K, = 64 and the graph TTI, with bimagic numbers K; =54 and K, =72.

HQIV_

3.SUPER EDGE TRIMAGIC TOTAL LABELING OF A TRIANGULATED WHEEL TW,.

Definition 3.1. The triangulated wheel graph TW, , is a graph consists of a vertex set V(TW,) =
{}\0} U {)\KJ Wy, K € [1' r]}and edge set (Twr) = {)\07\10 )\Oww AK(DK' AK)\(K+1)m0d r (*)K}\(K+1)mod r
K € [1,r]} . Thus, the graph TW;, has a = 2r + 1 vertices and 8 = 5r edges.

Theorem 3.2. For any positive integer r, the triangulated wheel graph TW,. is super edge trimagic
total graph with trimagic numbersK; =7r+4, K, =4r+5 and K3 = 6r+4 whenr =
1mod2,r >3 whileKz; =6r+5whenr=0mod2, r=>4.

Proof: The suggested labelling transformation ¢, : [(V U E)(TW,)] — {1,2,3,...,7r + 1} isas
follows:

P2(2) = 1,

Po(A) =r+x+1,

P (w,) =k +1,

P(Agw) =7r—x+ 2, KE [1,r1],
Pa(AoA,) =6r—x+2, K € [1,r],
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4r — 2K+ 2 if xe[l,%],riseven
4r—-2x+1 if KE[l,%],riSOdd;

r
lIJZ(AK)‘(K+1)m0d r) =4 5r—2k+1 for k€ [E +1,r— 1] , ris even

r+1
or KE[ > ,r—1], risodd ;
\ 4r+1 if K=r;

r
3r—2k+3 for KE[I,E], fis even;
r—1] .
or KE|1, > | £is odd;
P (w,A,) =5 r i
6r—2k+2 for KE[E+1,I‘], £ is even;
[+ 1 ] .
or KE > ,r|, fisodd;
( 3r—2x+2 for KE[I,%], r is even
r—1 .
or KE[I,T], risodd ;
1|’2((0K7»(K+1)modr)=<6r_2"+1 for k€ [%+1,r—1], ris even
or KE[HZ_—I,I‘—l], risodd ;
5r+1 if K=T, riseven;
\ 2r+2 if K=Tr, risodd.

To establish that the triangulated wheel graph TW,. has trimagic total constants, consider the edge
Aow, , K € [1,7] then,
[W2(Ro) + Uz (Wi ) + Yo Row, )] = [(k+2) + (Tr—x+2)] =7r+ 4 =K,
For the edge w4, , K € [1r;—1] , and r is odd, then
[W2(w) + P2(A) + P2(wer)] = [(r+2k+2) + Br—2x +3)] =4r+5 =K,

Fortheedge A A 11, KE [1, r;—l] and r is odd, then

(P2 (A) + W2 (Ries1) + U2 (A1 )] = [2r+ 2k +3) + (4r — 2k + 1)] = 6r + 4 = K3
Forthe edge A A 11, KE [1, %] and r is even, then

[W2(A0) + W2 (A1) + P2 (A 1)] = [(2r + 26+ 3) + (4r — 2k + 2)] = 6r + 5 =Kj

Similarly, it can be shown that the expression [ {2 (A) + P (w) + P (Aw)], for each edge
Aw € E(TW,), yields either of the magic constants Ky = 7r + 4 ,K, =4r+5 and K3 = 6r + 4
or K3 =6r+5 . Therefore, a super edge trimagic total labeling for all r is allowed by the
triangulated wheel graph TW,..
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Example 3.3. In Fig. 3, we display the SETHL of the triangulated wheel TW;, with trimagic total
numbers K, =74, K, =45 and K; = 65 and the triangulated wheel TW,; with trimagic total
numbers K; =81, K, =49and K; =70

Figure 3: (a) TW;, with K; =74, K, =45 and K; =65 (b) TW;; with K; =81, K, =49 and
K; = 70.

4. SUPER EDGE TRIMAGIC TOTAL LABELING OF A DOUBLE VERTEX WHEEL GRAPH
DW,

Definition 4.1. [2] The double vertex wheel graph , denoted by DW,., is a graph consists of a vertex set
V(Dwr) = {VO} U {MO} U {)"K » KE [1' l‘]} and an edge set E(Dwr) = {VOAK ’ I‘IOA'K.'A'K.A(K+1)m0dI"
k € [1,r]}. Thus, the graph DW,. has a = r + 2 vertices and § = 3r edges.

Theorem 4.2.

For any positive integer r, the double vertex wheel graph DW, is super edge trimagic total graph with
trimagic total numbers K; =4r+ 5K, =3r+4 and K; = 2r+ 6 when r = 1 mod 2,r > 3 while
K;=2r+5whenr=0mod2,r=>4.

Proof: The suggested labelling transformation 5 : [(VU E)(DW,)] — {1,2,3,...,4r + 2} is as follows:

Y3(vo) = 1,

Y3(Ho) =1 +2,

Y3(A) =k +1,, K € [1,1],
P3(voA) =4r—x+3, K€ [1,r],
Y3(pod,) =3r—x+2, K€ [1,r],
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2r—2k+2 if KE[l,%—I], Tis even
2r — 2K+ 3 if KE[I,%], r isodd;
r
l|J3(7~K7~(K+1)modr) =9 3r—2x+1 for K E [E,r—l], ris even;
r+1
or K E T,r—l], r is odd;
3r+2 if K=r;

To establish that the double vertex wheel DW,., has trimagic total constant, consider the edge
VoA, K € [1,1] then,
[W3(vo) + W3(A) + W3(Vor )] = [(k+2) + (4r —x+3)] =4r+5 =K,

For the edge A A 11, K E [1,% - 1] and r is even, then,
[llj3()\'l€) + ¢3()LK+1) + ¢3()‘K)‘K+1)] =[2xk+3)+(2r—-2x+2)]=2r+5= K3

For the edge A A1, KE E,r - 1] and riseven, then,
W3 + P3(Aye1) + U3(AAs)] = [k +3) + Br—-2xk+1)] =3r+4 =K,

For the edge A A 11, KE [1,%] and risodd, then,
[llj3()\'l€) + ¢3()LK+1) + ¢3()‘K)‘K+1)] = [(ZK +3)+(@2r-2x+ 3)] =2r+6=Kj

By the same way, it can be shown that the expression [y, (X) + @, (v) + ¢, (Av)], for each edge
Av € E(DW,), yields either of the magic constants K, = 4r + 5,K, = 3r+4 and K3 = 2r + 6 Or
K; = 2r + 5 . Therefore, super edge trimagic total labeling for all  is allowed by the double vertex
wheel graph DW,..

Example 4.3.

In Fig. 4, we display the SETTL of the double vertex wheel DW, with trimagic total numbers
K, =45, K, =34 and K3 = 25 and the double vertex wheel DW 4 with trimagic numbers
K1:4‘9, K2:37and K3:28
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Figure 4: (a) DW;, with K; =45, K, = 34 and K; = 25, (b) DW;; with K; =49, K, = 37 and
Ky =28.

5. SUPER EDGE TRIMAGIC TOTAL LABELING OF THE CLOSED TRIANGULATED WATER
WHEEL GRAPH CTWW.,.

Definition 5.1. [2] The closed triangulated water wheel graph CTWW,. , is a graph consists of a vertex set
V(CTWW,) = {A} U {A,, Vi, W, K € [1,1]} and edge set

E(CTWW,) = {AoA,, AgVic, Aoy, A0y, Vi, VK)‘(K+1)mod r WiW(c+1)modrr K € [Lr]} . As a
result, the graph CTWW, has a = 3r + 1 vertices and = 7r edges, see Fig. 5.

Figure 5: The graph CTWW, with standard labeling.
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Theorem 5.2.
(1) when r = 1mod 2,r > 3, the closed triangulated water wheel CTWW . is edge bimagic total
graph with bimagic numbers K,=10r +4 and K, =6r+4.

(2) when r = O0mod 2,r > 4, the closed triangulated water wheel CTWW, is edge trimagic total
graph with trimagic numbers K; =10r+4,K, = 6r+4and K; = 8r+5.

Proof: The suggested labelling transformation ¢, : [(VU E)(CTWW,)] — {1,2,3,...,10r + 1} is as
follows:

ll’4-()‘0) =1,
Pg,A)=r+x+1,
lIJ4(VK) =K+ 1l

_(2r+x+2 if K€E[lLr—-1j;
ba(@y) _{ 2r+2 if K=r,
Py ) =9r—x+2, Kk € [1,1],
Pu(Aov) =10r—x+ 2, Kk € [1,r],

_(8r—x+1 if k€ [1,r—1];

Wa(how) = { 8r+1  if K=

4r—-2x+1 for Ke[l,%—l],riseven;
or Ke[l, r;_l] risodd;

P,(vew, ) =3 8r—2x+1 for Ke[%,r—l],riseven;

or KE [HZ_—I,r—l], risodd;

5r+2 if K=r, ris even;
7r+1 if K=T, risodd;

5r—2k+2 if Ke[l,%—l],riseven;

7r—2xk+1 for k€ [%,r—l], riseven;

Aw,) =

ba(hew) or kK€[1,r—1] risodd;
4r+ 2 if K=r, riseven;
6r+1 if K=, risodd;
7r—2x+2 if k€[1,r—1], ris even;

Pi(vAei1) =95r—2xk+1  if ke[lr—-1] ris odd ;

4r+1 if K=T,

4r + 2 if KE[I,%—Z], ris even;

6r—-2xk—1 for KE[%—I,I‘—Z], ris even;

Py (@ 0,c41) = 4 or k€[l,r—2] risodd;

3r+2 if K=r—1, riseven;

5r+1 if k=r—1, risodd;
4r if K=r, riseven;

6r-—1 if K=r, r is odd .
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Case: (1) Whenr = 1mod 2,r > 3, to establish that the closed triangulated water wheel graph CTWW,
has bimagic total constant the edge 2A,v,, k€ [1,r],then

(W4 (Ro) + Wa(vy) + Wa(Rovv, )] = [(k +2) + (10r — k + 2)] = 10r + 4 = K;.
Fortheedge v, k € [1?] then

[Pi(v) + ¥y (w,) + Pu(vew, )] = [(2r + 2+ 3) + (4r — 2k + 1)] = 6r + 4 = K,.
By the same way, we can prove that, for each edge Aw € E(CTWW,), the outcomes of the formula
(P, + ¢, (w)) + ¥, (Aw)], provides either of the magic constant K; = 10r + 4 and K, = 6r + 4.

Case: (2) When r= O0mod2,r >4, to establish that the closed triangulated water wheel graph
CTWW, has trimagic total constants theedge w, w1, and k € [1; — 2] , then
[Wa(w) + Wa(wy) + Pya(w0,c41)] = [(4r + 2K+ 5) + (4r — 2K)] = 8r+ 5 =K;
For the edge Agv,,, and k€ [1,r]then
(Ws(Qo) + Wa(vi) + Pu(Aev, )] = [(k +2) + (10r —k + 2)] = 10r + 4 = K,
For the edge v w,., and k€ [1% - 1] then
Wiv) + ¥y(wy) + Pa(vew, )] = [2r+2x+3) + (4r—2xk+ 1)] =6r+4 =K,

Similarly, it can be proved that, for each edge Aw € E(CTWW,), the outcomes of the expression
[(P,D) + ¥, (w)) + ¥, (Aw)], yields either of the magic constant K; = 10r + 4 ,K, = 6r + 4 and
K3 = 8r+5 . Therefore, a super edge trimagic total labelling for all r is allowed by a closed
triangulated water wheel graph CTWW,..

Example 5.3. In Fig. 6, we display the SEBTL of the closed triangulated water wheel graph CTWW,
with bimagic total numbers K; =94, and K, =58.
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Figure 6: The graph CTWW, with bimagic total numbers K; =94 and K, = 58.

Application of SEBTL and SETTL

Magic numbers can be used as secret numbers for any credit card or money safe in the manner
described as follows: a graph is chosen from the graphs in this paper for each month of the year. The
number of days in a month is represented by r, the number of vertices in that graph. No matter how odd or
even the day is, the number of vertices r will change based on how the days of the month change.
Therefore, we have secret numbers (trimagic total numbers) K;, K, and K5 for each day of the month
that is different from the day before it. The following month, we picked a different graph from the
collection, and r changes according to the day of the month. This leads to a special type of encryption and
hacker-proof protection.

6. CONCLUSION

The novelty of the paper isto develop the concept of super bimagic total labelling of connected graphs.
We demonstrate that the triangulated prism graph possesses super bimagic total labelling with bimagic
total labelling using the bimagic numbers K; = 6r and K, = 8r . Also, we introduce the concept of
super edge trimagic total graph labelling. As a result, we discovered several complex networks with
trimagic total numbers, including the triangulated wheel graph, the double vertex wheel graph, and the
closed triangulated water wheel graph. The broader implication of introducing these labelings is to
identifying new secret numbers for any issues.
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