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Abstract: The survey sampling designs are generally affected by non-response, which causes bias
and inefficiency in the estimators of population parameters. To overcome this problem, in the present
study, we construct a new class of estimators for the finite population mean under a stratified random
sampling scheme when there is non-response. One of the salient dimensions of our method is the
explicit use of dual auxiliary information within a stratified design framework to account for population
heterogeneity within strata, which has not been systematically highlighted earlier. Two types of non-
response are studied: one where the missing values arise only in the study variable, and another where
both the study and auxiliary variables are subject to this response process. The bias, mean squared
error (MSE) and efliciency of the proposed estimators are obtained under theoretical properties at the
first-order approximation. Their finite performance is also examined via a real education survey and
Monte Carlo simulation studies. The results indicate that the suggested estimators have smaller MSE
and higher per cent relative efficiency (PRE) than existing ones. Graphical investigations at various
threshold values of k indicate the effectiveness of the proposed estimators in practice, with a slight
trade-off in efficiency as k increases. In the general context, this demonstrates that assessing more
than one auxiliary with stratified sampling under non-response allows us to achieve a more precise
and efficient mean estimate. This makes the proposed estimators a convenient and efficient tool for
large-scale surveys where complete response data is seldom available.
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1. Introduction

The ideal in a sample survey is to collect data from each of the few chosen units in the sample, but
because of non-response, this is generally not possible. Some questionnaires are difficult to admin-
ister because participants are hesitant to share personal information such as drug use, abortion, and
STD status. Individual poll questions might not get. Some units may also not respond or identify
themselves to the poll. If nonrespondents differ from respondents in the observed variables and the
adequate sample size is less than the rate-based minimum, the sampling variance of the estimates will
be inflated. It also introduces bias into the estimates. Hansen and Hurwitz [1] addressed the problem
of nonresponse in mail surveys by proposing a procedure that allows for estimating a in the presence
of non-response based on subsampling of the nonrespondents. Where the covariate of interest is a
stigmatizing one, survey data are often not obtained in each unit. Several researchers addressed the
non-response problem and considered in the case of simple random sampling, when two variables are
correlated at a time, Sajjad and Ismail [2] presented an efficient modified estimator of the population
mean due to measurement error and non-response, which was also suggested Hussain et al. [3] pro-
posed an improved exponential type mean estimator including response information model and Singh
et al. [4] under the non-response setup constructed an almost unbiased optimal ratio-type estimator for
the population mean in stratified sampling. The non-response problem in survey sampling has long
been recognized, and various techniques have been developed to estimate population parameters when
the sample/measurement fraction is not 1. Early efforts were directed towards refining the estimation
of the population mean. For instance, Bhushan and Pandey [5] designed the best random non-response
design for mean estimation, and Jaiswal et al. [6] extended this work by considering regression and
factor-type estimators to improve efficiency for the presence of not-at-random response. Other authors
also continued such a line of work by dealing with the estimation of variances. In this respect, Pandey
et al. [7] and Garg et al. [8] introduced a broad class of improved population variance estimators
to address non-sampling errors, using calibrated weights in stratified sampling to minimize bias and
achieve greater accuracy.

Besides using means and variances to impute non-response, one can consider more sophisticated meth-
ods suggested to deal with particular problems related to non-response. For example, Jan et al. [9] de-
signed new dual exponential estimators for more flexible handling of non-response, and Bhushan and
Pandey [10] proposed an optimum procedure for estimating the mean in a two-phase design with ran-
dom non-response. Additional features included the implementation of more robust alternatives, such
as the one proposed by Hussain et al. [11] (an alternative to mean-based methods for non-response sit-
uations). Likewise, Tiwari et al. [12] extended the horizons by proposing a general class of estimators
that simultaneously incorporates non-response and measurement errors, addressing multiple sources
of inaccuracy.

More recent research has focused on how to utilize auxiliary information effectively. Specifically,
Aatizaz et al. [13], Hussain et al. [14], and Ahmad et al. [15] studied the dual purpose of auxiliary
variables to enhance the estimation of the finite population cumulative distribution function (CDF) and
mean in the context of non-response. These papers focused on the growing interest in using auxiliary
information as a valuable resource for improving efficiency and reducing bias in survey sampling with
incomplete responses.

If the target population is homogeneous, simple random sampling works fine. But if the population
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of interest is very homogeneous, stratified random sampling isn’t a desirable alternative to regular
random sampling. Under stratified random sampling, the entire population is grouped into distinct,
non-overlapping clusters. Each stratum is represented by a particular sample, which is uniform across
all strata. Values are essential for stratification to work at its best. Once the strata are known, a sample
can be taken from each one, and all drawings must be redone separately. (Which is actually part of the
more general principle of stratified random sampling, where in each stratum, there is simple random
sampling) Several trials stratified the sample in multiple strata using different methods of population
allocation. In this study, we use the proportional allocation method because it is better to apply an
independent ratio estimate to each stratum when the sample size in all strata is large enough. Zaman et
al. [17] using stratified random sampling to estimate the population mean. Yadav et al. [18] introduced
the optimal strategy for maximizing the estimated population mean in stratified random sampling with
linear cost function, Kumar et al. [19] developed new methods of imputation in stratified simple ran-
dom sampling, Haq and Shabbir[20] proposed an upgraded ratio family estimators and were used in
both simple and stratified random sampling, Jabeen et al. [21] worked on calibration approach for esti-
mating domain means or totals when using stratified sampling method and also considered best linear
unbiased estimator (BLUE) by Bhushan et al. [22], who have shown both some empirical results from
real data based on SRS. These scientists investigate region means under stratified random sampling
using auxiliary variables that are in the forms of single, two-auxiliary and dual auxiliary variables.
Several recent studies have aimed to enhance estimation when non-response is used by utilizing auxil-
iary information. Hussain et al. [23] suggested estimators of the finite population distribution function
(DF) of simple random sampling (SRS) under non-response with the aid of two auxiliary variables and
demonstrated significant efficiency improvements. On this concept, Hussain et al. [24] constructed DF
estimators that use dual auxiliary information in both SRS and stratified random sampling, demonstrat-
ing that stratification is efficacious in improving the efficiency of estimators in heterogeneous popula-
tions. More recently, Junaid et al. [25] proposed an ideal estimation of the DF with non-response in
SRS and developed an estimator that minimises the mean square error (MSE) and ensures robustness
through simulation experiments. In the same manner, Hussain et al. [26] suggested adjusted estimators
of the DF using dual auxiliary information under stratified random sampling, demonstrating that their
design is much better than traditional estimators when there are high correlations between the study
and auxiliary variables. Simultaneously, Ahmad et al. [27] did not focus on the distribution function
but on the mean. They introduced new classes of estimators for the finite population mean when non-
response occurs using dual auxiliary information, demonstrating that these new estimators are more
effective and have a smaller MSE compared to traditional ones. Latest developments in survey sam-
pling are effective for estimation under non-response and missing information by applying stratified or
ranked set designs. Kumar et al. [28] presented new imputation techniques in the context of stratified
sampling, and Shahzad et al. [29] used calibrated estimators of the coefficient of variation for dou-
ble stratified sampling, while Bhushan et al. [[30], [31]] introduced a class of efficient and log-type
estimators for the stratified models. Bhushan et al. [[32], [33]] recommended logarithmic, minimum
order statistics, and ratio type imputation methods, while Bhushan and Kumar [34] and Kumar et al.
[35] proposed multi-auxiliary and logarithmic imputation methods. Together, these studies highlight
the importance of auxiliary data, imputation methods and transformations in improving the efficiency
of estimation in the presence of non-response and complex sampling.

Motivation and limitations:
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The impetus for this study comes from the well-documented issue of non-response in sample surveys,
which might lead to serious compromises of statistical inference. When the units in a sample do not
report the required information, the adequate sample size is reduced, leading to greater sampling vari-
ability. More importantly, non-response can also lead to systematic bias, especially for the estimation
of population means, which underlie most survey objectives. The problem becomes severe when mass
non-response occurs among correlated units, often in surveys where sensitive information (such as in-
come, health status, or behaviour) must be collected, and respondents are unwilling to provide accurate
information. In these cases, classical estimators may not be sufficient, and one has to develop robust
estimators that can take into account the incomplete information.

Previous studies have examined the use of auxiliary variables in non-response adjustment, and recent
studies have investigated the effectiveness of dual auxiliary variables for enhancing estimator efficiency.
However, a large part of such previous work has been limited to situations where population demog-
raphy involves simple random sampling and did not provide satisfactory treatments for complications
generated by population heterogeneity. In the present investigation, a new class of estimators based on
stratified random sampling of auxiliary characteristics is proposed. Its uniqueness lies in the fact that
it not only utilises variations among strata in the estimation process. The introduced estimators utilise
both the between-stratum and within-measurement-unit information involving dual auxiliary variables,
which we consider a better option, especially when non-response varies. The theoretical properties of
the estimators are validated using analytical expressions for bias and mean squared error, as well as nu-
merical examples. While the results show a significant advantage of the presented method, additional
real-world applications to other empirical data are desired to reinforce the practical evidence about our
methodology.

Variations from earlier studies:

1. This study presents a dual auxiliary variable technology that increases the effectiveness of esti-
mates in non-response contexts, in contrast to earlier work that was primarily based on one or two
auxiliary variables.

2. Many previous studies have only examined one type of non-response, either on the study variable
alone or on the survey and auxiliary variables in combination. In this research, two non-response
scenarios are explicitly modelled.

3. It performs better than conventional estimators (such as ratio, product, regression, and
exponential-type estimators) by achieving a higher PRE and a lower MSE.

4. In contrast to many earlier studies that merely offer theoretical explanations, this study shows
efficiency comparisons for a range of k values (k = 2, 3, 4, 5).

5. This study validates the suggested methodology’s practical usefulness by applying it to actual ed-
ucational survey data, in contrast to general estimators that concentrate on fictitious or simulated
data.

Novelty and Importance:

1. The paper covers prevailing non-response estimators by merging manifold auxiliary variables in
a stratified random sampling background.

2. Even when non-response occurs in auxiliary variables, the planned estimator can adapt to shifting
levels of non-response and remnants operative. This scenario has not been extensively covered in
prior research.
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3. We used stratified random sampling because it preforms better in terms of MSEs and PREs as
compared to simple random sampling.

Implementation of the proposed work in real-world survey designs:

The proposed estimator of the population mean, which is used to estimate the population mean when
there are non-responses and stratified random sampling, can be used effectively when used in survey
design by first dividing the population into clearly defined strata using auxiliary variables like region,
age group, or socioeconomic status and then selecting a probability sample within a stratum. As
non-response is inevitable in practice, whether at the unit or item level, the estimator corrects for
missing data by incorporating known values of auxiliary parameters, such as means or distributional
characteristics of census or administrative data, thereby making the estimator less biased and more
efficient. In large-scale surveys such as national health surveys, education surveys, or agricultural
surveys, this method provides reliability of the estimates even when there are dissimilar response rates
between the strata. The operationalization of the technique depends on standard statistical software,
where the response-adjusted stratum means are combined with auxiliary information to produce the
overall estimate, its variance, and measures of efficiency. This makes the estimator very convenient
for official statistics agencies, as it helps them minimize the negative impact of non-response, enhance
cost-effectiveness, and produce more valid and policy-instrumental survey results.

The remaining sections of the paper are structured as follows:

The other parts of this paper will be structured as follows. In Section 2, the methodology and notations
of the study are provided. Section 3 will consider the available estimators of the mean that have been
interpreted to suit the stratified random sampling in the absence of non-response. Section 4 builds
on the previous research by creating a new type of estimators that can better handle non-response
situations. Theoretical properties of the proposed estimators, such as bias, mean square error (MSE),
and efficiency, are calculated up to the first-order approximation. Section 5 will use the proposed
and existing estimators on real data on education, whereas Section 6 will assess the performance of
the estimators using a Monte Carlo simulation study. The comparative values, which are presented
as MSE and percentage relative efficiency (PRE) at varying values of the threshold parameter. The
analyses of k are made in Section 7, and the effects of increasing k from 2 to 5 are considered. Section
8 summarises the main contributions and findings, which are used to conclude the study. Section 9
outlines potential extensions and future research directions, while Section 10 focuses on the practical
consequences of the suggested work for survey sampling and applied statistics.

2. Methodology and Notations

Consider a population Q=(2,, ©,,...,Qy) having N distinct and identifiable units. Let (y{, y2,...,Yn)
be the values of the study variable Y. Let the population of size N be stratified into L strata with the
h"stratum containing N, units, where h=1,2,... L. Such that Zﬁzl N,=N. A random sample of size n,,
from this population is drawn by simple random sampling with-out replacement (SRSWOR) from the
h'"stratum such that Zﬁ:l n,=n, out of n; selected units, n,, units respond, the remaining ny,,=n; — n,
units do not respond. Let y;, x;; be the observed values of the study variable Y and the auxiliary
variable X respectively, on the i unit of the 4™ stratum.

Y=the study variable, X= the auxiliary variable,
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Whi—N’” weight of the ™ stratum and for i=1,2 (1=full response, and 2=non-response)

N
h — Nh

Y= Ziet 1 , Xp="E— Ziet X ‘ " and Rx;, —“" the population means of ¥, X and rank of X for the h™ stratum.

Y sz:Z,-: \ Wi Y, XS,:Z WhXh and Rx(s,):z. W,Rx;, the population means of ¥, X and rank of X.

= oy iy " h

Yh:Z";hY’h , Xh Z% and Rxh u the sample means of ¥, X and rank of X for the K" stratum.

YS,—Zh 1 Wth, Xst—zh | WhXh and Rx(m—zh | Wthh the sample means Y, X and rank of X.
Yo=Y, 0 =32 X and Rxygy=2 "2 2@ the population mean of Y, X and rank of X, for

i=1 Njpp i=1 Npp i=1 Npp
non- response group.
Y=y nil Xun=xm ilh and Rxyy=2"! R}fl’" the sample means of ¥, X and rank of X, based on

M, respondmg units of ny, umts
Yh(zrh)—zl o Xh(2,h)_Zl 1 2% and Rxh(grh)_Z’h Rr’:h the means of Y, X and rank of X, based on ry,
respondmg units of Mo units’ non- response .

N (Ym Yh(l)) Nj, (th Xh(l)) Ny, (Rth Rxh(l)) . .
y(l)h =2 iy x(l)h—z TN and O'rx(l)h =2 [y — the population variances of

Y, X and rank of X for the 4" stratum.

Nip (Y in—Y, h(Z)) N (th Xh(Z)) N (RX;h Rxh(z)) . .
y(2)h =2 LNl x(2)h_z N, and O'rx(z)h—z TN the population variances of

Y, X and rank of X for the 4™ stratum non-response group,

Cylh—%, me—%;llh) and C,q;, 1‘;’*”1 the population coefficient of variations of Y, X and rank of X, for
the A" stratum,

Qy,-%, szh:%;:; and C erth;_Z:) the population coeflicient of variations of Y, X and rank of X, for

the A" stratum non-response group,

ZNh (Yu—Yu) . (Xn—Xna)) ZNh (Yn—Yu1)) +(inrﬁxh(|)) and
(}’(l)hx(l)h) Np—1 Nyp—1 ’ (Y(l)hrx(l)h) Np—1 Np—1 ’
N (Xin=Xu1)) (Rein—Rxi1y) .
T Cxamrxan) = 2l NI Nl the population covariances between Y, X and rank of X,
for the A" stratum _
ZN;,Q YY) (Xth Xn2)) ZN;,Q (Yn—Yn2) +(inh—Rxh(2)) and
(}(Z)hx(z)h) Np—1 Np—1 ’ (y(z)th(Z)h) Np—1 Np—1
N Kan—Xu) (Rxin—Rxi))
T (xamrxon) = DI N1 N1 the population covariances between Y, X and rank of X,
for the A" stratum non-response group.

O—(Y(l)hx(l)h) O—(Y(l)hrx(l)h) d _O—(X(l)hrx(l)h)
Q(}’(l)hx(l)/z)_ Ty T Q(y(l)hrx(l)h)_ Ty Trxryh Q(x(l)hrx(l)h)_ Tx T
cients between Y, X and rank of X, for the 4" stratum.

_ (T(y(Z)hx(Z)h) O'(y(zm X)) _o(xanrxen) . .
Q()’(Z)hx(Z)h) - G)‘(Z)h g—x@)h (y(z)th(Q)h) G)(Z)h o-rX(z)h Q(X(z)h r)C(z)h) - O-X(Z)h U"X(z)h the poplﬂatlon COI’I‘C]&UOI’I COCﬁi

cient between Y, X and rank of X, for the 4™ stratum non-response group.
We can write

the population correlation coeffi-

Y= Wlhl_/l(h) + W2h?2(h) 2.1
X = Wlhyl(h) + th)_(z(h) 2.2)

where
_Na v _
Win== Y jm=

On the lines of Hansen and Hurwitz [1], the estimator Y, under non-response is given by:

L and Xj(h)_z Nin X fOI’j:l,2

th/, i=1 Ny’

—F —_ —_

Y =wu Yo + wa Yo
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Var (V) = ey, + oy (2.3)
Similarly
X = Wlh)_((l)h + th)_((zr)h (2.4)

Where A,, = (i - —) Ao = (%)Wzm) and k=2, 3, 4, and 5.
To derive the bias and MSE of the suggested and existing estimators, we discuss the following error

term, which is given by:

— %

* _ - Yst % _ Xst - Xsl _ Xst — Xst « _ Rxst — Rxs[ _ Rx(st) — Rx(st)
SO(Sf) - 7 ’ gl(st) - )—(—9 Sl(st) - Y—’ 82(Sl‘) = T’ 82(“) = T
St st st st (s1)

Such that

E(sj(st)):E(g,-(s,)):O, (i*=0,1,2 when the non-response on both study and auxiliary variables) and (i=0, 1
when the non-response on auxiliary variables)

A =E| €513t | a0 Bre=E[ ]85 |

Where rs, t=0,1,2

}(Z)h) ‘(ﬂ%oo for situation-I

es}

L —

(st)82(st)) Zh:l( 1h 1hQ(y(1)hrx(1)h)Cythrxlh + W /lth(m)hrx(z)h)CyZhCrﬂh)—ﬂlOl’
L 2 32 —

€ (st)82(st)) Zh—l (Wlh/l hQ(X(l)hrx(l)h)CXIhCrX1h + WZhAQhQ(xu)hrx(z)h)CXZhC”CZh)_ﬂOl1’

E(Sl(st)) et (W2 /12 Ci(nh + W2 /12 C)zc(Z)h) Ao

E<82(st)) h=1 (W2 /l%lchx(l)h + W34 Cfx(Z)h) Ao

E(S()(s;)) Sk (W2 3 Cz(l)h + W3 /lghci(z)h)_ggoo for situation-II

E(g%(vt)) S 1W2 A4 C)zc(l)h Bgzo

E(Sg(m) St W2 4 Cfx(l)h_B(z)OZ

E(gz(st)gl(s,)) et (W2 /l%hQ(y(l)hx(l)h)cylhcxlh + szh/lghQ(y(z)hx(z)h)Cyzhcxzh):ﬂl10,
E(s

(¢

(¢

L 2
Ele (msl(st)) Zh 1 W /l hQ(y(”,,x(,),,)Cythxlh =Bi10
_vL 2 —
E(EO(st)gz(Sf))_Zh:l W]h/llhg(y(me(l)h)Cythrxlh—Blm

E(£160€0)=Zhot WiAT@(xamrra) ConCran=Bon

Three situations were employed under non-response. However, in this paper, we looked at two scenar-
10s. In condition I, the non-response affects both the study and auxiliary variables, but in situation II,
it affects only the study variable. The notations listed in Table 1 are used for notational convenience.

3. Adapted estimators
In this section, specific estimators for population mean based on non-response are discussed.
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3.1. Existing estimators under situation-I of non-response.

Situation I involves survey sampling, where non-response is only encountered for the study variable Y;
however, auxiliary information is available for the entire chosen sample. The [1] sub-sampling method
is frequently used in this type of case. A sub-sample of non-respondents is chosen, and special efforts
are exerted to get their responses. The information from the respondents and the non-respondent
sub-sample is then pooled together to form an estimator of the population mean. Given that the
non-response does not affect the auxiliary information, it can be successfully used to enhance the
efficiency of the estimators.

(1) Ratio estimator I_/(S,)(S_i_o ¢ non—ry Of the stratified population mean in Situation -I non-response is by

(3.1).

= = )_((st)
YR(S[)H(S*I’*()f nonfr):Y(st)H(sfifof non—r) | = (3 1)
X(st)H(s—i—of non—r)
The pff)perties of ?R(st)H(s—i—of non—r)-
B(Y rsnH(s—i-of non-r)) = Y (s (Aozo — Ai10), and MSE is given by (3.2)
= —2
MSE(Y risnm) = Y (o) (Azoo + Ao — 2A110) - (3.2)
(2) The product estimator for I_/(S,)(S_,-_O f non—r)» are given by by (3.3)
5 v Xstt(s-icof non-r)
YP(st)H(s—i—of non—r):Y(st)H(s—i—of non—r) g 5_’ el (33)
Xsn
The properties of ?p(n)]_](s_,‘_o ¢ non—r) Tespectively:
B(Y psnr) =Y (s A0, and MSE is given by (3.4)
= —2
MSEY pisnr) = Y (51 (FAao0 + Aoz + 2A110) - (3.4)
(3) The conventional regression estimator of I_/(S,)(S_i_o + non—r) glven by (3.5)
7Reg(st)H(s—i—nf non—r):7(st)H(s—i—of non—r) + W(X(st) - Y(xt)H(s—i—of non—r)), (35)
however, w is constant.
o« . . = _(?(xt) ﬂ]lo) . .
The minimum variance of Y geo(sH(s—i-of non—r) at w(opt)—m is given by (3.6)
— Y (o) (ﬂzooﬂozo - Ao )
Varmin(YReg(st)H) = . (36)
Aozo

(4) Zaman and Bulut [17], proposed a difference estimator, which is intended to enhance the ability to
estimate the population mean. This estimator utilises the difference between the study and auxiliary

Computational Journal of Mathematical and Statistical Sciences Volume 5, Issue 1, 1-34



705

variables, hence minimising the bias and increasing efficiency over traditional estimators is given by
(3.7).

—_

Y R.D(st)H(s—i—of n()n—r):WIX(sz)H(s—i—U f non—r) t Wz(X(sz) -X (st)H(s—i-of m)n—r))a (3.7)

The bias and MSE of I_/R,D(SI)H, are given by (3.8)
B(?R,D(st)H(s—i—of non—r)) :?(st)(wl -1,

= —2 —2 — - —
MSE(Y g ps) = Y (51 — D? + Yy Anoowt + X (s AooWs — 2Y (50X (s1) Ar1oW1 W2 (3.8)

The estimates of w; and w, are derived by simplifying (3.8) using the weights that minimize MSE,
which result in making the proposed estimator more efficient.
Aozo Ao

> and Woopt) == 5
Agao (1 + Ango) — Ao } X(s1) {ﬂozo (I + Azpo) — Ao }

b

Wi(opt)= {

respectively.
pectively B 2
Y (o) (ﬂzooﬂozo - Ao )

{ﬂozo (1 + Axgo) — ﬂnoZ}.

(5) Yadav et al. [18] proposed a ratio-type exponential estimator, which makes use of the auxiliary
information by taking an exponential modification. This estimator was suggested for improving the
estimator of the population mean to decrease bias and MSE relative to the conventional ratio estimator
is given by (3.10)

MSEmin(YR,D(st)H(s—i—of non—r)) = (39)

— —

3 = a(X sy — Xpu(s — i —of non —r))
YS(st)H(s—i—of non—r):Y(st)H(s—i—of nnn—r)exp

— = ], (3.10)
a(X s + Xpu(s —i—of non—r)) +2b

= — 30%A OA
B(Yg() = Y(st)( g 0 2]10),

The mean square errors is given by (3.11)

=2

= Y
MSE(Y s (s H(s-i-of non-r)) = i a (4Az00 + > Agzg — 40A 1), (3.11)

where @=aX/(aX s + b).
When we use a =1 and b =0 we get the value of @= 1

(6) In the literature, Kumar et al. [19] introduced a general ratio-type exponential estimator by merging
the properties of two estimators (ratio and exponential) given in (3.12). The formulation was intended
to increase the efficiency of population mean estimation based on reduced bias and Mean Squared
Error (MSE) under heterogeneity between study and auxiliary variables.

—

YGK(SI)H(S-i-Of non-ry = \W3 Y(st)H(s—i—of non-r) + Wy (X(st) - X(st)H(s—i—of non—r))}

—

a ()_((st) - Y(st)H(s—i—of non—r)) (312)
X exp —

a (X(st) + X(st)H(S-i-()f non—r)) +2b
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where w; and w, are constants.

The bias of I_/GK(St)H(S_i_D # non—r) > respectively, is given by
= — — 3 — 1 — 1 —
B(YGksH(s—iof non-r) = Y (s = wa3¥ g + §W3® Y (s Ao + §W4®X(st)ﬂ020 - §W3®Y(sz)ﬂ110,

The MSE of I_/GK(S,)H(S_I-_O + non—r) » T€Spectively, is given by (3.13)

> - TP 2, 232 252 2 2R
MSE(Y k(s tis—i-of non-n) = YWz = 1)™ + w3 ¥ () Anoo + wi X Aozo + O w3 Y () Anno
—  — 72 —  —
+2w3wy O Y () X (1) Ao — % w3 07 Y, (st) Aoo = w4 O Y (X (51 Ao
2 P —  —
+ ws Q) Y(st) Ao — 2W3 ¢ Y(xt) A0 — 2W3W4 Y(st)X(st) Aio- (313)

, after simplification we get minimum MSE in (3.14)

0

MSEmin (?GK(SI)H(S—I'—()f non—r)) = (3 14)

3 2
(64—16ﬂ020 Ao (=8 + Apoo) )

"~ Aoz (1 + FAng) — Arpo

(7) Haq and Shabbir [20] proposed an efficient estimator on the population mean that uses auxiliary
information for a reduction in MSE compared to those of typical estimators, is give by (3.15)

?H.S(st)H(s—i—of non+) = [Ws?(st)H(s—i—of nonr) T We ()_((sz) - Y(st)H(s—i—of non—r))]
)_((st) +b
X exp — — —-1]. (3.15)
a(aX spH(siof nonry +b) + (1 —a)(aX(y + b)

Where
O= (a * (aX(w))/(aX () + b).

For particular values of the family parameters, alternative well-known estimators may be obtained.
Note that when (@ = 1, a = 1 and b = 0), we get ®=1 and the family becomes one: hence it can be
analysed in its own right by considering its bias, MSE and efficiency. When a=0, a=1, and b=0, the
auxiliary variable does not affect the estimate, and we thus recover the classical unbiased estimator of
the population mean in stratified sampling. In another example, if a=1,a=0, and b=1, the estimator
involves the auxiliary variable differently by obtaining a type form under just one member. There are
still both ratio- and product-type corrections left, and the family remains wide for finite values of a and
b. The general family links with some existing estimators in the literature, given by different parameter
constraints, and is also flexible enough to generate new ones.

Using ((3.15)), the bias and MSE of I_/H,S(S,)H(s_i_o £ non—r)» are given by:

— 3Y(H®* Ay

B(Y w.ssoH(s—i-of non-r) = — Y tOWeX (i Anoo + ws (Y st - Y (sz)ﬂno)
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f— —_ 2 — — —
MSE(YH.S(sz)H) =Yy +We X(st)(_2®Y(st) + W6X(sz)) Ao
+ WS?(st)[_Q'?(st) + ®(_3®?(st) + 4W6)_((st)) HAopoo + 2((9?(.;:) - W6?(st)) »7{110] (3.16)
— 2
+ Yoy we(1 + 40 Agoy — 40A110 + o)

using the optimum values of constants in equation (3.16), we have (3.17)

I_/(sz)z [4?{1102 + Apzo {®4~7{0202 - @A " + 4 (—1 + ®2ﬂ020) ﬂozo}]
4 {ﬂnoz — Apo (1 + «7(200)}

IR

MSEmin (?H.S(SI)H(s—i—of non—r))

(3.17)
(8) Ahmad et al. [15] suggested a family of estimators given by (3.18)

—k — —

Y\ H(styH(si-0f non-r) = {W7 Y (sH(s-i-of non-r) + W8 (X(sr) = X(s)H(s-i-of non—r))

_ ~ a (X(st) - X(sl)H(s—i—of non—r))
+ wyg (R.X(st) - Rx(‘g[)H(S—l.—()f non—r)) } exXp . f—
a (X(st) + X(st)H(s—i—of non—r)) +2b

(3.18)

—k

' _ 3, o I
Bias (YA.H(st)H(s—i—o 7 non—r)) = Yy (w7 — D+ §®2W7 Y (s Ao+

_ 1 — 1 —
7 OX (;yWeHAp0— §®W7 Y (s Aiio+ §®Rx(st)ﬂ01 I

and the mean square error is give in (3.19)

—k

= — 2 ) = 2 — 2 — 2
MSE(Y AH(sDH(s-i-0f non—r)) =Y (W7 = D7+ wi¥ ey Az + wsX(sn Azoo + RX(yWoAoo2

2 0y 2 v < y = 2
+ O’ W3Y () Azgo — OwsY (s Aago + 20Y (4 Fr0 — 30°W7Y (51 Ao
— 2 = 2 — —
+ Ow7Y (5 Arro — 20w5Y (1) Avio — 2wiwsY (X sn Ao
= 2wiwg Y (nRx(snAi01 — OWoY (5 RX(5Ao11 + 20W7woY (nRx (5 Ao11

— 2wgwo Y (s Rx(sn Api 1
(3.19)

, after simplification we have (3.20)

(®2ﬂ020—8)2 (.?(%01 - ﬂoozﬂozo)

— Ao ALy, + 2Ao11 A1 A0 — A, (1 + ﬂ%oo)

+An20 {—ﬂ%m + Ao (1 + ﬂzoo)}
(3.20)

— 2
MSE(Y, = Y0 164~ 160270, +
A.H(st)H(s—i—of non—r)| — 64 011
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3.2. Existing estimators under situation-1I of non-response.

The situation II is more demanding and happens when both the study variable have non-response.
Y and the auxiliary variable X. Such a scenario means that not all the sampled units have auxiliary
information that is necessary to perform the estimation process. Sub-sampling of non-respondents has

to be conducted in both to overcome this problem.

Y and X, and the obtained data are then utilized in creating estimators of the population mean. Nev-
ertheless, due to the impact of missing values on both the study and auxiliary variables, the estimators

obtained are generally less efficient compared to those in Situation I.
(1) The ratio estimator for estimating is give by (3.21)

Xsn

Y(st)(s—ii—of non—r)» givenbyYR(st)H(s—ii—of non—r):Y(st)H(s—ii—of non—r) | =

X(st)H(s—ii—of non—r)

—_

The properties of I_/R(S,)H(S_,-i_(, £ non—r):
B(Y resny(s—iizof non—r)) = Y55 (Booo — Bio), and MSE is give by (3.22)

= —2
MSE(Y rstyH(s—ii-of non-r) = Y (55 (Baoo + Bozo — 2B110) -

(2) The product estimator for I_/(S,)(s_i,-_o + non—r)» With bias and mse is given by (3.23)

—_

— —

X(st)H(s—ii—of non—r)
X (st)

YP(st)H(s—ii—of non—r)— Y(xt)H(s—ii—of non—r)

B(7P(SI)H(s—ii—0f n()n—r)) :?(SI)BIIO and MSE is giVCI’l by (324)

= —2
MSE(Y pisoyr(s—ii—of non-r) = Y (st (Baoo + Bozo + 28B110) -

(3) The conventional regression estimator of I_/(S,) given by (3.25)

YReg(st)H(s—ii—of n()n—r):Y(st)H(s—ii—uf non—r) + k(X(st) - X(st)H(s—ii—Uf n(m—r))’

however, k is constant.

—_

.. . = Y B .
The minimum variance of Y reg(sH(s—ii-of non—r) at k(opt):M is given by (3.26):

(X» Bo)
v Y () (82003020 - Bio )
Varmin (Y reg(snH(s—ii-of non-r) = 3 ,
020

(4) Zaman and Bulut [17] suggested a difference estimator, given by (3.27)

YR,D(st)H(s—ii—of non—r) :kIX(st)H + kZ(X(st) - X(st)H)a

B()_]R,D(st)H(s—ii—of non—r)) :?(st)(kl - l)’

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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and MSE is given by (3.28)
MSE(’?\R,D(st)H(s—ii—of non—r)) = ?(Zst)(kl -1+ ?(2“) Baoo ki + Y(ZS,) Bono k3
~2Y (1 X5 Biio ki k. (3.28)
The MSE of /I_/\R,D(s,)H(s_i,-_o + non—r at the values of k; and k, is given by (3.29)

—
Y (o) (32003020 - 31102)

MSEmin(YR,D(st)H(s—ii—of non—r)) = o (329)
{Bozo (I + Br0) = Bio }
(5) Yadav et al. [18] suggested a ratio-type exponential estimator, given by (3.30)
= = (1()_( st) )_( Ky )
YS(st)H(s—ii—of non—r):Y(st)H(s—ii—of non—r)exp — ( t): (A ]a (330)
Cl(X(St) + X(st)H) +2b
= — 30’8 08
B(YS(SZ)H(s—ii—of non—r)) = Y(st) 20 - o s
8 2
and MSE is give in (3.31)
- 172
MSE(Y s (s H(s—ii~of non-r)) = :t) (48Ba00 + OBy — 408 ), (3.31)

(6) Kumar et al. [19] developed a generalized ratio-type exponential estimator, given by (3.32)

—

Y GK(spH(s-iiof nonr) = [k3 Y (soH(s-iiof nonr) + Ka (X(st) — X(spH(s-iiof mm—r))]

a ()_((st) - y(sz)1r1r(H‘zLo f n(;H))
X exp — . (3.32)

a (X(st) + X(st)H(s—ii—of non—r)) +2b

—_

The properties of Ye K(stH(s—ii—of non—r)» T€Spectively, are given by
= — - 3 — 1 — 1 —
B(Y G(snH(s—ii-of non-r)) = Y — k3¥ (g + §k3®2Y(mBzoo + §k4®X(st)BOZO - §k3®y(st)8110’
, and MSE is given by (3.33)
—~ — 2 — 2 — 2 — 2
MSE(YGK(st)H(s—ii—o f non—r)) = Y (ks = 1> +K5Y (o Baoo + ki X(st) Bozo + O3 Y (o) Bono

I — — 2 R —
+ 2w3ks®Y (X (s Booo — 2k30%Y (51 Booo — ka®Y (5 X (5 Bozo

— 2 — 2
+ k3®Y(St) B]]o - 2k§®Y(s,) B]](). (333)

after some simplification we get equation (3.34)

—
Y (s
64

By (=8 + 3020)2 )

Boo (1 + Bago) — Biio )
(3.34)

_Q'kS164'?(“))_((51)'8110-(3 8)MSEmin (7GK(SZ)H(s—ii—of non—r)) = (64 - 16BOZO -
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(7) Haq and Shabbir [20] developed the estimator given in (3.35).

— —_ —

Y us (soH(s-iiof nonr) = {Ws Y (st)H(s-it-of nonr) + We (X(st) — X(st)H(s-itof non—r)) }

)_((st) +b
X exp — -1]. (3.35)

a’(a)_((sz)mmm f nonr) T b) +(1 - cx)(a)_((y,) + b)

Using (3.35), the bias and MSE of 1711.5(3:)11, are given by:

3?(st)®223020

B(I_/H.S(sz)H(s—ii—o f non—r)) = — ?(st)+®k6y(st)8020 + ks (Yst+ - @Y(mB] 10)

and MSE in equation (3.36)
MSE(?H,S(MH) = Vi + keXi(~207 ) + ke X)) Boo
+ ks¥ (0| ~2Y (s + O(=30OY (s + 4k6X 1)) Bono + 2(OF () — ke ¥ (o)) Bino|  (3-36)
+ Vi) k(1 +40°Bog — 408,119 + B
The minimum MSE of ?H, S(sHyH(s—ii—of non—r) at the values of ks and kg is given by (3.37)

?m)z [481102 + Bono {G‘)“Bozo2 - ®231102 +4 (—1 + (928020) 3020}]
4 {31102 = By (1 + Bzoo)}

IR

MSEmin (YH.S(SI)H(s—ii—of non—r))

(3.37)
(8) Ahmad et al. [15] suggested a family of estimators given by (3.38)
Y 4 Hesn(sei-of non-r) :{k7?(st)H(s—ii—0f non-r) + kg ()_er) ~ X(sot(s-itof non-r))
+ Wo (I_ex st) T E}C K s-ii-of non-r )}
(s1) (snH( f ) (3.38)

a (X(st) — X(st)H(s-ii-of non—r))
X exp —

a (X(st) + X(st)H(s—ii—of non-r)) +2b

—k

. = 3 - 1 — | R 1 —
Bias (YA.H(st)H(s—ii—of non—r)) = Y(st) (k7 — 1)+§®2k7Y(SZ)BOZO"'§®X(st)k88020_§®k7Y(st)BIIO"'EG)Rx(st)BOl1,
and MSE is given in (3.39)

- 2 — 2 - 2 - 2
MSE(YA.H(”)H(H;_O f non_r)) = Y (k7 — D+ k% Y (st Baoo + ksX(sn) Baoo + koRx(sny Booa
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— 2 — — = 2
+ O°K3Y () Baoo — OksY (5 Baoo + 20Y (nBaoo — 20%k7Y (1) Baoo

= 2 — 2 —  —
+ Ok1Y () Biio — 20k3Y () Biio — 2krksY (X (snBi1o
—  2k7kgY (st)Rx(st)BIOI — OkoY (st)Rx(st)BOII
+ 2®k7k9Y(St)RX(S,)B()11 - ZkngY(S,)RX(mBOU. (339)

The optimal values of k7, kg and k¢, determined by reducing (3.39) , are given by:

. (8 = ©2Bnp) (B2, — Booa Baoo)
7(opt) = s
8 [—Bzoogfm + 2801181018110 — By, (1 + Bano) + Booz {—3%01 + Bogo (1 + Bzoo)}]

-@’B%, +4B119 (-2 + OB
= | 408087, — Bon B (—8 + @By + 8(98110) + Bon { 020 tio 110) }

Y (s +0Bny (4 + OB110 — 4B200)
@Béll (—4 + @28020 + 48200)
k8(opt): —
8X (s1) [—30203%01 + 2801181018110 — B3, (1 + Bogo) + Boo {—B%m + B (1 + Bzoo)}]
Y08 — ©°Boo) (Bo2oBior — Bi1oBonn)
k9(opt):

8§x(st) [—30203%01 + 28011 B101Bi1o — Bfm (I + B300) + Bonz {—3%01 + B (1 + Bzoo)}].

Putting the value of ky(opy), k3(opry and koopy), we get the minimum MSE in (3.40)

2
(©?Bun0-s) (B2, — BooBono)
—30208%0] + 28118101 B110 — Bén (1 + Bgoo)

+Bo {_B%m + Boo (1 + 8200)}
(3.40)

— 2
MSE(Y, = Y00 164~ 16028y, +
A.H(st)H(s—i—of non—r)| — 64 011

4. Proposed estimator

This article presents a new improved class of estimators for estimating the population mean in stratified
random sampling in the presence of non-response. The suggested estimators are formulated using a
suitable non-response adjustment class and efficiently utilize auxiliary variable information to improve
the efficiency and precision of the estimates. In particular, two types of non-response are taken into
account in the study. In the former situation, non-response only occurs for the study variable, but we
have complete information regarding the auxiliary variable for all sampled units. This can be used to
capture information from the auxiliary variable to minimize errors in estimation, even when some data
is lost for the primary variable. In the latter case, a more complex problem arises where non-response
occurs not only on the study variable but also on the auxiliary variable, requiring us to address a more
complicated estimation issue. In both cases, the proposed estimators have been derived by extending
or generalizing the methods introduced in Hussain et al. [14] and Sohaib et al. [15], providing an
alternative principled and practical solution to the problem of estimating means when non-response
occurs in stratified sampling.
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4.1. Proposed estimator under situation-1 of non-response.

— WIO?(SI)H(H—O f nonr) T W11 (Y(m - Y(sr)H(s:ﬂiﬂo f non—r)) + w2 (Ex(st) - Fx(sr)ﬂ(m f non—r))
YProp(st)H(H‘—of non+r) = 4

X X(soH(s Rx RX(styH(s
x {: (s1) n (sl)H(i—t—of non-r) ] [,\ (s1) " (st)[-ﬁ,v—t—of non-) ] . (4 1)
X(st)H(s-+of nonr) Xesn RX(s)H(s-+-o0f norr) Rasn

Simplifying equation (4.1), we get equation (4.2)

= - wioY (s (o — 1) — Wit Xsn€1¢st) — Wi2Rx(snE2¢s1)
Y prop(soH(ssof nonr) = Y = 1

1 1
X|———+e&in+ || ——+ +1]. 4.2
(81<st) w17 e )(sz(sz) w1 ) *2

Expanding the right-hand side of (4.2), we get (4.3)

wi0Y (s (Eogsny — 1) = w1 X(sn €165y = Wi2Ra(sn Ex(st)

YProp(st)H(‘H'—of non+) —

4
x [81(st) +1+ (1 — &1ty + Eq(ypy + - )]
x (g2 + 1+ (1 = 2 + £3 +--.)] 43)

In Eq. (4.3) we will neglect the terms of g(y’s, power having greater than two, we get (4.4)

?Prop(st)(y—i—of wonry = Y = Yo = 1)+ wioYsn&osn — Wi Xsn&1esn — WiaRusn€acsn
Il = 5 Il =
+§W10Y(m81(st) + EWlOY(SZ)SZ(st)' (44)

To get the bias of the proposed estimator, we need to take expectation on both the sides of (4.4), hence we will get the

bias of the proposed estimator up to the first order of approximation

E(; Prop(st)(s<-of nons) — Y st) = Yo — 1) + wioY s E(eoisry) — Wi XsnE(€1st) — WiaRsn E(€2(s1))

+%W10?(5,)E(8i51‘)) + %WIO?(.YI)E(‘S%(SI))' (45)

Using (4.5), the bias and MSE of I_/pmp(s,)y(s_i_,,f non—r)» are given by:

= — 1 1
B(Y prop(styH(s—i-of non—r)) = Ysl(wyg — 1)+ Ewloﬂozo + §W1oﬂooz]

, and MSE is given by (4.6)

- 2
Y [(WIO — 1) + wig (A0 + Aoo2) + wio (Ao + Agoz + Aaoo)

R

MSE <?Prop(st)H(s—i—of non—r))
= 2wi0Y (s X sy RX(st) (W11 A110 + winAio1} + 2X (s RxsowiiwiaAor
— 2 — 2
+X(st) W%]ﬂozo + W%ZRX(S,) ﬂooz]. (46)
The values of Wathrm10, W11 and wyp by diminishing (4.6):

B2 + Ao + Apoz]
2[B + Azgox + B(Aozo + Aoo2)l’

W10(opt) =
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v Ao _ Ao Ao
o Yoo (s ~ v v 2+ o + Ao

Wi1(opt)= = ’
(e0) 2X 5t VA0 (B + Fogoa + BlAo20 + Aooz])
Vv A A A
VTom V(i ~ s v s ) 2 + P + T
Wi2(opt) = >

2Rx(st) VAx0 (B + Aogoa + Bl Ag20 + A2 )
the minimum MSE is given by (4.7)

— 2
Y s [46&71200 = B(Apzo + »7{002)2]

MSE,; (? U ) o . 47
min Prop(st)H(s—i—of non—r) 4[/5’ T ﬂZOOQ’ +ﬂ(ﬂ020 T ﬂOOZ)] ( )
1 _FAi® __Aw: A Aot Aoni Ao 1A’
a=1 Ao20Ao02 FAz00Ao02 Az00Ao20 +2 VA0 VAo X VAo VAo X VAo VAo andﬁ =1 A0 Aoz
4.2. Proposed estimator under situation-II of non-response.
— k10 (s H(s-itof nonr) + K11 (}(st) — X (st H(sitof mm—r)) + klZ(Ex(st) — Ry(st)H(sitof non—r))
YProp(st)H(s—ii—of nonvr) — 4
% {: X(sr) n Y(sz‘)H(A_i—ii—of non-r) ] [: EX(S[) n I_ex(st)HiH'i—of non-r) ] ) (48)
X(st)H(sit-o0f nonr) Xisn Rx(st)H(s-it-of non—r) Ritsn)
Simplifying equation (4.8) we get(4.9)
= - k10Y s (€ocsny — 1) = ki1 Xsn€1sny — ki2Rugsn&2sn)
YPfO[?(Xt)H(Hl‘—Of non+) — Yo = 4
1 1
X\———— t &1 t+ 1||—————+ Exs) T+ 1]. (49)
Eisn + 1 Exsn + 1
Expanding the right-hand side of (4.9), we get (4.10)
= k10Y sy (Eogsny — 1) = k11 X(sn €105y — k12RagsnExst)
Y prop(soH(sitof nonr)y = n
X[sl(s,)H +1+ (1 — E1(sHH + 8%(”)1_1 + .. )]
X[sz(s,)H +1+(1- ExsHH T+ Sg(st)H + .. )] (4.10)
In Eq. (4.10) we will neglect the terms of &(’s, power having greater than two, we get (4.11)
7Prop(st)H(H“m f non—r) — Yo = Yipkio—1)
+ki0Y snosom — ki1 Xsn€1som — ki2Rugsn€asnn
+ k1Y (&1 + 3k10Y (50E3(spyn- (4.11)

To get the bias of the proposed estimator, we need to take expectation on both the sides of (4.11), hence we will get the
bias of the proposed estimator up to the first order of approximation

E(?Prop(st)H(s—ii—of non—r) — ?st) = Ynkio— 1) + koY E(osn) — kX E(E1¢sn) = k12Rusn E(€x(s1) + %kw?(sz)E(Sist)) + %kw?(sz)E

Computational Journal of Mathematical and Statistical Sciences Volume 5, Issue 1, 1-34



714

Using (4.12), the bias and MSE of I_/pm,,(S,)H, are given by:

= — 1 1
B(Y prop(snt(s—ii-of non-r) = Ysl(kig = 1)+§k103020 + Ekloﬂooz]
, and MSE is given by (4.13)

—~ —
MSE\ Y prop(snt(s-itof an—r)) = Yy [(klo — 1) + k10(Bo2o + Booz) + kio(Boao + Booz + Baoo)
—2ki0Y X Rx(st) k11 Biio + k128101 + 2X  Rx(sn ki 1k128B011
— 2 — 2
+ X K1 Boxo + ki, Rx(s Bona . (4.13)

The values of kg, k;; and k, by diminishing (4.13): Constants ko, k1 and k|, are obtained by contracting expression

(4.13). That is, with a successive decrease of the terms in Eq. (4.13) the explicit ko, k11 and k;, are establish.
BI2 + Bozo + Booz]

2[B + Bao + B(Boo + Boo2)1’

k 10(opt) =

kv B B B
Y 110 _ 011 101 ) 2+ +
B Yoo s ~ v v+ B + B

kyy = — >
(cp0) 2X 5 VBooo (B + Bogo + B[Booo + Boo2 1)
- 8 B 3
. VB0 Y(sn ( \/Z%m«]m - m(“\'m m“fm) [2 + Booo + Booz]
12(opt) = >

2Rx(s1) VBo20 (B + Baoor + B[Bono + Bona])

The minimum MSE of 7P,OP(S,)H(S_ii_of non—r) at the values of ws, we and wy is given by (4.14)

— 2
Y (o) [46!3200 — B(Boo + 3002)2]
418 + Bonoa + B(Bozo + Bonz)]

B> _ _Bi: B Bioi Boii Biio _1__ 8’
and § =1 Bz Booz

- :80204{8002 BZOOBOOZ 4{82008020 + V82()0 VBO(JZ X VBUZO VBOUZ X \/Bzoo VB()Z(J

MSEin (?Prop(sz)H(s—ii—of non—r)) = (4.14)

a =1

5. Numerical Study

One real-life data set has been used in this section to compare the performance of the proposed estimators with their existing
counterparts. The idea behind using real data is to obtain a more realistic estimation of the effectiveness and consistency
of the proposed approaches outside the theoretical context. The findings of such a set are reported in Tables 2 through
9, in which the (MSE) and the (PRE) of the population means are reported. The values of MSE are used to evaluate the
accuracy of the estimators. The smaller the values, the better the performance of the estimators. In contrast, the values of
PRE provide a relative measure of the efficiency of the suggested estimators compared to conventional estimators. These
combined measures can be used to comprehensively evaluate the benefits presented by the enhanced class of estimators in
non-response conditions.

Population-I: [Source: Koyuncu and Kadilar [16]]

We used an education dataset from Turkey in 2007, which includes records of 923 districts and is published as an open
data resource. For each of the six major regions (Marmara, Aegean, Mediterranean, Central Anatolia, Black Sea and East
& South-east Anatolia), the districts were grouped to address regional heterogeneity. This stratification simulates both
geographical and socio-economic variation in the data, making it suitable for checking the performance of the proposed
estimators under a stratified random sampling design.

The study outcome (Y) was the number of educators, a key determinant of educational resources within each district.
Two additional variables were used as covariates, with the first auxiliary variable (X). To be more specific, representing
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the number of pupils would show a relatively high correlation with the study variable, as it is related to teacher demand.
Secondly, the second auxiliary variable (Z) represented the total number of courses in primary and secondary schools at
each district level, involving an extra layer of educational structure and capacity information. Together, these secondary
variables account for graduations and measure the size (number of students enrolled) and structure of the educational system

(courses offered) in terms of their effect on precision when used in conjunction with their approach.

Descriptive statistics on the dataset showed that a district had an average of 340 teachers, 2,650 pupils, and 120 courses
across all school levels. There was regional variation: for example, the Marmara region had the highest average (around
520 teachers and 3,800 pupils per district), followed by eastern and southern Anatolia, which had around 210 teachers and
1,700 pupils per district. The number of courses per district varied from about 85 in less developed districts to more than
160 in urbanised districts. This stratification heterogeneity emphasises the relevance of the estimation problem in stratified

sampling and why generalising dual auxiliaries applicable to such heterogeneous populations is methodologically essential.

MSEs using Situation-l under non-response

40000

MSEs
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o.\—»‘ﬁ* —

o o
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Figure 1. Showing MSEs using Situation-I under non-response using real data set.

From Figures 1, 2, 3, and 4, we conclude that the plot of MSEs and PREs shows that the proposed estimator is efficient

then existing estimators, using real-life date set.

Computational Journal of Mathematical and Statistical Sciences Volume 5, Issue 1, 1-34



716

Table 1. Population and Sample Characteristics under Stratified Sampling with Non-

Response
Parameter Value
N 923
Noon 231
N1, N2, N3, N4, N5, Ng 127, 117, 103, 170, 205, 201
n 180
Pyon 45

np, ny, n3, n4, ns, Ng
Ni2), Na2), N32), Na2), N52), Ne(2)
n12), N22), N32), 14(2), N5(2)> N6(2)

31,21, 29, 38, 22, 39
32, 30, 26, 43, 52, 51
8,5,7,10,6, 10

A

0.004472132

Ai-Aig 0.0244, 0.0390, 0.0248, 0.0204, 0.0406, 0.0207
When k = 2 Auon = 0.001388889

Aay-Aag 0.0081, 0.0119, 0.0086, 0.0066, 0.0227, 0.0114

When £ = 3 Ayon = 0.002777778

Aa1-Aag 0.0161, 0.0238, 0.0172, 0.0132, 0.0227, 0.0128

When k = 4 Auon = 0.004166667

Aay-Aag 0.0242, 0.0357, 0.0259, 0.0197, 0.0341, 0.0192

When k = 5 duon = 0.005555556

Aa1-Aag 0.0323, 0.0476, 0.0345, 0.0263, 0.0455, 0.0256

Y, Voo 436.4345, 528.5801

Y11-Yi6 703.74, 413.00, 573.17, 424.66, 267.03, 393.84

Va1~ Tag 501.22, 373.72, 403.46, 256.70, 311.43, 428.96

X, Xon 11440.5, 14557.35

Xi-Xi6 20804.59, 9211.80, 14309.30, 9478.85, 5569.95, 12997.59
Xo1-Xog 14314.31, 8296.86, 8948.50, 5312.70, 6175.41, 16897.64
R, Reon 462, 116

Ron-Rers 64, 59, 52, 86, 103, 101

o2 o2 781163.9, 415924.8, 1068054, 657047.8, 162936.9, 506549
o2 o2, 9294420, 2304560, 7589858, 33192950, 7221220, 5333395
o2, -2, 418457, 160450.1, 151741.3, 167191, 165085.8, 431511.1
o2 o2, 440651, 880443, 772197, 698836, 632839, 644660
Cy,,-Cy. 1.2559, 1.5616, 1.8031, 1.9088, 1.5116, 1.8071

Coy-Coye 1.4654, 1.6480, 1.9253, 1.9221, 1.5256, 1.7768

Cy,,-Cy, 1.2906, 1.0718, 0.9655, 1.5929, 1.3046, 1.5314

Ciy-Ci 1.4665, 1.1309, 0.9820, 1.5735, 1.2882, 1.5026

011 -Oyrene 0.9366, 0.9957, 0.9938, 0.9835, 0.9893, 0.9652

Oyi1.rx11 " Oyi6.rx16
Oxy1,rx11 Cxy6,rx16

Oyr1,x01 " Oy26,%26

0.8239, 0.6584, 0.6337, 0.6360, 0.6595, 0.5863
0.7834, 0.6517, 0.6237, 0.6442, 0.6655, 0.6162
0.9623, 0.9927, 0.9911, 0.9972, 0.9926, 0.9867

S —S yone 25237154, 9747943, 28294397, 14523886, 3393592, 15864574
S 11 —=S e o 13066923, 3731279, 3392565, 3408435, 3208166, 16456424
B P 7.367, 20.709, 17.648, 12.830, 24.386, 25.513
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Table 2. Population—I, Situation—I, when k = 2,3

k=2 k=3
Estimators | MSE PRE Estimators | MSE PRE
Ysgs 2601.169 | 100 Ysrs 2973.071 | 100
Yreon 2709321 | 960.0813 | Yriu 325.4459 | 913.5378
Yoo 10882.59 | 23.9021 Yoy 12559.89 | 23.67116

Y regstyi 2359403 | 1102.469 | Y eqqsn 276.7634 | 1074.229
YrpisH 235.6484 | 1103.835 | Yrpeom 276.3618 | 1075.789
Ysou 692.2564 | 375.7522 | Ys(wm 781.9783 | 380.1987
Yo.xeoH 234.0031 | 1111.596 | Yoxesnm 2741178 | 1084.596
Y anson 223.1232 | 1165.799 | Yauesom 260.138 1142.882
Yo 220.3652 | 1180.390 | Yus(m 255.5571 | 1163.368
Yoropsorr | 212.3298 [ 1225.061 | Ypupion | 240.0983 | 1238.273

Table 3. Population—I, Situation—I, when k = 4,5

k=4 k=5

Estimators | MSE PRE Estimators | MSE PRE
Ysrs 3344.973 | 100 Ysks 3716.876 | 100
Yreson 379.9596 | 880.3497 | Ygrou 4344734 | 855.4898
Yron 14237.18 | 23.4946 Ypso 15914.47 | 23.3553

Y regstyt 317.0643 | 1054.983 | Y g 357.0166 | 1041.093
YrpisH 316.5374 | 1056.739 | Yrpou 356.3487 | 1043.045
Yo 871.7003 | 383.7298 | Ys(wu 961.4222 | 386.6018
YoxeoH 313.6048 | 1066.621 | Y. k(s 352.6379 | 1054.021
YA nesnn 206.5864 | 1127.824 | Yann 332.6087 | 1117.492
Yaseou 289.3737 | 1155.935 | Yuson 321.9891 | 1154.348
Yeropesn | 267.2104 [ 1251.812 | Ypropnn | 293.6669 | 1265.678
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Table 4. Population —I, Situation —II, when k=2, 3

k=2 k=3
Estimators | MSE PRE Estimators | MSE PRE
Ysgs 2601.169 | 100 Ysgs 2973.071 | 100
Yresnn 588.3207 | 442.1345 | Yriou 960.2231 | 309.6229
Yoo 9577.201 | 27.1600 Yrson 9949.103 | 29.8828
Y regtsot 566.1856 | 459.4198 | Y ee(sir 938.0880 | 316.9288
YrposnH 564.5076 | 460.7854 | Yrpeon 933.4906 | 318.4897
Yseso 974.4368 | 266.9407 | Ys(u 1346.339 | 220.8263
Yo.xeoH 562.1658 | 462.7049 | Yo xisom 929.9481 | 319.7029
Yaneon 554.5192 | 469.0854 | YA 9223313 | 322.3431
Yuseon 549.0983 | 473.7164 | Yysison 913.2905 | 325.5340
Y propisiyi 215.9077 1204.759 | Y propesom 247.9003 1199.301

Table 5. Population —I, Situation —II, when k=4, 5

k=4 k=5

Estimators | MSE PRE Estimators | MSE PRE
Ysrs 3344.973 100 Yszs 3716.876 | 100
Yreon 1332.126 | 251.1005 | Yrison 1704.028 | 218.1229
Y psom 10321.01 | 32.4094 Y psoym 10692.91 | 34.7602
Y reg(styit 1309.990 | 2553434 | Y,eqnn 1681.893 | 220.9936
YrpwoH 1301.043 | 257.0995 | Yrpison 1667.172 | 222.9450
Yson 1718.242 | 194.6742 | Ys(on 2090.144 | 177.8287
?G,K(mH 1296.304 | 258.0393 | Yoknu 1661.242 | 223.7408
Yanor 1288.717 | 259.5585 | Yanou 1653.684 | 224.7634
Yason 1276.070 | 262.1308 | Yys(snm 1637.446 | 226.9923
Y prop(snyi 279.8821 | 1195136 | Ypropsnn 311.8532 | 1191.867
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MSEs using Situation-Il under non-response
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Figure 2. Showing MSEs using Situation-II under non-response using real data set
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PREs using Situation-l under non-response
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Figure 3. Showing PREs using Situation-I under non-response using real data set.

6. Simulation study

The purpose of the simulation study is to evaluate how different non-response (NR) rates affect stratified sample estima-
tors over a 10,0000-iteration period. There are six different groupings, or strata, in the study. The simulation chooses a
population size of 1000-2000 people for each stratum at random in each iteration. Each group’s initial sample numbers
range from 200 to 400 people. In the simulation model, the sample size with and without non-response (NR) could vary
between 500 and 1000 with a fixed NR rate at 25%, based on realistic survey scenarios. Correlations between variables
were created for each stratum, and artificial means and standard deviations were generated for the three variables studied:
the variable under study (Y), the auxiliary variable (X) and the rank of X. In particular, the mean parameters for Y were
drawn from a normal distribution between 400 and 800, X from a normal distribution of range (5000; 10000), and the rank
of X was sampled from a normal distribution within the interval [300; 600]. Finally, overall population-level variables
were calculated as weighted sums using the sizes of the strata as weights. These weighted values described the aggregated
means and covariances that accurately represented the stratified population. Such a well-defined setup guarantees that the
simulation study can thoroughly examine how non-response affects the efficiency and consistency of our estimators under
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PREs using Situation-Il under non-response
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Figure 4. Showing PREs using Situation-I under non-response using real data set.

stratified random sampling.
Simulation results are presented in tables 6-9, where we represent the Mean Squared Error and Percentage Relative Ef-
ficiency of the estimator under different non-response. Two distinct scenarios were considered, the first being only non-
response on the study variable (Y) and the second comprising non-response on both the study variable and any covariates
(X), or rank of X. Comparing these examples, we demonstrate the effect of non-response on auxiliary information in terms
of the estimator’s efficiency. In brief, the results verify that our proposed estimator has a lower MSE and higher PRE than
the co-specific estimators, indicating it is more robust and efficient even under multi-variable non-response.

From Figures 5, 6, 7, and 8, one can conclude that the plot of MSEs and PREs shows that the proposed estimator is

efficient then existing estimators, using simulation study.

7. Discussion

The performance of the proposed estimators for stratified random sampling with non-response was investigated by simula-
tion studies and applied to some real data as described above. We studied two populations, Scenario-I and Scenario-II, and
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Table 6. Simulation, Situation —I, when k=2, 3

k=2 k=3
Estimators | MSE PRE Estimators | MSE PRE
Ysgs 2744233 | 100 Ysgs 3136.59 100
Yreson 285.8334 | 1012.89 YresoH 343.3454 | 963.78
Yreon 11481.13 | 25.22 Yrson 13250.68 | 24.97
Y regtsot 248.917 1163.1 Y reg(sirti 291.9854 | 1133.31
YrposnH 248.6091 1164.55 Yrpeso 291.5617 | 1134.96
Yo 730.3305 | 396.42 Yo 824.9871 | 401.11
Yo xesom 246.8733 | 1172.73 Yoxeon 289.1943 | 1144.25
Y a s 235.395 1229.92 Y a s 274.4456 | 1205.74
Yason 232.4853 | 1245.31 Yusom 269.6127 | 1227.35
Y propisiyi 224.0079 | 1292.44 Y prop(styi 253.3037 | 1306.38
Table 7. Simulation, Situation —I, when k=4, 5
k=4 k=5
Estimators | MSE PRE Estimators | MSE PRE
Ysrs 2532.927 | 100 Ysrs 2895.073 | 100
Yresom 263.8242 | 934.89 Yresom 316.9078 | 889.57
Y psom 10597.09 | 23.28 Y psoym 12230.38 | 23.05
Y regsnrt 229.7504 | 1073.55 Y regtsiym 269.5025 | 1046.05
Yr.psoym 229.4662 | 1074.88 YrpnH 269.1114 | 1047.57
Yssom 674.0951 | 365.89 Ysoon 761.4631 | 370.22
i,mm 227.864 1082.43 Yo.xeon 266.9263 | 1056.14
Yaneon 217.2696 | 1135.21 Yaneon 2533133 | 11129
Yason 214.5839 | 1149.42 Yruseon 248.8526 | 1132.85
Y prop(snyi 206.7593 | 1192.92 Y prop(snyt 233.7993 | 1205.79
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Table 8. Simulation, Situation —II, when k=2, 3

k=2 k=3
Estimators | MSE PRE Estimators | MSE PRE
Ysgs 2654.493 | 100 Ysgs 3034.019 | 100
Yresnn 600.3813 | 451.2 Yreson 979.9077 | 315.97
Yreon 9773.534 | 27.72 Yrson 10153.06 | 30.5
Y regtsot 577.7924 | 468.84 Y reg(sirti 957.3188 | 323.43
YrposnH 576.08 470.23 Yrpeso 952.6272 | 325.02
Yseso 994.4128 | 272.41 Yseon 1373.939 | 225.35
Yo xesom 573.6902 | 472.19 Yoxeon 949.012 326.26
Yaneon 565.8868 | 478.7 Y a s 941.2391 | 328.95
Yason 560.3548 | 483.43 Yusom 932.013 332.21
Y prop(snyi 220.3338 | 1229.46 Y prop(snyi 252.9823 | 1223.89

Table 9. Simulation, Situation —II, when k=4, 5

k=4 k=5
Estimators | MSE PRE Estimators | MSE PRE
Ysrs 2734.152 | 100 Yszs 3125.067 | 100
Yresom 618.3981 | 464.74 Yresom 1009.314 | 325.45
Yoo 10066.83 | 28.55 Ypison 10457.74 | 31.41
Y regsnrt 595.1314 | 48291 Y regtsiym 986.047 333.13
Yr.psoym 5933676 | 484.34 YrDisoyH 981.2145 | 334.77
Yssom 1024.254 | 280.59 Ysoon 1415.17 232.12
?G,K(M 590.9061 | 486.36 Yo.xeon 977.4909 | 336.05
Yanor 582.8685 | 493.07 YA nson 969.4847 | 338.82
Yason 577.1705 | 497.93 Yruseon 959.9817 | 342.18
Y prop(snyi 226.9458 | 1266.3 Y prop(snyt 260.574 1260.61
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MSEs using Situation-1 under Non-response
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Figure 5. Showing MSEs using Situation-I under non-response using Simulation.

compared estimators in each scenario for a range of threshold values k (i.e., k=2,3,4,5). The performances (Tables 2-9) and
the plots of MSE/PRE undoubtedly support that all the proposed estimators perform better compared to their correspond-
ing ones. In particular, the proposed estimators are persistently superior in MSE and PRE to the theory-based regression
estimator under the non-response model for stratified sampling. The graphical comparisons (1-8) provide an additional
perspective to the tabular results in illustrating how performance varies with k. Varying the threshold from 2 to 5, we
observe that MSE values increase, while PRE values decrease slightly as k changes, reflecting that estimator performance
depends on the selected k. Crucially, despite these variations, the proposed estimators remain superior to their competitors.
These results validate the robustness and effectiveness of our approach, proving that it can be applied to real-world surveys
where non-response is inevitable.

8. Conclusion

The paper contributes to the theory of mean estimation with stratified random sampling by presenting a new estimator
for the population mean of a research variable when non-response is present in both study and auxiliary variables. For
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MSEs using Situation-Il under Non-response
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Figure 6. Showing MSEs using Situation-II under non-response using Simulation.

non-response, the proposed estimator utilizes inexpensive upstream abundance information, along with known population
parameters of an auxiliary variable, to provide a population mean estimate for a study variable. To enrich its theory, the
properties of the suggested estimator (bias, mean squared errors, efficiency and optimality conditions) are then derived to

first order approximation.

The results of the Monte Carlo simulation studies, along with those from real data, indicate that the anticipated estimator
performs better than the current estimators considered in this study. Specifically, it shows the best numerical results by
lowering the (MSE) and increasing the (PRE), hence proving its practical usefulness. The outcomes clearly indicate that
the newly created estimator should be preferred over the traditional methods used in non-response situations, as highlighted

in the literature reviewed during this study.

Thus, in the case of practitioners and researchers interested in survey sampling, and in situations where non-response can
be a significant issue, it is highly advised to adopt the proposed estimator. Their strength and efficiency make it helpful in
obtaining more accurate estimates of the population mean in situations involving stratified random sampling designs with
non-response. In addition, this development not only enhances the theoretical base of mean estimation but also creates
opportunities for further methodological advancements, such as adjusting to more sophisticated sampling designs like
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PREs using Situation-1 under Non-response
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Figure 7. Showing PREs using Situation-I under non-response using Simulation.

simple random sampling (SRS) or cluster sampling, thereby extending its scope to practical survey activities.

9. Future Research Directions

Several necessary extensions could strengthen the theoretical coverage and the practical value of this work. First, as an
immediate line of research, it would be interesting to study the effect of measurement error on our proposed estimators.
In most large-scale surveys, errors exist in the recording or reporting of variables, and studying robustness under such
situations would make the method more practical. Secondly, the introduction of high non-response adaptive estimators
would represent a beneficial contribution, as non-response rates in real surveys vary significantly across strata or groups.
Although beyond the scope of this work, adaptive methods might even be able to automatically change their estimation
strategy and remain efficient under substantial data reduction. Third, the technique could be adapted to more complicated
sampling designs, such as probability proportional to size (PPS) or cluster sampling. Such designs are frequently used in
ultra-large sample surveys, taking into account homogeneity and economic factors. By including non-response adjustment
in those frameworks, the proposed methodology would not only extend its theoretical performance but also contribute
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PREs using Situation-Il under Non-response
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Figure 8. Showing PREs using Situation-II under non-response using Simulation.

to simultaneously handling missing data, measurement error and complex survey design issues typically confronted in

practice.

10. Practical Implications of the proposed work

1. Greater trustworthiness of Survey Results. One of the significant sources of bias in the sampling of surveys
is non-response. By creating estimators that directly account for non-response using stratified random sampling,
investigators can obtain population mean estimates that are more valid and closer to the actual population values.
This minimizes the chances of biased policy making, especially in national surveys that are carried out on a large
scale, like health, education and labour statistics.

2. Economical Utilization of Auxiliary Information.

Stratified sampling is already exact because it clusters the population into similar strata. Adding additional informa-
tion during the process of dealing with non-response further optimises the estimates. As an illustration, land records
or past yield data could be used as auxiliary data to enhance the estimation of the average yield of crops in agricultural
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surveys where some farmers fail to respond.

3. Field Survey Cost-Effectiveness.
Non-response follow-ups and callbacks can be costly. When good estimators are available to compensate for non-
response, survey organisations need not conduct extensive follow-up, saving on data collection expenses while still
achieving accuracy.

4. Recommendations to Public Policy and Planning.
In many areas of life, like in the planning of education or poverty reduction, stable estimates of averages (mean
income, mean literacy score, mean nutritional intake, etc.) are essential. Stratified survey results are reliable and
allow planners to depend on adjusted estimators when there is incomplete participation in a survey due to non-
response.
To give an example, in a health survey, non-response can be disproportionate in some socio-economic groups; strati-
fied non-response adjustment would be used to make sure that the contribution they make is not under-represented.

5. Elasticity on the Multiple Non-Response Levels.
As efficiency and (MSE) of estimators may differ with the level of non-response, the suggested methods provide
statisticians with adaptive instruments to adjust the strategy of estimation based on the real-life situation in the field.
This does not imply that survey statisticians cannot retain a high percentage relative efficiency (PRE) in cases where
non-response levels differ in strata.

6. Usages in the Big Data and Administrative Data Sources.
In addition to the old-fashioned survey, contemporary applications in big data integration (e.g., tying census data
and administrative records) tend to result in incomplete reporting or selective non-response. The techniques that
evolved to stratified designs are also applicable to such settings, making them highly relevant to present-day data
environments.

7. Making Survey Statistics More Trustworthy by the public.
By having government agencies, NGOs, or international organisations create survey-based statistics, one can reduce
non-response bias and build confidence in official statistics. Survey data is also accused of being unrepresentative or
biased, but reliable mean estimates minimise these criticisms.
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