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SUBORDINATING RESULTS OF CLASSES OF MULTIVALENT

MEROMORPHIC FUNCTIONS

M. A. MOWAFY, A. O. MOSTAFA, S. M. MADIAN AND A. I. ELMAHDY

Abstract. In this paper, we dened a class of meromorphic functions which

are analytic and multivalent in punctured unit disk. After that by using the

operator which are dened by ( see Mostafa [8] ) we dened a new operator

using meromorphic functions which are analytic and p-valent in punctured

unit disk. Also in the present paper we dened a new class of meromorphic

functions by using this new operator. Furthermer we use the concepts of dif-

ferential subordination and Hadamard product or (convolution) in our proving

theorems. Plus more we use the denition of hypergeometric function in our

proof. After that we derive several inclusion relationships for this class. In or-

der to prove our main results we need the following Lemmas which presented

in our paper. Also we investigate some properties of certain classes of mul-

tivalent meromorphic functions by making use of the method of dierential

subordination, which are dened by means of a certain operator.

1. Introduction

For any integer ϵ > − , let


ς,ϵ be the class of meromorphic functions:

(κ) = κ−ς +

∞

k=ϵ

akκk, , ϵ ∈ N = 1, 2, , (1.1)

which are analytic and -valent in U∗ = κ : κ ∈ C, 0 < κ < 1 = U\0.
For α ≥ 0 and β > −1, Mostafa [8] dened the operator

Ωα
ς,β,µ (κ) =

1

κς
+

Γ (β)

Γ (α+ β)

∞

k=1−ς

Γ (k +  + α+ β) (µ)k+ς

Γ (k +  + β) (k + )!
akκk,
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where

(d)s =
Γ (d+ s)

Γ (d)
=


1 (s = 0; d ∈ C∗ = C 0)
d (d+ 1)  (d+ s− 1) (s ∈ N0; d ∈ C) 

For  as (11) , n ∈ N0 = N ∪ 0 and µ > 0, using Ωα
ς,β,µ and λ ≥ 0 we dene

the operator Υα,n
β,λ,µ :


ς,ϵ →


ς,ϵ as

Υ0,0
β,λ,1 (κ) = (κ),

Υα,1
β,λ,µ (κ) = (1 + λ)Ωα

ς,β,µ (κ) +
λ


κ

Ωα

ς,β,µ (κ)
′
,

Υα,2
β,λ,µ (κ) = (1 + λ)Υα,1

β,λ,µ (κ) +
λ


κ

Υα,1

β,λ,µ (κ)
′

,

Υα,n
β,λ,µ (κ) = (1 + λ)Υα,n−1

β,λ,µ  (κ) +
λ


κ

Υα,n−1

β,λ,µ  (κ)
′

,

=
1

κς
+

∞

k=ϵ

Λk (α,β,λ, µ, ) akκk, (1.2)

where

Λk (α,β,λ, µ, ) =
Γ (β)


1 + λ


1 + k

ς

n
Γ (k +  + α+ β) (µ)k+ς

Γ (α+ β)Γ (k +  + β) (k + )!
, (1.3)

which satises

κ

Υα,n

β,λ,µ (κ)
′

= µΥα,n
β,λ,µ+1 (κ)− (µ+ )Υα,n

β,λ,µ (κ) , (1.4)

κ

Υα,n

β,λ,µ (κ)
′

= (α+ β)Υα+1,n
β,λ,µ  (κ)− (α+ β + )Υα,n

β,λ,µ (κ) , (1.5)

and

κ

Υα,n

β,λ,µ (κ)
′

=


λ
Υα,n+1

β,λ,µ  (κ)−  (λ+ 1)

λ
Υα,n

β,λ,µ (κ)  (1.6)

Denition 1.1. [1], [6] and [7] If , g are analytic in U, then  is subordinate
to g, written  ≺ g if there exists a Schwarz function w(κ) analytic in U with
w(0) = 0 and w(κ) < 1 for all κ ∈ U, such that

(κ) = g(w(κ))

Denition 1.2. For  ∈ 
ς,ϵ, (−1 ≤ B < A ≤ 1) and  ∈ α,n

β,λ (µ;A,B) if it
satises:

−
κς+1


Υα,n

β,λ,µ (κ)
′


≺ 1 + Aκ

1 +Bκ
 (1.7)

Let
α,n

β,λ


µ; 1− 2η

ς ,−1

=
α,n

β,λ (µ, η) , 0 ≤ η < , where
α,n

β,λ (µ, η) denotes the

class of functions in


ς,ϵ satisfying

Re


−κς+1


Υα,n

β,λ,µ (κ)
′

> η (1.8)
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Many authors obtained subordination results for classes of meromorphic func-
tions ex: [2], [3] and [3].

In the present paper, we derive several inclusion relationships for the function
class  ∈α,n

β,λ (µ;A,B)  To prove our main results we need the following Lemmas.

Lemma 1.1. [4] Let ℏ be a convex (univalent) function with ℏ (0) = 1 Also let

ϕ (κ) = 1 + cς+ϵκς+ϵ + cς+ϵ+1κς+ϵ+1, (1.9)

γ ∈ C 0 be analytic in U. If

ϕ (κ) +
κϕ′ (κ)

γ
≺ ℏ (κ) (Re (γ) ≥ 0,κ ∈ U) , (1.10)

then

ϕ (κ) ≺  (κ) =
γκ− γ

ς+ϵ

 + ϵ

 κ

0

t
γ

ς+ϵ−1ℏ (t) dt (1.11)

and  is the best dominant We denote by P (γ) the class of functions , given by

 (κ) = 1 + c1κ + c2κ2 + , Re  (κ) > γ, 0 ≤ γ < 1 (1.12)

Lemma 1.2. [10] Let  as (1.12) be in the class P (γ). Then

Re  (κ) ≥ 2γ − 1 +
2 (1− γ)

1 + κ ( 0 ≤ γ < 1) 

Lemma 1.3. [15] Let Let µ be a positive measure on [0, 1] Let g(κ, t) be a
complex valued function dened on U ×[0, 1] such that g(, t) is analytic in U for
each t ∈ [0, 1], and g(κ, ) is µ− integrable on [0, 1], for all κ ∈ U. In addition
suppose that Reg(κ, t) > 0, g(−r, t) is real and

Re


1

g(κ, t)


≥ 1

g(−r, t)
(κ ≤ r < 1; t ∈ [0, 1]) 

If

g (κ) =
 1

0

g(κ, t)dµ (t) ,

then

Re


1

g(κ)


≥ 1

g(−r)
(κ ≤ r < 1) 

Each of the identities (asserted by Lemma 1.4) is fairly well known (cf., e.g., [14],
Ch.14)

Lemma 1.4. [14] For real or complex numbers a, b and c (c ̸= 0,−1,−2, ) ,
 1

0

tb−1 (1− t)
c−b−1

(1− tκ)−a
dt =

Γ (b)Γ (c− b)

Γ (c)
21 (a, b; c;κ) Re (c) > Re (b) > 0, (1.13)

where

21 (a, b; c;κ) = (1− κ)−a
2 1


a, c− b; c;

κ
κ − 1


(1.14)

and

21 (a, b; c;κ) =2 1 (b, a; c;κ)  (1.15)
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Lemma 1.5. [13] Let ∅ be analytic in U with

∅ (0) = 1 and Re ∅ (κ) >
1

2


Then, for any  analytic in U, (∅ ∗) (U) is contained in the convex hull of  (U)
where ∗ denotes convolution.

2. Main results

The best dominant of the dierential subordination solution will be found in the
following theorems. Also for the function class  ∈ α,n

β,λ (µ;A,B) ,we obtain a
variety of inclusion relationships.

Theorem 2.1. For  as (1.1) satises:

−
(1− δ)κς+1


Υα,n

β,λ,µ (κ)
′

+ δς+1

Υα,n

β,λ,µ+1 (κ)
′


≺ 1 + Aκ

1 +Bκ
, (2.1)

then

−
κς+1


Υα,n

β,λ,µ (κ)
′


≺ Q∗ (κ) ≺ 1 + Aκ

1 +Bκ
, (2.2)

where

Q∗ (κ) =





A

B
+


1− A

B


(1 +Bκ)−1

21


1, 1;

µ

δ ( + ϵ)
+ 1;

Bκ
1 +Bκ


B ̸= 0

1 +
µ

δ ( + ϵ) + µ
Aκ B = 0

,

is the best dominant of (22) Furthermore

Re




−
κς+1


Υα,n

β,λ,µ (κ)
′







>  (0 ≤  < 1) , (2.3)

where

 =





A

B
+


1− A

B


(1−B)

−1
21


1, 1;

µ

δ ( + ϵ)
+ 1;

B

B − 1


B ̸= 0

1− µ

δ ( + ϵ) + µ
A B = 0



(2.4)
The result is the best possible.

Proof. Let

ϕ (κ) = −
κς+1


Υα,n

β,λ,µ (κ)
′


 (2.5)

Then ϕ as (19). Applying (14) in (25) and dierentiating, we get

−
(1− δ)κς+1


Υα,n

β,λ,µ (κ)
′

+ δκς+1

Υα,n

β,λ,µ+1 (κ)
′


= ϕ (κ)+

δκϕ′ (κ)
µ

≺ 1 + Aκ
1 +Bκ


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Using Lemma 1.1, for γ =
µ

δ
, we have

−
κς+1


Υα,n

β,λ,µ (κ)
′


≺ Q∗ (κ) =

µκ− µ
δ(ς+ϵ)

δ ( + ϵ)

 κ

0

t
µ

δ(ς+ϵ)
−1


1 + At

1 +Bt


dt

=





A

B
+


1− A

B


(1 +Bκ)−1

21


1, 1;

µ

δ ( + ϵ)
+ 1;

Bκ
1 +Bκ


B ̸= 0

1 +
µ

δ ( + ϵ) + µ
Aκ B = 0



This proves (2.2). Next we shall show that

inf
|κ|<1

Re (Q∗ (κ)) = Q∗ (−1)  (2.6)

For κ ≤ r < 1, we have

Re


1 + Aκ
1 +Bκ


≥ 1− Ar

1−Br


Setting

g (κ, s) =
1 + Aκs
1 +Bκs

and dµ (s) =
µs

µ
δ(ς+ϵ)

−1

δ ( + ϵ)
ds (0 ≤ s ≤ 1) ,

which is a positive measure on [0, 1], we get

Re [Q∗ (κ)] ≥
 1

0

1− Asr

1−Bsr
dµ (s) = Q∗ (−1) (κ ≤ r < 1) 

Letting r → 1−, we obtain (23)
Finally, the estimate (23) is the best possible as Q∗(κ) is the best dominant of

(22) □

Putting δ = 1, A = 1 − 2η
ς and B = −1 in Theorem 2.1, we have the following

inclusion property

Corollary 2.1.

α,n

β,λ

(µ+ 1, η) ⊂
α,n

β,λ

(µ, ( , ϵ, µ, η)) ⊂
α,n

β,λ

(µ, η) ,

where

 (, ϵ, µ, η) = η + ( − η)


21


1, 1;

µ

( + ϵ)
+ 1;

1

2


− 1




The result is the best possible.
Taking δ = 1 and ϵ = 1 −  in Theorem 2.1, we obtain the following inclusion

property

Corollary 2.2.

α,n

β,λ

(µ+ 1, A,B) ⊂
α,n

β,λ


µ, 1− 2η


,−1


⊂

α,n

β,λ

(µ,A,B) ,
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where

η =





A

B
+


1− A

B


(1 +Bκ)−1

21


1, 1;µ+ 1;

B

B − 1


B ̸= 0

1− µA

1 + µ
B = 0



The result is the best possible.

Theorem 2.2. Let  ∈ α,n
β,λ (µ, γ), then

Re


− (1− δ)κς+1


Υα,n

β,λ,µ (κ)
′

− δκς+1

Υα,n

β,λ,µ+1 (κ)
′

> γ (κ < R) ,

(2.7)
where

R =






δ2 ( + ϵ)

2
+ µ2 − δ ( + ϵ)

µ





1
(ς+ϵ)

 (2.8)

The result is the best possible.

Proof. Since  ∈α,n
β,λ (µ, γ) , we write

−κς+1

Υα,n

β,λ,µ (κ)
′

= γ + ( − γ)u (κ) , (2.9)

where u as (19) and Re [u (κ)] > 0. Using of (14) in (29) and dierentiating the
resulting equation, we have

−
κς+1


(1− δ)


Υα,n

β,λ,µ (κ)
′

+ δ

Υα,n

β,λ,µ+1 (κ)
′

+ γ

 − γ
= u (κ) +

δκu′ (κ)
µ



(2.10)
Applying the following estimate [5]:

κu′ (κ)
Re [u (κ)]

≤ 2 ( + ϵ) rς+ϵ

1− r2(ς+ϵ)
(κ ≤ r < 1) ,

in (210), we get

Re




−
κς+1


(1− δ)


Υα,n

β,λ,µ (κ)
′

+ δ

Υα,n

β,λ,µ+1 (κ)
′

+ γ

 − γ





≥ Re [u (κ)]


1− 2δ ( + ϵ) rς+ϵ

µ

1− r2(ς+ϵ)



> 0, (2.11)

if r < R, R as (28)  In order to show that the bound R is the best possible, we
consider  ∈ς,ϵ dened by

−κς+1

Υα,n

β,λ,µ (κ)
′

= γ + ( − γ)
1 + κς+ϵ

1− κς+ϵ
(0 ≤ γ < ) 
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Noting that

−
κς+1


(1− δ)


Υα,n

β,λ,µ (κ)
′

+ δ

Υα,n

β,λ,µ+1 (κ)
′

+ γ

 − γ

=
µ

1− κ2(ς+ϵ)


+ 2δ ( + ϵ)κς+ϵ

µ (1− κς+ϵ)
2 = 0,

for κ = R exp


i

 + ϵ


 This completes the proof. □

Putting δ = 1 in Theorem 2.2, we have

Corollary 2.3. If  ∈α,n
β,λ (µ, γ) , then  ∈α,n

β,λ (µ+ 1, γ) for κ < R∗, where

R∗ =






( + ϵ)

2
+ µ2 − ( + ϵ)

µ





1
(ς+ϵ)



The result is the best possible.

Theorem 2.3. If  ∈ς,ϵ satises:

κς


(1− δ)


Υα,n

β,λ,µ (κ)
′

+ δ

Υα,n

β,λ,µ+1 (κ)
′

≺ 1 + Aκ
1 +Bκ

,

then

κςΥα,n
β,λ,µ (κ) ≺ Q∗(κ) ≺ 1 + Aκ

1 +Bκ
and

Re

κςΥα,n

β,λ,µ (κ)

> ,

where Q∗(κ) and  as in Theorem 2.1. The result is the best possible.

Proof. Using the same lines as in the proof of Theorem 2.1, by taking ϕ (κ) =
κςΥα,n

β,λ,µ (κ) in (25) 

For  ∈ς,ϵ and Fc,ς :


ς,ϵ →


ς,ϵ, such that

Fc,ς(κ) =
c

κc+ς

κ

0

tc+ς−1(t)dt

= κ−ς +

∞

k=ϵ

c

c+  + k
akκk (c > 0) (2.12)

and satises

κ

Υα,n

β,λ,µFc,ς(κ)
′

= cΥα,n
β,λ,µ (κ)− (c+ )Υα,n

β,λ,µFc,ς(κ) (2.13)

□

Theorem 2.4. Let  ∈ α,n
β,λ (µ;A,B) and Fc,ς(κ) as (212) then

−
κς+1


Υα,n

β,λ,µFc,ς(κ)
′


≺ Θ(κ) ≺ 1 + Aκ

1 +Bκ
, (2.14)
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where

Θ(κ) =





A

B
+


1− A

B


(1 +Bκ)−1

2 1


1, 1;

c

( + ϵ)
+ 1;

Bκ
1 +Bκ


B ̸= 0

1 +
c

( + ϵ) + c
Aκ B = 0

,

is the best dominant of (2.14). Furthermore

Re




−
κς+1


Υα,n

β,λ,µFc,ς(κ)
′







> , (2.15)

where

 =





A

B
+


1− A

B


(1−B)

−1
21


1, 1;

c

( + ϵ)
+ 1;

B

B − 1


B ̸= 0

1− c

( + ϵ) + c
A B = 0



The result is the best possible.

Proof. Let

ϕ (κ) = −
κς+1


Υα,n

β,λ,µFc,ς(κ)
′


,

then ϕ as (19). Using (213) in (214) and dierentiating, we have

−
κς+1


Υα,n

β,λ,µ(κ)
′


= ϕ (κ) +

κϕ′ (κ)
c

≺ 1 + Aκ
1 +Bκ



Now the remaining part of Theorem 2.4 follows by employing the technique used
in proving Theorem 2.1. □

Theorem 2.5. For Fc,ς(κ) as (212) , satisfy

κς

(1− δ)


Υα,n

β,λ,µFc,ς(κ)

+ δ


Υα,n

β,λ,µ (κ)


≺ 1 + Aκ
1 +Bκ

, (2.16)

then

Re

κςΥα,n

β,λ,µFc,ς (κ)

> , (2.17)

where

 =





A

B
+


1− A

B


(1−B)

−1
21


1, 1;

c

δ ( + ϵ)
+ 1;

B

B − 1


B ̸= 0

1− c

δ ( + ϵ) + c
A B = 0



(2.18)

Proof. Let

ϕ (κ) = κςΥα,n
β,λ,µFc,ς (κ) , (2.19)

then ϕ as (1.9). Dierentiating (2.19) and using (2.13) and (2.16), we have

ϕ (κ) +
κϕ′ (κ)

c
≺ 1 + Aκ

1 +Bκ


Now the remaining part of Theorem 2.5, follows by employing the technique used
in proving Theorem 2.1. □
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Putting n = 0, α = 0, µ = 1, B = −1, A = 1 − 2η (0 ≤ η < 1) and δ = 1 in
Theorem 25, we obtain

Corollary 2.4. For  ∈ 
ς,ϵ satises:

Re [κς (κ)] > η,

then

Re


 c

κc

κ

0

tc+ς−1(t)dt


 > η + (1− η)


21


1, 1;

c

( + ϵ)
+ 1;

1

2


− 1




The result is the best possible.

Theorem 2.6. Let  ∈ 
ς,ϵ satisfying

−
κς+1


(1− δ)


Υα,n

β,λ,µFc,ς(κ)
′

+ δ

Υα,n

β,λ,µ (κ)
′


≺ 1 + Aκ

1 +Bκ
,

then

Re


−

κς+1

Υα,n

β,λ,µFc,ς (κ)
′




 > ,

where Fc,ς (κ) as (2.12) and  as ( 2.18) . The result is the best possible.

Proof. The proof follows by taking the same lines as in Theorem 2.5. □

Considering the fact that:

κς+1

Υα,n

β,λ,µFc,ς (κ)
′

=
c

κc

κ

0

tc+ς

Υα,n

β,λ,µ(t)
′
dt,

then taking n = 0, α = 0, µ = 1, B = −1, A = 1− 2η
ς (0 ≤ η < ) and δ = 1 in

Theorem 2.6, we have

Corollary 2.5. For  ∈ 
ς,ϵ satises:

Re

−κς+1′ (κ)


> η,

then

Re


− c

κc

κ

0

tc+ς′(t)dt


 > η + ( − η)


21


1, 1;

c

( + ϵ)
+ 1;

1

2


− 1




The result is the best possible.

Theorem 2.7. Let  ∈ 
ς,ϵ and g ∈ς,ϵ, such that

Re

κς

Υα,n

β,λ,µg (κ)


> 0

If 
Υα,n

β,λ,µ (κ)
Υα,n

β,λ,µg (κ)
− 1

 < 1,
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then

Re


−

κ

Υα,n

β,λ,µ (κ)
′

Υα,n
β,λ,µ (κ)


 > 0,

where

R0 =


9 ( + ϵ)

2
+ 4 (2 + ϵ)− 3 ( + ϵ)

2 (2 + ϵ)
 (2.20)

Proof. Let

 (κ) =
Υα,n

β,λ,µ (κ)
Υα,n

β,λ,µg (κ)
− 1 = eς+ϵκς+ϵ + eς+ϵ+1κς+ϵ+1, (2.21)

we note that  (0) = 0 and  (κ) ≤ κς+ϵ
 Then by applying the familiar

Schwarz Lemma [9], we have  (κ) = κς+ϵΨ (κ) , where Ψ is analytic in U and
Ψ (κ) ≤ 1 Therefore (2.21) , leads to

Υα,n
β,λ,µ (κ) = Υα,n

β,λ,µg (κ)

1 + κς+ϵΨ (κ)


 (2.22)

Dierentiating (2.22) logarithmically , we obtain

κ

Υα,n

β,λ,µ (κ)
′

Υα,n
β,λ,µ (κ)

=
κ

Υα,n

β,λ,µg (κ)
′

Υ α,n
β,λ,µg (κ)

+
κς+ϵ [( + ϵ)Ψ (κ) + κΨ′ (κ)]

1 + κς+ϵΨ (κ)
 (2.23)

Letting  (κ) = κςΥα,n
β,λ,µg (κ) , we see that  as (19) is analytic in U, Re [ (κ)] >

0 and

κ

Υα,n

β,λ,µg (κ)
′

Υ α,n
β,λ,µg (κ)

=
κ′ (κ)
 (κ)

− ,

using (2.23) we have

Re





κ

Υα,n

β,λ,µ (κ)
′

Υα,n
β,λ,µ (κ)





≥ −

κ′ (κ)
 (κ)

−

κς+ϵ [( + ϵ)Ψ (κ) + κΨ′ (κ)]

1 + κς+ϵΨ (κ)

  (2.24)

Using the following known estimates [11], (see also [5])

κ′ (κ)
 (κ)

 ≤
2 ( + ϵ) rς+ϵ−1

1− r2(ς+ϵ)
and


κς+ϵ [( + ϵ)Ψ (κ) + κΨ′ (κ)]

1 + κς+ϵΨ (κ)

 ≤
 + ϵ

1− r(ς+ϵ)
(κ < r < 1) ,

in (224) , we have

Re





κ

Υα,n

β,λ,µ (κ)
′

Υα,n
β,λ,µ (κ)





≥  − 3 ( + ϵ) r(ς+ϵ) − (2 + ϵ) r2(ς+ϵ)

1− r2(ς+ϵ)
= 0,

provided that r < R0, R0 as (220)  □

Theorem 2.8. For  ∈ 
ς,ϵ and satises:

(1− δ)κς

Υα,n

β,λ,µ(κ)

+ δκς


Υα,n

β,λ,µ+1 (κ)

≺ 1 + Aκ

1 +Bκ
,
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then

Re


κςΥα,n

β,λ,µ (κ)
 1

q


> ξ

1
q (q ∈ N) ,

where ξ as (24)  The result is best possible.

Proof. Let

ϕ (κ) = κςΥα,n
β,λ,µ (κ) , (2.25)

then ϕ as (19). Using (14) and dierentiating the resulting, we have

(1− δ)κς

Υα,n

β,λ,µ(κ)

+ δκς


Υα,n

β,λ,µ+1 (κ)

= ϕ (κ) +

δκϕ′ (κ)
µ

≺ 1 + Aκ
1 +Bκ



(2.26)
□

Following the lines of the proof of Theorem 2.1, mutatis mutandis and using:

Re

w

1
q


> [Re (w)]

1
q (Re (w) > 0) ,

we have the result asserted by Theorem 2.8.

Theorem 2.9. For  ∈ α,n
β,λ (µ;A,B) and g ∈ 

ς,ϵ satisfy:

Re [κςg (κ)] >
1

2
,

then

( ∗ g) (κ) ∈
α,n

β,λ

(µ;A,B) 

Proof. We have

−
κς+1


Υα,n

β,λ,µ ( ∗ g) (κ)
′


= −

κς+1

Υα,n

β,λ,µ (κ)
′


∗ κςg (κ) 

Since

Re [κςg (κ)] >
1

2
,

and
1 + Aκ
1 +Bκ

is convex (univalent) in U, it follows from (1.7) and Lemma 1.5,

that ( ∗ g) (κ) ∈α,n
β,λ (µ;A,B)  □
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