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AVERAGING PRINCIPLE FOR BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS DRIVEN BY BOTH STANDARD
AND FRACTIONAL BROWNIAN MOTIONS

Y. SAGNA, S. AIDARA, I. FAYE

ABSTRACT. In this paper, we study the stochastic averaging principle for back-
ward stochastic differential equations driven by both standard and fractional
Brownian motions (SFrBSDEs in short). An averaged SFrBSDEs for the orig-
inal SFrBSDEs is proposed, and their solutions are quantitatively compared.
Under some appropriate assumptions, the solutions to original systems can be
approximated by the solutions to averaged stochastic systems in the sense of
mean square.

1. INTRODUCTION

Backward stochastic differential equations (BSDEs in short) were first introduced
by Pardoux and Peng [11] with Lipschitz assumption under which they proved the
celebrated existence and uniqueness result. This pioneer work was extensively used
in many fields like stochastic interpretation of solutions of PDEs and financial
mathematics. Few years later, several authors investigated BSDEs with respect to

fractional Brownian motion (BtH ) 150 with Hurst parameter H. This process is a

self-similar, i.e. B has the same law as a’? BY for any a > 0, it has a long range
dependence for H > 3. For H = 4 we obtain a standard Wiener process, but for
H # %, this process is not a semimartingale. These properties make this process
a useful driving noise in models arising in physics, telecommunication networks,
finance and other fields.

Bender [3] gaves one of the earliest result on fractional BSDEs (FrBSDEs in
short). The author established an explicit solution of a class of linear FrBSDEs
with arbitrary Hurst parameter H. This is done essentially by means of solution of
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a specific linear parabolic PDE. There are two major obstacles depending on the
properties of fractional Brownian motion: Firstly, the fractional Brownian motion
is not a semimartingale except for the case of Brownian motion (H = %)7 hence
the classical It6 calculus based on semimartingales cannot be transposed directly to
the fractional case. Secondly, there is no martingale representation theorem with
respect to the fractional Brownian motion. Studing nonlinear fractional BSDEs, Hu
and Peng [7] overcame successfully the second obstacle in the case H > % by means
of the quasi-conditional expectation. The authors prove existence and uniqueness
of the solution but with some restrictive assumptions on the generator. In this
same spirit, Maticiuc and Nie [9] interesting in backward stochastic variational
inequalities, improved this first result by weakening the required condition on the
drift of the stochastic equation. Fei et al [5] introduced the following type of BSDEs
driven by both standard and fractional Brownian motions (SFrBSDEs in short)

T T T
}/t = €+/ f(S)nS7Y97Z1,S)ZQ,S)dS_/ Zl,sst _/ ZQ,sdBf, 0 S t S T, (1)
t t t

where (By),~, is a standard Brownian motion, (Bf) 40 is a fractional Brownian
motion and {7;},.,<7 is a solution of a stochastic differential equation driven by
both standard and fractional Brownian motions. In [5], the authors abtained the
existence and uniqueness of the solution of SErBSDEs under Lipschitz assumptions.
Recently, new classes of BSDEs driven by two mutually independent fractional
Brownian motions were introduced by Aidara and Sagna [1]. They established the
existence and uniqueness of solutions.

Stochastic averaging principle, which is usually used to approximate dynamical
systems under random fluctuations, has long and rich history in multiscale prob-
lems (see, e.g.,[10]). Recently, the averaging principle for BSDEs and one-barrier
reflected BSDEs, with Lipschitz coefficients, were first studied by Jing and Li [8].
In the present paper, we study a stochastic averaging technique for a class of the
SFrBSDEs (1). We present an averaging principle, and prove that the original
SErBSDEs can be approximated by an averaged SFrBSDEs in the sense of mean
square convergence and convergence in probability, when a scaling parameter tends
to zero.

The rest of the paper is arranged as follows. In Section 2, we recall some defini-
tions and results about fractional stochastic integrals and the related It6 formula.
In Section 3, we investigate the averaging principle for the SFrBSDEs under some
proper conditions.

2. FRACTIONAL STOCHASTIC CALCULUS

Let © be a non-empty set, F a o—algebra of sets (2, P a probability measure
defined on F and {F;, t € [0,T]} a o—algebra generated by both standard and
fractional Brownian motions. The triplet (€2, F,P) defines a probability space and
E the mathematical expectation with respect to the probability measure P.

The fractional Brownian motion (Bf) o With Hurst parameter H € (0,1) is a
zero mean Gaussian process with the covariance function

E[B{ B =

7+ 27—t =), ts>0.

DN | =
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Suppose that the process (B{?), ., is independent of the standard Brownian motion
(Bt),>o- Throughout this paper it is assumed that H € (1/2,1) is arbitrary but
fixed.

Denote p(t,s) = H(2H — 1)|t — s|> 72 (¢,5) € R2. Let ¢ and 7 be measurable
functions on [0, T]. Define

(€)= / / P, V)E(u)(v)dudy and [|€] = (€,€);.

Note that, for any ¢ € [0,7T], (¢,n): is a Hilbert scalar product. Let H be the
completion of the set of continuous functions under this Hilbert norm ||-[|, and
(én)n be a sequence in H such that (&,&), = d;;. Let Pff be the set of all
polynomials of fractional Brownian motion. Namely, P# contains all elements of

the form
T T T
F(w) =f (/O gl(t)deqv/O EQ(t)dBfIP : '7/0 §n(t)dB£I)

where f is a polynomial function of n variables. The Malliavin derivative D of F
is given by

oo = Of ([T u [h 1 ! am
pIF=3 50 (/O awanl’. [ emast.... [ e e 0<s<T

Similarly, we can define the Malliavin derivative D;G of the Brownian functional

Gw)=f (/OT §1(t)dBt,/0T & (t)dBy, . . .,/OT fn(t)dBt> .

The divergence operator D! is closable from L?(2, F,P) to L?(2, F, P, H). Hence
we can consider the space D o is the completion of P with the norm

I1FIIf > = E[F]* + E||DJ FI[f.

Now we introduce the Malliavin p-derivative D of F by
T
DAF = / p(t,s)DH Fds
0

and denote by ]L}f the space of all stochastic processes F : (Q, F,P) — H such

that
T T
E <||F|§+/ / |]Dth|2dsdt> < +00.
0 0

We have the following (see[[6], Proposition 6.25]):
Theorem 2.1. Let F: (Q, F,P) — H be a stochastic processes such that

T T
E <||F|§ +/ / |ID)th|2dsdt> < +o0.
0 0

Then, the Ito-Skorohod type stochastic integral denoted by fOT F.dBH exists in
L? (Q, F,P) and satisfies

T T 2 T T
]E(/ FSdBf> =0 and E(/ FsdBf> =E<||F%+/ / Dth]D)stdsdt>.
0 0 0 0
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Let us recall the fractional It6 formula (see[[5], Theorem 3.1]).

Theorem 2.2. Let oy € L?([0,T]) and o2 € H be deterministic continuous func-
tions.
Assume that ||os||, is continuously differentiable as a function of t € [0,T]. Denote

¢ ¢ ¢
X =Xo Jr/ a(s)ds +/ o1(s)dBs Jr/ o9(s)dBH
0 0 0

where Xg is a constant, «(t) is a deterministic function with fg la(s)|ds < +o0.
Let F(t,x) be continuously differentiable with respect to t and twice continuously
differentiable with respect to x. Then

t t
F(t,X;) = F(0, Xop) +/ a—F(S,Xs)dS +/ 8—F(5,Xs)dXs
0 0s 0 ox

1 (19*F ) d 9
+5 [ G X ot + ol as, 0sesT

Let us finish this section by giving a fractional It6 chain rule (see[[5], Theorem
3.2]).

Theorem 2.3. Assume that for i = 1,2, the processes u;, o; and ¥;, satisfy

E [/OT 12 (s)ds + /OT a?(s)ds + /OT ﬂf(s)ds] < 0.

Suppose that Dyc;(s) and DHEY;(s) are continuously differentiable with respect to
(s,t) € [0,T)? for almost all w € Q. Let X; and Y; be two processes satisfying

¢ t t
X, =Xo+ / w1(s)ds —|—/ a1 (s)dBs —|—/ ¥1(s)dB, 0<t<T,
0 0 0

t t t
Y; =Y, +/ 1o (s)ds Jr/ o (s)dBg +/ ﬁg(s)dBf, 0<t<T.
0 0 0

If for i = 1,2, the following conditions hold:

T T
E / | Dy (s)|?dsdt| < +oo, E / D, (s)|?dsdt| < +oo,
0 0

then
t

t t
XY = XoYo + / X,dY, + / Y.dX,
0 0

t
+ / [1(8)DsYs 4 aa(s)Ds Xs + 91(s)DY Y, + 92(s)DF X] ds,
0
which may be written formally as
d(X:Y;) = X4dYy+YydXo+ [a1(8) DY + ao(t) De Xy + 01 (8)DFY; + 92()Dy7 X, ] dt.

In order to present a stochastic averaging principle, we need the following [12,
Lemma 1].
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Lemma 2.1. Let Bf! be a fractional Brownian motion with + < H < 1, and
u(s) be a stochastic process in }L;}z. For every T < 400, there exists a constant
Co(H,T) = HT?*"=1 such that
T
[ tuts) s
0

We are now in position to move on to study our main subject.

2
T
E (/ |u(s)|dB§’> < Co(H,T)E + CoT?.
0

3. AVERAGING PRINCIPLE FOR SFRBSDES

3.1. SFrBSDEs. Let us consider the following process

t t
ne = 1o + b(t) +/ o1(s)dB; +/ oy(s)dBE, 0<t<T,
0 0

where the coefficients 79, b, 01 and oy satisfy:

® 7)o is a given constant,
e b,01,09:[0,T] — R are deterministic continuous functions, o1 and oy are
differentiable and o1 (¢) # 0, o2(t) # 0 such that

t
ot = [ oteds+ loall?, 0 <<, @)
0
t t
where loall? = H(2H-1) / / lu—v2 =205 (1) oy (v) dudv.
0 0
t
Let Ga(t) = / ot 0)oa(w)dy, 0<t<T.
0

The next remark will be useful in the sequel.

Remark 1. The function |o|? defined by eq.(2) is continuously differentiable with
respect to t on [0,T], and

a) Llof? = o2(t) + L ||oo|? = o3 (t) + 02(t)52(t) >0, 0<t<T.

b) for a suitable constant C1 > 0, info<i<p Zz—gg > (.

Given ¢ a measurable real valued random variable and the function
F:OX[0,T]xRxRXxRXxR =R,

we consider the BSDEs driven by both standard and fractional Brownian motion
(FrBSDEs)

T T T
n:f+/ f(s,ns,n,zl,s,zz,s>ds—/ Zl,sst—/ Zo dBY, 0<i<T. (3)
t t t

We introduce the following sets (where E denotes the mathematical expectation
with respect to the probability measure P) :

o Céﬁl([O’T] x R) is the space of all C12-functions over [0,7] x R, which
together with their derivatives are of polynomial growth,
o Vior| = {Y = (m): ¥ € CL2([0,T] x R), 57 is bounded, ¢ € [O,T]} ,
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o 17[0)T] the completion of Vjg 7} under the following norm

T 1/2 T
||Y||</O Em%zt) ( / Elw(tmt)l2dt>

Definition 3.1. A triplet of processes (Yi, Z1,1, Zo1)o<i<t 5 called a solution to
SErBSDE (3), if (Yi, Z1t, Zat)o<t<T € Vio.r) X Vio,r) X Vjo,r) and satisfies eq.(3).

We have the following (see [[5], Theorem 5.3]).

1/2

Theorem 3.4. Assume that oy and oy are continuous and |o|? defined by eq.(2) is
a strictly increasing function of t. Let the SFrBSDE (3) has a solution of the form
(Yo =v(t,ne), Zie = —o1(t,me), Zog = —pa(t, i), where v € CV*([0,T] x R).
Then

p1(t ) = Ul(t)w;(tvx)7 902(75’1') = 02(t)"/}:;(ta37)-
The next proposition will be useful in the sequel.

Proposition 1. Let (Y;, Z1,, Z2.1)o<i<T be a solution of the SFrBSDE (3). Then
for almost t € [0,T7,

DY, = Zl,t7 and DHYt ( )Z2t
o2(t)

Proof. Since (Y, Z1.4, Z2;) satisfies the SEYBSDE (3) then we have Y = ¢(-,n)
where
¥ € CH2([0,T] x R). From Theorem 3.4, we have

Zyy = oY, (t @), Zayp = 0a(t)Y,(t, x).
Then we can write D;Y; = o1(8)YL (¢, 2) = Z1 4 and
DAY, = / o(t, s)DHE(t, my)ds = L (t, ;) / b(t, 5)oa(s)ds
/ ~

UQ(t)
oa(t) Z2.t

= 02 (t)ey (8 ) =
|

3.2. An averaging principle. In this section, we are going to investigate the
averaging principle for the FrBSDEs under Lipschitz coefficients. Let us consider
the standard form of equation (3): for all ¢ € [0, T]]

T T T
N / frme,Ye, 25, 25,) dr—e' / 75 . dB,—e" / Z5 . dBl, (4)
t t t

t t

where 7§ —770+52H/ b(s)ds + e / (s)st—l—eH/ oo (s)dBE.

0
According to the second part, equation (4) also has an adapted unique and square
integrable solution. We will examine whether the solution Y;® can be approximated
to the solution process Y, of the simplified equation: for all ¢ € [0,T]

T T T
Y, = ¢4 / T (5. V 0 70y Do) dr—c" / Z1,dBy—c / ZodBY . (5)
t t t

where (?t,717t,727t) has the same properties as (Yf, ARY Z§7t).
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We assume that the coefficients f and f are continuous functions and satisfy the
following assumption:

e (A1) There exists L > 0 such that, for all (¢,z,y, 21, 22,9, 21, 25) € [0,T] x R7,
we have

(g, 2, 22) = Flt 2, 2, ) < L (Jy =/ + 1o = 24 + |22 - 217
e (A2) For any ¢ € [0,71] C [0,T] and for all (x,y, 21, 22) € RxR xR xR, we have

1
T —t

T
— 2
|1z z2) = T ) ds < o(0i=0) (L4 + a4 )
t

where ¢ is a bounded function.
In what follows, we establish the result which will be useful in the sequel.
Lemma 3.2. Suppose that the original SFrBSDEs (4) and the averaged SFrBSDEs

(5) both satisfy the assumptions (A1) and (A2). For a given arbitrarily small
number u € [0,t] C [0,T], there exist Ly > 0 and Cy > 0 such that

T
E / |Yf—75|2ds +Cy (T — ).

(6)

T
/ 125 = Z0l” +125.. - Za[”] ds] < LE

Proof. Let us define A3~ = 6° — § for a process § € {Y, Z1, Z>}.
It is easily seen that the pair of processes (AYt,AZl 1 AZ, t) . solves the
’ 7 0<t<
SFrBSDE

AY, =T (fls,n5,YE, 25,4, 25,) — F15. Y s, 215, Za)) ds — ¥ [T AZ] dB,
—eH [T'AZ, ,dBH.

2

Applying 1t6’s formula to ‘Hf , we obtain

2 T r o
‘Ayi tefl / DAYAZ; ds + 7 / DHAYIAZ ds
u u

T
:2€2H/ AY;: (f(sa 77.27)/36a Zisa Z;s) - f(77§7YSa Zl,Sa ZQ,S)) ds

T T
gcH / AV*AZ. B, — 2" / AV°AZ B! M)

Using the fact that (AYS, AZ s, AZQ’S> € XN/[O,T] X ‘N/[O’T] X 17[0’T] and Vo1 C

t<s<T
Ly* (see Lemma 8 in [9]) which implies in fact Fj , = AYAZ
i =1,2). Then by Theorem 2.1, we have

T, € L}? (where

2,8

E

T T
/ AV AZ, dB, + / AYSAZ B!
0 0
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Hence we deduce from (7)

]EUW;:

2
]+£H]E

= 2:2HE

< 2:2HE

+2:2HE

= FEy + Es,

where By = 2e2HE

T
/ DAV AZ: ds
u

T
+ M / DHAY-AZ, ds
u

T

/ WZ (f(sv 77::7 Ysaﬂ Zisﬂ Zg,s) - 7(”57?5771,5772,8)) ds]
T L

/ AV (F(5,15,YE, 2500 Z5.,) — (5152 Vo D ) dis

T
/ AY&; (f(sa ni7ysa Zl,sa ZQ,S) - f(n§7ysa Zl,sa ZQ,S)) dS]

(8)

T
/ WZ (f(S, 7757)/567 Ziy ZS,S) - f(Sa 77;?5771,3,7275)) dS]
u

and By = 221 [ [T AV (£(5,15. V5. Z1,0, Z2,s) = F05, Vs Z1,60 Zas)) ds]

For E, by using the condition (A1) and Holder’s inequality, for any « > 0,
2ab < aa? + b? /o, we deduce that

2
Fy <ae?fE ds

T
[

<e2f <a + £> E
(0%

T
[

2H
+F
o

2
ds

T
/ If(S»niyYse,Zf,s,Zi,s)—f(s,ni?s,?l,s,?z,s)fdS]

Tr_ 2
/ “Azjs } ds

2H

L
+ =

(%

2 ——=¢
+ |57,

9)

For E5, by using assumption (A2), Holder’s inequality and Young’s inequality,

we have

1
T 2 2 T . - _ . - 9
E2 S 252H]E (/ ‘Ayé‘ dS) </ |f(5777§7Y3721,37 ZQ,S) - f(’r,g?YS;Zl,sa Z2,S)| d5>
u t

T
<2:2HE ((Tu) / ’Hi

2

T
< 220 O, (/ ’W‘Z

T —
/ ‘AYE
u
T —
/ ‘ij

2
< 52HC’2E ds

2
< 2HOLE ds

1

4§

ds)

+T —u

L
2

1

—U

T
- = = — = = = 2
/ |f(5777§7 YS? Zl,s; Z2,S) - f(niv YS? Zl,s; Z2,S)| dS)

+ 25Oy (T — ), (10)

S
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Wherngz\/(T—u) sup P(s—u) {14— sup E(|?S|2)+ sup E(‘7175|2)_~_ sup E(|727S‘2)].

u<s<T u<ls<T u<s<T u<ls<T

By the stochastic representation given in Proposition 1 and the Remark 1, we

have
[ [

Putting pieces together, we deduce from (8) that
T €
/ a7,

L
< g2 <a+—+Cg)IE
a

+ 20y (T — u)
2H Tr_ 2
4L EV UAZ?S ]ds
a u ’
H

. . e € .
Hence if we choose a = aq satisfying — min {ao — Lef  agCy — LeH} = g2H
Qg

E =E A7, >CE

T
/ D.AYVSAZ, s A7,

T
/ DUAYAZ, ds

2
ds

2
ds| and E

2
ds| .

2
ds| + Clé‘HE

T —
/ ‘Ayi
u

2 -
+ |57,

]EUWT:

2
}+€HIE

T ——=€
/ 27,

2
ds

(11)

then we obtain

T — |2 — |2 L T —c|?
2HE / DAZLS + (Azgys ] ds| < e2H (ao + 4 02> E / ‘AYS ds| + 20y (T—u).
u 0 u
Thus,
T e = 2 = 2 T e = |2
E [|ZL;ZLS| + 125, 7| }ds <SLE [ |VE-V. [ ds+ Co(T —u),
L .
where Ly = oy + — + C5. This completes the proof. O
o

Now, we claim the main theorem showing the relationship between solution
processes Y to the original (4) and Y, to the averaged (5). It shows that the

solution of the averaged (5) converges to that of the original (4) in mean square
sense.

Theorem 3.5. Under the assumption of Lemma 3.2 are satisfied. For a given
arbitrarily small number §1 > 0, there exists e1 € [0,e0] and 8 € [0,1] such that for
all € € [0,e1] having

— 2
sup E|Yf—Yt} < 6.
Tel-B<t<T
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Proof. With the help of Lemma 3.2, now we can prove the Theorem 3.5. Using the
elementary inequality and the isometry property, we derive that

2

2 T _
B [V | <2 || [ (10000897, 20 25,008 Y0 0 Za) s

T—E T—E ?
el / AZ, dB, + " / AZ, dBl

+ 2E
T 2

S 454HE / [f(sanza}/ssazisazg,s) _f(san§7?837175772,s)] dS

L -
+4€4HE / [f(57n§7?5771,8572,s) _?(n§7?8771,8572,s)] dS

i T 2 T 2 _
+ 4R / AZ; ,dB,| | +4e*E / AZ, dBY
=L+ 1+ I3+ 14. (12)

Applying Holder’s inequality and the assumption (A1), we obtain

T
I < 4T —uw)e™E / \f(smiaﬂg,ZiyZis)—f(s,niys,z,sjz,s)fdS]

/uT UAYS 1 ds

Then, together with Holder’s inequality and the assumption (A2), we get

2 2
+ ‘AZLS + ‘AZQ,S (13)

< 4T — u)Le*R

T
12 §4(T - u)€4HE l/ ’f(sa 7757?5,71,5,72,5) - 7(7757?8371,537275)’2 (L;|
1

<A(T —u)**HE 7
—Uu

T
- = = — = = = 2
/ |f(san§7ysa Zl,sa ZQ,S) - f(n;ys, Zl,sa ZQ,S)| d.;|

<Cy(T — u)?eH, (14)

where C3 =4 sup [¢(s—u)] (1+ sup E(‘?Sf)_’_ sup E(’71’S|2)+ sup E

u<s<T u<s<T u<s<T u<s<T

By the Lemma 2.1, we obtain

2 I
+ ’AZ;S L 4H T (15)

Tr_ 2
Is+ I, < 2P HT?H R V UAZ?,S } ds
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[ 7. <57 ]

2
ds + Cs(T — u)?e™ + 427 CyT2.

Using above inequalities, from (12), we deduce

—|? 2 ——¢
sup E UAYt‘ ] < (4T = u)Le™ 4+ 22H HT?H 1) sup B + ‘AZ%
u<t<T u<t<T ’

T
+4(T—u)Le*™ sup IE/ ‘Hi
u<t<T Ju

Applying Lemma 3.2 to the above inequality we get

2
ds

sup E UH?

2 T _
} < [4(T—u)Le™™ (L1 + 1)+2L152HHT2H‘1]/ sup E|AY,
u<t<T u

u<s1<s
+ 2 (AT —w)Le®™ + 2HT?M 1) Co(T—u) + C5(T—u)?e* +4CoT?] .
(16)
Thanks to Gronwall’s inequality, we obtain
2

sup E ‘Ayf‘ < [(UT—u)Le*? + 2HT? 1) Co(T —u) + C5(T —u)?e* + 4CoT?]
u<t<T
% e(T-u) [4(T—u)Le*™ (Ly+1)+2L1 > HT?H 1) )

Obviously, the above estimate implies that there exist 8 € [0,1] and K > 0 such
that for evry t € (0, Ke 28] C [0, T,

sup  E|Yf *?t|2 < Cye' PP, (17)
Kel=-B<t<T
in which
Cy= [(AT-Ke*P)Le?H 4 2HT* 1) Co(T— Ke21P) + C3(T— Ke2HP)2e2H 4 40,17
% E2H(1+5)—16(T7K5_2Hﬁ)[4(T7K5_2Hﬁ)Ls4H(L1+1)+2L152HHT2H_1]
is constant.

Consequently, for any number d; > 0, we can choose 1 € [0,&p] such that for
every &1 € [0,e0] and for each t € (0, Ke~2H8]

sup E |v¢ 77t’2 < 6. (18)

Ke-2HB<t<T

This completes the proof. ([

With Theorem 3.5, it is easy to show the convergence in probability between
solution processes Yy to the original (4) and Y to the averaged (5).

Corollary 3.1. Let the assumptions (Al) and (A2) hold. For a given arbitary
small number §3 > 0, there exists e5 € [0,e¢] such that for all e € (0,e2], we have

lim P sup |V — Yt’ > 09 | =0, (19)
€20\ gel-8<t<T
where 8 defined by Theorem 3.5 such that 8 < ﬁ

Proof. By Theorem 3.5 and the Chebyshev inequality, for any given number d5 > 0,
we can obtain

_ 1 o C,el—2HB
P sup Yf—Yt’ >0 | < 5E sup Yf—Yt‘Q §4€—2.
Kel=B<t<T 52 Kel=B<t<T 52
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Let £ — 0 and the required result follows. O

Remark 2. Corollary 3.1 means the convergence in_probability between the original
solution (Yf, Z3 4 Z§7t) and the averaged solution (Yt,Zl,t, Zg’t).

4. CONCLUSION

Backward stochastic differential equations are widely used in finance and optimal
control problems. In this paper, we compare a traditional and an averaged backward
stochastic differential equations driven by both standard and fractional Brownian
motions. Under some appropriate assumptions, the solution to original systems is
approximated by the solutions to averaged stochastic systems in the sense of mean
square.
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