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BICOMPLEX BLOCH AND LITTLE BLOCH SPACES

S. DOLKAR, S. KUMAR

ABSTRACT. In this paper, we study Bloch and little Bloch spaces in bicomplex
setting. We also discuss the Mobius invariance of the bicomplex Bloch space
and study the bicomplex Bergman projection onto the little Bloch space.

1. INTRODUCTION AND PRELIMINARIES

The Bloch space in complex analysis is interesting in its own right. In fact, the
Bloch space was studied much earlier than the Bergman space, which has its own
importance and stands as a very significant function space. For more details, see
[13, 3].

Throughout this paper, we denote the set of bicomplex numbers by BC. The

theory of bicomplex holomorphic functions has seen substantial development; see
[1, 2, 6, 8, 11, 12] and the references therein.
In the classical theory of holomorphic functions, one usually works on the unit
disk, whereas in the bicomplex setting, we deal with the bidisk. Let Ugc = U; x Uy
denote the bidisk in BC. More generally, a bidisk Upc centered at (aj,as) with
associated radii (r1,72) is defined as

Upc ={Z €BC: Z =em + e, |m —ailk <71, 12— aslle <r2}. (1)

The bicomplex Bloch space was first introduced by Reséndis and Tovar in [10].
They studied the bicomplex Bergman projection onto the bicomplex Bloch space
and also proved the decomposition

Bpc = eB + ef9B.

In this paper, we extend their work by defining the little Bloch space in the bicom-
plex setting. We denote the bicomplex Bloch and little Bloch spaces by Bpc and
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By re, respectively. We also discuss the Mobius invariance of the bicomplex Bloch
space, which follows directly from the idempotent decomposition of the space. Fur-
thermore, we define the bicomplex little Bloch space B¢ gc on the bidisk Ugc and
show that By pc can be decomposed into two classical little Bloch spaces on the
unit disk. In addition, we study the bicomplex Bergman projection onto the little
Bloch space.

We begin by recalling the definition of bicomplex numbers.

Definition 1.1. The set of bicompler numbers is defined as

BC = {n1 +jn2 : m,m2 € C(i)},

where i and j are two imaginary units such that ij = ji and i2 = j2 = —1, and
C(i) denotes the set of complex numbers with imaginary unit i. The set BC forms
a commutative Ting with addition and multiplication defined by

Z+W = (m+ jn2) + (w1 + jwz) = (m +w1) + j(n2 + we),
and
ZW = (m + jna2) (w1 + jws) = (mwr — nows) + j(Nws + nowi).

Another important fact about bicomplex numbers is their idempotent decompo-
sition. That is,

Z = ey + e, VZ € BC,
where y; = m1 — @2 and 2 = n1 + 12, and where

e— Ly oL
are mutually annihilating idempotents, i.e., e4-ef = 1 and eef = 0. The pair {e, ef}
forms the idempotent basis of BC.

The representation of bicomplex numbers as pairs of complex numbers leads to
three notions of conjugation: the bar-conjugation, the dagger-conjugation, and the
star-conjugation (see [1]). Among these, we use the x-conjugation, defined by

Z'=m-jp=cTite R

A bicomplex number Z is invertible if | Z||x # 0. In this context, we define the
hyperbolic-valued modulus, also called the k-modulus, as

1Zllk =22z, Zz7'=

Taking the positive square root, we obtain
1Z15 = elnl + el |ral-

For details, see [1]. The exponential and logarithmic representations of bicomplex
functions yield the following remark.

Remark 1. For a € R and 71,72 > 0, we have
(em1 + €TW’2)a =ery +elrg.
In particular,

(L= 1Z17)" = (e(1 = yl*) + €' (1 = [r21*)" = e(1 = 1 [*)* + e (1~ Ja2f)*
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Next, we continue with the bicomplex holomorphic functions and their deriva-
tives. Likewise the bicomplex numbers, the bicomplex functions also had its decom-
positions in terms of e and ef and is unique in nature. That is, F : Q ¢ BC — BC,
of one bicomplex variable Z is represented as follows:

F(Z) = eFy(B1) + el Fa(B),
where F/s; i = 1,2 are usual complex valued functions.

Definition 1.2. Let F : Q C BC — BC and let Zy € ). The derivative of F' at
Zy is defined as

H—0 H ’
Hgm,

where H = Z — Zy is invertible and 20y denotes the set of hyperbolic zero divisors
(i.e., the null cone together with 0 € BC).

If F' is hyperbolically derivable at each Z € ), then F' is called bicomplex holo-
morphic in Q.

For further details, see [1, 9, 7).

Next, we define the bicomplex weighted Bergman space. For Bergman spaces
with complex scalars, we refer to [1, 3, 4, 13].

Definition 1.3. Let 0 < p < 0o and —1 < a < oco. The bicomplex weighted
Bergman space

A7 (dVa)(Ugc)

of the bidisk Ugc is the space of bicomplexr holomorphic functions F : Uge — BC
that belong to the complete space LY (Ugc,dV,(Z)), i.e.,

| 1F@ vz <o,

Usc

where ||F(Z)||x denotes the hyperbolic modulus of F(Z), and the weighted measure
AV (2) is given by

a+1
dVo(Z) = 1 (1= 1Z[12)* dv1dyrdaadys = e dAq(71)dA(y2) +ef dA(v1)dAa(y2),

with e, et being the idempotent components and dA, the usual weighted area measure
on the unit disk.

Lemma 1.1. [10] Let A € Upc and define the bicomplex Mdbius transformation
S Upc — Upc by
A-7Z

S =gy

with [I¢]lx = 1.

Then

A= ZIDIS" D)k =1~ IS(2)]Iz-
In particular, ||S(Z)||x = 1 if and only if || Z||x = 1, i.e. Z belongs to the distin-
guished boundary of Upc.

Recall that the Poincaré metric on Upgc is denoted by pi and defined by

1 T, (W
log + | z(W)|lx

_ 1 T ———
Pr(Z, W) = 3108 T Il
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where Yz : Ugc — Upc is a Mdbius transformation and is given by
Z-W
T 1-zw
Definition 1.4. The operator Py . denotes the weighted Bergman projection on
Ugc. For any bicomplex-holomorphic function F,

FW
P 0) = [

Tz(W)

AV (W).

2. BICOMPLEX BLOCH SPACES

The bicomplex Bloch space was first introduced by Resendis and Tovar in [10].
The bicomplex Bloch space, denoted by Bpc in Upc, is defined as the space of all
holomorphic functions F' on Upc such that

1F | 3ee = sup{(1 = | ZI[}) |F"(Z)||1 : Z € Upc} < o0,
and the hyperbolic norm is defined by
IE[ = 1FO)e + [1F]l5se-
With this norm, Bp¢ is a Banach space.

Moreover, by Lemma 1.1, the Mdbius invariance of || - [|s,. can be established.
Indeed, let F' € Bpc and ® € Aut(Upc). Then

1F 0 @l = |F 0 @(0)| +sup{(1 — [ Z][}) |(F o ®)'(Z)]lx - Z € Upc}
= |F(®(0))] +sup{(1 = [|Z[}) | F'(®(Z) & |®"(Z)|lx : Z € Upc}
= |F(2(0))| +sup{(1 — [|R(2)[I}) |F"(@(2)) 1. - ®(Z) € Unc}

= ||F||%WE'

Also, the bicomplex Bloch space has idempotent decomposition Bgc = B +
efB, where B is the one-dimensional complex Bloch-space. So, any F € Bgc has
idempotent decomposition F(Z) = eG1(y1) + e'Ga(v2). Then

[Fllsgsc =sup{(1 = [ ZI)IIF' (2l ; Z € Usc}
=sup{(e(1 — | |*) + €' (1 = [12*)) (el G1 ()| + €T[G5(12)]); 1 € Ur, 72 € Ua}
=sup{e(l — | *)|G (1) + €' (1 = 2l?)Gs(v2) ;11 € Ur,yz € U}
=esup{(1 — |1 [*)|G1 () ;71 € Us} + el sup{(1 — [12)|G5(12)] 5 72 € Uz}
=e||G1|w + €| Gal|s-

The next proposition shows that every bounded holomorphic function on Ugc be-
longs to the bicomplex Bloch space.
[10] Hg2 C Bpc. Moreover, for all F' € Hgg,

[ FlBsc < [1F[]k,00-
Let F € Byc and Z, W € Ugc. Then

L+ Tz(W)|lx

F(7) — F(W < lF log —————,
I1F(Z) = FW)lk < 3 1F [l ST (W)l
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where Yz : Ugc — Upc is the Mobius transformation
=W
AN

Proof. Since F' is bicomplex holomorphic, we have

F(Z)—F(O):/l %F(ZZ) dl:/lF’(lZ)Zdl.
0 0

Taking k-modulus,

Tz(W)

1F(2) - FO)Ix < 1ZIlx / | F'(12) 1 dl.

By the definition of the Bloch norm,

1
1211
P - F <||F T—pze
|F(2) O)[[x <l H%IBIC/O 1—l2||Z||i

Evaluating the integral gives

1+ Z]|
F(Z) = F0)||s < % [|F||n,. log — i,
for all Z € Upc (with W = 0).

Now replacing F' by F oY, and Z by Tz(W), and using the Mdbius invariance

of the Bloch norm, we obtain

1+ [[Tz(W)|lx
FoX WYz(W) = (FoX)). < L|F log -
Il( 2)(Tz(W)) —( 2)O)llk < 3 [[Fllssc g1_\|TZ(W)H1C
This is equivalent to
L+ | Tz(W)|lx
FW) = F(2)|, < L|I|F log — =
IFOW) = F(Z)l < 5 1F e og T2 g

O

Theorem 2.1. Let F' : Ugc — BC be a bicomplex holomorphic function such that
F € Bye. Then

|F(Z) — F(W)llx
[F|lse = sup :
Z,W €Ugc pk(Za W)
ZAW
Z—W ¢,

Proof. Since F' : Ugc — BC is holomorphic, for any Z € Ugc we have
1
F(Z)-F(0) = Z/ F'(tZ) dt.
0
Hence

1
1F(Z) = FO)[lx < 1 Z]1x / | (£2) |5 dt

1
12
<||F / 2tk g
[l J T2 217

1+ 2]k
1=1[Z]x
= [|Fllsc (2, 0).

= % HFH‘BBC IOg
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Now replace F by F o Tz and Z by Yz(W). Using the Mobius invariance of both
the Bloch norm and the Poincaré metric, we obtain

|F(W) = F(Z) |k < | Fllose pr(Z, W), ZW € Usc.

Thus - i
FZ _FW k
su <P '
Z,WepU]BC ,Ok(Z,W) = H H%Ec
Z#W
Z-W¢2Wo
Conversely, define
F(Z)-F
A= sup I1F(Z) (W)||k’
Z,W €Usc px(Z, W)
Z#W
Z-W ¢,

and suppose A < co. Then for each Z € Upc,

()~ POV
Wz pr(Z, W)

= A= IZIDIF (Z)llx < A.

Therefore \F(2) Rl
F(Z)—FW)|k
F = su
|| H%BC Z,WEIT)UBC pk(ZaW)
Z4W
Z—-W ¢,

O

Corollary 2.1. [10, Theorem 4.3] Let F' be a bicomplex holomorphic function.
Then F € Byc if and only if there exists a constant C' > 0 such that

|F(Z) = FW)|lx < Cpr(Z,W),  Z,W € Ugc.

The bicomplex little Bloch space of Upc is denoted by B, gc, and it is a closed
subspace of Bpc consisting of holomorphic functions F' such that

lim (1= ||Z|2)||F'(Z)|| = 0.
nznwr( 1Z113) 1 (Z) ||

Moreover, B, gc is Mobius invariant, i.e., if F € B,p5c and T € Aut(Upc), then

FoT e%B,sc.
Now we can prove the following theorem.

Theorem 2.2. Let F' : Ugc — Upc be a bicomplex holomorphic function with
F € Bpe. Then F € B, pc if and only if

|Er — Fllgge — 0 asr — 17, (2)
where F.(Z) = F(rZ) is the dilated function for all Z € Ugc, and r € (0,1)p.

Proof. Let F, = eF,, 1 + eTFmg be the bicomplex dilated function in Bpyc, where
F,, 1 and F}, o are dilations in the classical little Bloch space 9B,. Also, let ' € Bpc
have the decomposition
F =eF| + eTFQ, (3)

with each Fy, Iy € B,

Suppose that equation (2) holds. Since each F;, ; € B, for i = 1,2, and because
B, pc is closed in Bpe, the convergence || F, — F||m,. — 0 as r — 17 implies that
F e %O,JB(L
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Conversely, suppose F' € B,pc. We need to show that (2) holds. From the
classical case, if F; € B, then F; € B, if and only if

|Fr, i — Fillg — 0 asr—1".
Now,
| = Fllwge = (€Fr, 1 + €' Fry2) = (€Fy + €1 Fy)|l e
= lle(Frin = Fy) + el (Fryo = Fo) [l
<e|Fra—Fills+e |Fr2— Pl

As ||Fry1 — Fills = 0asr — 17 and ||Fy, 2 — Folls — 0 as r — 17, we conclude
that

|1Er — Fllgpge — 0 asr— 17,
for every F' € B, pc. O

Lemma 2.2. Let F(Z,W) be a bounded and continuous bicomplezx function on
Ugc x Uge. Then, for a > —1 and Zy € OUgc, we have
1—ZW* 1—ZyW~

£, T g W0 = [ g W)
(4)

Proof. Since F(Z,W) is bicomplex holomorphic, we can write

F‘(Z7 W) = eFl(Zl,Wl) —+ eTFQ(ZQ,WQ).

As F(Z,W) is bounded and continuous on Ugc x Ugc, it follows that Fy and Fp
are bounded and continuous on U; x U; and Uy x Us, respectively.

Let Zo = eZy1 + € Zy 2 € OUgpc. From the classical case (see [13]), we know that
fori=1,2,

— Z;W; 1— Zo:W;
lim /%Fi(Zi,Wi)dAa(Wi):/ _—O*WFi(ZW,Wi)dAa(Wi).

Zi—Zo,i Juy, (1 — ZiWi)2+a U, (1 — Z07iWi)2+a
()
Therefore,
1-—- ZW*
ZILI%O ( Wiz F(Z,W)dV,(W)

1— )W
/ P (Zy,W1) dAa(Wh)
Z1—>Z01 1—Z1W1 2+a

1-— ZQWQ
+ €T lim e
Za—=Zo.2 Ju, (1 - 22W2)2+a

17201W1
- _20, Fy(Zo 1, W1) dAo (W
6/ (1= Zo1Wh)2te 1(Zox, W1) dAa(W1)

Fy(Zy, W) dAo(Ws)

+e’f/ (11—7ZO;VM;§+ Fy(Zo.2, Wa) dAy(Wy)
Uy (1 = Zo2W2)“Te

1—ZW*
= ————F(Zy, W) dV,(W).
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For any Z, € 0Upc, the above lemma together with the reproducing property of
the Bergman kernel gives

1-zZ,Ww* 1-ZW*
e = i a1 WWa =1l 1-|Z|3) = o.
o =zt e = iy [ gy VW) = iy (1-121E) =0
(6)
Let C(@BC) denote the algebra of bicomplex-valued continuous functions on @BC,
the Euclidean closure of Ugc. Furthermore, let C,(Upc) be the subalgebra of C(Upc)

consisting of functions F' such that F(Z) — 0 as || Z||x — 1.

Theorem 2.3. For every F' € Bpc and a > —1, the following conditions are
equivalent:

(a) F € B, nc;

(b) F = Pyo® for some @ € C(Ugc);

(c) F = Py o® for some ® € Co(Unc).

Proof. (a) = (c) : First suppose F' € B, pc and write

Z) = ZOHZ”, Z € Ugc.

2m—+1 F(n +a+ 3)

I(a+2)
Cp -1) — nznm.
+(a+1)F(a+m+1 n;ﬂ n(n (n—m+1)

For m =1 this becomes
3

¥(2) =Y e (- 1ZC. 2

=0
(1—-1Zl3) 1
C,Z"
CESVAS Z"

a+2 a+3
=(1- 2% )27 Co+ (1~ 1211 )72

oa+4 2 1 nC’nZ”_1 2
1-1Z|l%)-
PO 122 20n +1z; 21z, @
Thus @ € C,(Upc) and Py, ®(Z) = F(Z), which gives (c), see [10].
(b) = (a) : Suppose that (b) holds, i.e., F = P, ,® for some ® € C(Ugc). Then
(W)
F(Z) = — 7 qV,(W),  Z € Usc.
@)= ], T TV, 2 Ui
Differentiating under the integral gives
W*o (W)
F'(Z)= 2 ————— dV, (W), Z € Upc.
2)=(0+2) [ G gy alV) e

Hence

Fl= (o2 [ v ),
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Multiplying both sides by (1 — ||Z||2), we obtain

a- 121 @ = -z [

—adVa(W),
Usc ”1 - ZW*HiJr

where T(W) = (o + 2)W*(W).
Using a change of variables and applying Lemma 2.2, for Z, € OUpc, we get

1= ZoW™ |k

lim (1— || ZID)IF(2)||x = Y(Z / AV (W
Jim (0= WA @)= 12 [ et ava)
:0’
which implies F' € B, gc.
(¢) = (a) : This follows immediately. O

Theorem 2.4. For any F € Bpyc, an integer n > 2, and o > —1, the following
conditions are equivalent:

(a) Fe sBO,IBE(C;

(b) (X =NZI)"IF™(2)|lx € Co(Usc);

(e) A= NZID)"IIF™(2)|lx € C(Usc)-

Proof. (¢) = (a) : Consider F(Z) =", C,Z™ and define

2m—+1
12)= 3 s ez e,z
INa+2) pumn = Cpn(n—1)---(n—m+1)Z""™
s rres e LA Y v -
If (1= Z]2)"|IF"(2)]}x € C(Usc), then
B 2+ a) 2ymn = Cun(n—1)---(n—m+1)Z"™ —

Then, by Theorem 2.3, F(Z) = Py, T € B, nc.

(b) = (c) is trivial.

(a) = (b) : Let F € B, pc. By Theorem 2.3, there exists ® € C,(Upc) such that
F =P, .®, ic.,

F(Z)= /UEC (l_q;(%dva(W), Z € Ugc. (8)

Taking the n-th derivative gives

F™(Z) = (n+1)! /U q _”/;V‘I’*(;Q2+a AV (W)

T(W
B /TU]BC (1 - ZI;/*))"+2+04 dVa(W)a

where Y(W) = (n + 1)!W**®(W) € C,(Ugc). Then

[REUSIIE
F"(2)||x = dVy(W).
|| ( )”k A}BC ||1 o ZW*||Z+2+OL O‘( )
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Multiplying both sides by (1 — || Z]|2)", we get

TW)llk
17Z2nFnZ :172277,/ ||
A= IZIEV @l = 0= 12" [ s

If Z, € OUpc, then Y(Z,) = 0, and the bicomplex dominated convergence theorem
[?] implies

AV (W).

. _ 2\n n —
A (=215 IE(Z)]e = 0.

Hence, (1— [|Z[2)"[[F"(Z)[lx € Co(Usc). O
Remark 2. From [10, Theorem 3.11] a simple construction shows that if m is a
non-negative integer and F(Z Z Cn,Z", then
n=2m-+1
(1—Z|3) F(m+a+1 .
P | ——— kM) (7)) = )————— z".
o (S P z)) = (@ pHEE2ED S
n=2m-+1
Moreover,

which gives the formula

— W2y
F(Z) =F(0) + /U N (IW*LIZHE) 25[/*)292/) AV (W).

In particular, for m = 1, we have

_ 2 /
rz)-ro+ [ S IHRECD avon),

Differentiating under the integral sign, we obtain

F'(0) =2+ a)(3+a) ; W1 = [[WR)F' (W) dVa (W),

ie, [F0)k < 2+ a)B+ )| Fllws-
Thus, the function defined in equation (7),

o[ +2 a+3 a+4 2 1 & nC,zZ" 1
EZ)=(1 ||Z||k)<a+100+a+101 + Cz +1n§: )

satisfies

1E|lk00 < M|F|| = M([|Fllsse + 1F0)]lk),
where M is an absolute constant. Therefore, each F' € Bpc implies F' € B, gc. We
can choose E € LY (Upc) (respectively in C,(Upc)), and using the linearity of the
Bergman projection, we have

P, E(Z)=F(Z), and |FE|ke <M|F].
Theorem 2.5. [10] Let Py, , be the weighted Bergman projection with —1 < o < 0.
Then:
(1) Px,o maps LY (Upc) boundedly onto Bpc;

(2) Pr.o maps C(Ugc) boundedly onto B, sc;
(3) Pr,o maps C(Ugc) boundedly onto B, pc.
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Lemma 2.3. The bicomplex operator Ty, = T} 1.« defined by
1—||W 2\
1.r(2) = (- |2y [ AT

(1 _ ZW*)2+t+a
has the following properties:
(a) TyPr,a = Ti;
(b) Tp = (a+t+1)T3;
(¢) Pra=(a+t+1)P;oTk;
(d) T is a bounded embedding of Brc into LY (Upc);
(e) Ty is an embedding of B, pc into Co(Upe).

F(W)dV(W)

BC

Proof. We have
1— W)~
TFZ=1—Z“/ ( k(W) dV(W).
V@)= 210" | gyt OV avOr)
For Z =ey; + eTvg and W = eW; + e/ W5, we have
Fy(Wh)

TuF(Z) =e(1— || f/ - dA, (W
eF(2) = el =ml) U, (I =y Wy)2tett W)
Fy(Ws)
+ef(1— |y t/ == dAa (W
e'(1 = nl) Uy (1 — yaWWa)2tartt (W2)

= e Fi(m1) 4 e ToFy (7).

11

(10)

(11)

Using the decomposition in (11), properties (a), (b), and (c) follow easily. The

proof of (d) is analogous to the complex case.

For (e), let F € B, pc. Then F = Py, o E for some E € C,(Upc). By Remark 2,

we can choose E such that
1Elk00 < M(|[Fllwue + 1F(0)]]1),
where M is an absolute constant. Define H = E o YT z. Then

TB(Z) = | E(Tz(W)aVa(V).

Since E(Yz(W)) — 0 as || Z||x — 1~ for each W & Upc, the bicomplex dominated
convergence theorem implies T, E(Z) — 0 as || Z||y — 1~. Hence T, E € Co(Ugc).

But
T4 PyoE = ToE = T}, F,
so Ty, maps B, pc into Co(Ugpe).
To see that T} is bounded, observe from (9) that

1
ITLE(Z)|k < (1 - HZHi)tHEIIk,oo/U

s 1= WHZ[iHre

dVa (W),

and therefore
ITkF k00 = I ThE| koo < M([|Fllpse + I1F(0)][x)-
Finally, using part (a) and Theorem 2.5, we have for all F' € B, pc:
[Fllsse + [1F(O)]x = || PraFll
= (a+t+ 1| PeoTiF|
< (a+t+ D[ Peall | TeF oo

koo < ||E

Hence T}, is bounded below and maps every function in B, pc into C,(Upc).
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3. DUAL OF LITTLE BLOCH SPACE

In this section, we introduce the dual of the bicomplex little-Bloch space. The
dual space of a Banach space X is denoted by X™* and consists of all bounded linear
functionals on X. Each F' € X* has the norm

1F (ke = sup [[F(F)|lx-
IFllk=1
We denote the space of all bounded linear functionals F on the bicomplex little-

Bloch space by B pc. A linear functional F on B, s is bounded if there exists a
positive constant C such that

||F(F)||k S CHF |k,0¢a VF € %O,]EC'

The next theorem shows that the dual of the little-Bloch space is the weighted
bicomplex Bergman space AL (dV,)(BC).

Theorem 3.6. We have
smc = AL(AVL)(BC), o> -1,
under the integral pairing
(F,Gagpc = | F(Z)(G(Z))" dVa(Z). (12)
Ugc
Proof. Let F € Al (dV,)(BC). Then, by (12),
(F.Glapc = | F(Z)(G(2))" dVa(Z)

Ugc

—e / Fu(3)Gi () dAa(m) + ¢f / Fy(712)Ca(72) dAa(12),
U: Uz

where G; — f[Ui, Fi(v:)Gi(vi) dAa (i), i = 1,2, defines a bounded linear functional
on the classical little-Bloch space 95,. Since
B, 5c = B, +eB,,

it follows that G +— fUm F(Z)(G(Z))* dV,(Z) also defines a bounded linear func-
tional on B, mc.

Conversely, let § € B pc. Then we need to show that there exists F €
Al (dV,)(BC) such that

S(G) = ; G(Z)(F(2)" dVa(Z), VG € B,pe.

Since § is bicomplex linear, it admits the decomposition
T =eFi T,

where each §; is a bounded linear functional on the classical little-Bloch space 9B,.
Therefore, for each i = 1,2, there exists F; € AL(dA,) such that

Si(Gi) = /U Gi(7i)Fi(vi) dAa (), VYG; € B,.

Define F € Al (dV,)(BC) by
F(Z) = eFi(m) + €' Fy(2).
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(1]

2]
(3]
4]
(5]

(6]

(7]

(8]
(9
(10]
(11]
(12]

(13]

en, for G = eG; + €' Gy € B, pc, we have
S(G) = 651(G1) + GTSQ(GQ)

e | Gi(m)Fi(m)dAa(m) +et | Ga(y2)Fa(v2) dAa(y2)

Uy Uz
= | G2)(F(2))" dVa(Z),
Ugc
ich completes the proof. (I
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