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Abstract: This paper explores the ideas of p-infimal convolution (p-ic), (hO,k)(&) = infy [hﬁ (E-m) —O—kll’ (n)]P, and p-supremal

convolution (p-sc), (hX), k)(§) = sup, [ (§ —n) +kp(n)]£ where 0 < p < 1, as an extension of infimal and supremal convolutions,

and we demonstrate that these operations are commutative and associative for any p. Meanwhile, we show that the (p-ic) increases

with p while the (p-sc) decreases and notice that when applying the (p-ic) for a certain function several times, we get a sub-additive

function, while applying the supremal convolution several times we get a super-additive function. Also, we extend the convolution of
p

1
two functions to p-convolution (p-c), (hx*, k)(t) = [ S (h(7)k(t— 1)) dt| , which can calculate the Laplace transform for numerous

functions, and we go on to demonstrate its practical applications. We present a new framework for solving a Volterra integral equation

in the p form , u(€) = h(&) + A joé 1% (& - t)u% (t)dt} , using the (p-c) definition.

Keywords: convolution, infimal convolution, supremal convolution.

2020 AMS Subject Classifications: 46A03, 46A04, 46A16, 46A55, 52A15, 68MO7.

1 Introduction

Infimal and supremal convolutions have several applications in many fields such as convex analysis, functional analysis,
optimization theory, integral equations and image processing. The convolution allows the combination of functions in a
way that preserves certain properties such as convexity, the approximation of non-smooth functions and the construction
of weak solutions of partial differential equations. In [1], the operation of infimal convolution,
(hOk)(&) = infy [R(§ — 1) +k(n)], was introduced by Rockefeller which is a tool widely used in convex analysis and
optimization theory. For more properties of this operation, see [2], [3] and [4]. In [5], Kiselman found that infimal
convolution provides an effective framework for defining distances within the image plane. By using infimal convolution,
he proved that a function 4 is sub-additive if and only if it satisfies the inequality 2Z[Jh > h. One of his interesting results
is that by repeating infimal convolution an infinite number of times for a certain function, he obtains a sub-additive
function. We found that this technique can be applied to (p-ic), which occurs when applying (p-ic) to a certain function
several times. In this case, we obtain a sub-additive function, whereas applying the supremal convolution several times
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yields a super-additive function. We noticed that sub-additivity (or super-additivity) can be characterized in terms of
(p-ic) (or (p-sc)), so if (ACI,h)? > h? thenh? is sub-additive. Moreover, if (h, h)? < i’then ¥ is super-additive. The
convolution (hk)(t) = [} h(T)k(t— T)d7 is an important operation in mathematics with many applications in diverse
areas. It is an effective technique for solving differential and integral equations [6], [7], calculating probabilities [8] and
defining important functions in number theory [9]. Also, it has numerous applications in signal
processing [10], [11], [12], deep learning [13] and image processing such as filtering, smoothing, enhancing, and
extracting features from data [14], [15], [10], [16], [17].

In this paper, we introduce new notions of convolutions such as p-convolution (p-c)

(h, k) (1)=] [L(h(T)k(1 —T))7 dT " p-infimal convolution (p-ic) (hCJ,k)(&) = infy [ (£ — 1) +k? (1)} and

p-supremal convolution (p-sc) (hX,k)(&) = sup, [/*(§ —n) + & (n)}é where 0 < p < 1. In section two, some basic
definitions are introduced. In section three, we introduce (p-ic) and demonstrate that its operation is both commutative
and associative (Proposition 2). We prove that sub-additivity of a certain function can be characterized in terms of (p-ic)
(Proposition 1). We notice that when applying (p-ic) for a certain function several times we get a sub-additive function
(Theorem 1). In section four, we provide (p-sc) and illustrate that it has the properties of commutativity and associativity.
(Proposition 4) and show that super-additivity of a certain function can be characterized in terms of (p-sc)(Proposition 5).
We notice that when applying the (p-sc) for a certain function several times we get a super-additive function (Theorem 2)
and then introduce an interesting relation between (p —ic), (p — sc), infimal convolution and supremal convolution. We
notice that (hJ,k) is increasing with p while (h, k) is decreasing with p (Proposition 6). In Section five, we introduce
the definition of (p-c), followed by examples and prove the fractional convolution theorem (Theorem 4). We then provide
some applications in Laplace transformations. In section six, we solve the p-Volterra integral equation

u(l&)=n&)+1 foé kv (& - t)u% (t)dt| as an application using the definition of (p-c).

2 Preliminaries

We begin by outlining the core definitions and principles that underpin this study.

Definition 1 /18], [1], [19] Let U be a vector space over the field R of real numbers. A subset X of U is said to be convex
if the line segment, [E,M] = (I —A)E +An,0 < A < I is contained in X for any given choice of &, € X; essentially, if
&, n € Ximplies [E,1] € X.

Definition 2 [18], [1], [19] Let U C R" be a nonempty convex set. A function h : U — R is said to be convex on U if for
anyEmeXand0<A <1, wehave h(I1—A)§+An) < (I —2A)h(E)+Ah(n).

Definition 3 [20], [21], [19] Let U CR" and 0 <p < 1. If for each £E,n €U, A,u >0 such that AP +u? =1,
AE+un € U, then U is called a p-convex set in R". The p-convexity of U can also be formalized as follows

AE+(I- APy eU
forallé,meUandA,u€0,1].

Definition 4 [20], [21], [19] Let U C R" be a nonempty p-convex set. A function h: U — R is said to be p-convex on U if
forany &E,m e Uand A,u € [0, 1], then we have

h(A& +un) < Ah(§) + ph(n)

such that AP + pP = 1.
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Definition 5 [ 18], [22], [2], [1] Let h,k be two functions which act on the set X and produce values in the extended real
line [—oo, +o0|. The infimal convolution hOk of f and k is defined by

(hIK)(E) = inf [(& —n) +k(n)]

Definition 6Let h,k be two functions which act on the set X and produce values in the extended real line [—oo,+o0|. The
supremal convolution h®R k of h and k is defined by

(hXk)(§) = sup[h(§ —n) +k(n)]
nex

3 Fractional Infimal Convolution

We dedicate the subsequent section to a detailed presentation of the p-infimal convolution (p — ic) (h(J,k) of two functions
h, k in definition 7. Moreover, we show in Proposition 2 that (p — ic) is a commutative and associative operation.

Definition 7 [23] Let h,k be two functions which act on the set X and produce values in the extended real line [—oo, +o0].
For 0 < p < 1, we define the p-infimal convolution (p — ic) hO,k of two functions h and k as follows:

(W) (&) = inf [17 (€ =) + K7 ()], € € X. 0

inf
nex
For p = 1, see [24], [25], [1].

Proposition 1A necessary condition for a function hfl’ to be sub-additive (i.e., h%(é +n)<h
1 1 1 1 1 1
(hOph)? > hr. Moreover, if h? is super-additive (i.e., h? (§ +m) > h? (&) +hr (1) ) then (hC,h)

S~ S~

(§)+h%(n) ) is that
<hr.

N~

Proof . Assume,
(Hph)7 (§) > b7 (&) @)
then from equation (1) we get,
inf [17 (& — 1)+ h? ()] = h7 (&) &)

In particular, when replacing & by £ + 1) in equation (2) we get,
1 1
(hOph)? (§+m) = hv (& +1) 4)

So from equation (1) and from the property that the infimum of a set is always less than or equal to every element of the
set [26] we get,

I~

P (&) +ho (1) > int (A7 () + 47 ()] > h

(E+m)

Hence, hé is su]b-additive.
Similarly, let 47 be super-additive then

hp (E) = hv (E+m—n) > hr (E—n)+h? (n),¥n €X
> inf |07 (&~ )+ A7 ()] = (k)7

Proposition 2 [23] Fractional infimal convolution is an operation that is both commutative and associative.
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Proof . (I) Commutativity: Assuming { = & — 1) we get from definition (7),

(HOpR)(E) = ink (12 (& — ) +ke ()P = nf (07 (§) + k7 (€ = O = (RTph) (©).

inf
nex
(II)Associativity:

(O () (&) = inf 7 (§ =)+ (k) (M)} from Def.7

= inf[A7 (& ) + inf (k7 (n ~ £) 417 (E)))" from Def.7

1 .. .
since the term hv (§ —n) is independent on §, we can write

=ggg[gg{w%<é —n) ke (=) 417 (§)P]

- gg;gg[ﬁm + (ke (n—&)+hr (E—m)P

1 L.
the term r? (§) is independent on 1 so,

= Inf[r? ()4 inf (kF (0 =€) +h7 (&~ )

by adding and subtract § intermof hi (& —C) we get,
= inf[r7 (¢)+ inf (W7 ((§—)—(n—0)+kr(n L))

fex n—gex
= Inf (7 (§) 4 inf (k7 (& =€) = (1) +k? (D)) where, 1~ £ =1

fex
(& =07 = ((hO,k)DEpr) (&)

S I~

= Inf[r (¢ + (k)

An n-fold convolution is defined as

=

(110 Ol E) = inf(Y" A (EVYP,
1

i

where the infimum is taken over all choices of elements & € X fori=1,2,...nsuchthat E! ... 4 E" =&,
The next proposition will be used in the proof of Theorem 1.

Proposition 3Let h,k : X — [0,0] be nonnegative functions and let 0 < p < 1. Then the following inequality holds
pointwise:
(h(§) +k(S))" < W(E)+K(E), VSeX.
For a proof, see [27], [28].
Theorem 1Let K : X — [0,] be a function on X satisfying K(0) = 0. Define a sequence of functions (Kj)72; by putting,
1
K=K, Kj= (K;:IDI,K”)?, j=2,3,.... Then the sequence (Kf) is decreasing and its lime =k > 0 is sub-additive.
Proof . We’ll show that the sequence K;’ is decreasing, taking ) = 0 in the definition of K; we get, for j = 2,
K5 (&) = (KYO,KP) (&) = (KPO,K?)(E)  from Def.7T we have,
= ing[K(ﬁ —n)+K(N)P taking n =0 we get,
ne

— inf[K(& —0) +K(0)]”
nex
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from Proposition 3 and from the property that is the infimum of a set is always less than or equal to every element of the

set we obtain,

K3 (&) < [KP(§) + K (0)]
<KP(§) <Kj(&).

For j =3,
K5(8) = (K30,K7)(8)
= 1%15([[(2(5 —0)+K(0)) fromDef.7
< [K5(&)+KP(0)] from Prop.3
<K5(8)-
Forj=j+1,

K][‘)H (5) = (K]PDPKP)(&)

= %Ig([l(](é —0)+K(0))P  from Def.7

<[KI(E)+KP(0)] <KI(E). from Prop.3

So, we get K < K, K% < K and K;’ ) < Kf . Therefore, the sequence (ij ) is decreasing. Next, we shall prove that the
limit of the sequence (K}) is sub-additive (i.e. k(§+n) <k(§)+k(n)). Since the sequence is decreasing, then
inijf (&) = k(). Let £,7n be given with k(£),k(n) < 4o and consider a fixed positive number €. Then we can find
numbers j, 7 such that K7 (§) < k(&) + ¢ and K7 (§) < k(1) + €. Replacing & by & + 7 in the case of K7, ; we obtain,

K} (E+n) <K[(&)+K"(n),

K& +m) =K, +n+C-0)<K/ ,(E+)+K'(n—-0)
<K/ (&) +K(§)+K"(n—{)
<K () + inf[K* (1 =) +K7()

< K7 (6)+ K3 ().
Similarly we get,
K} (E+n) <K/ (&) +KE(n),

k(E+n) <K} (E+m) <K(E)+K(n) <k(&)+k(n)+2e.

Since € is arbitrary, the inequality k(§ + 1) < k(&) + k(1) follows. Therefore, the limit k is sub-additive.

For p = 1 see, [5].
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4 Fractional Supremal Convolution

In this section, we present the p-supremal convolution (p — sc) (h %, k) of the two functions &,k in definition 8. Moreover,
in proposition 4 (p — sc) is shown to be commutative and associative operations.

Definition 8 Consider two functions h,k defined on the domain X and mapping to the extended real line [0,+oo|. For
0 < p < 1, we define the p-supremal convolution (p — sc) (hX, k) of two functions h and k as follows:

(2, 10(E) = supli (& —n)+R()]7,E EX.

Proposition 4Fractional supremal convolution is an operation that is both commutative and associative.

Proof . (I) Commutativity: By setting { = & — 1) we obtain from definition (8),

(42, 10(8) = supl# (& —n)+ k()7 = supl” (£)-+47(5 - 0)]7 = (K&, h)().

(I)Associativity:

(A1, (k& r)](§) = sup A’ (& — ) + (k, r)”(n)]ll’ from Def.8

nex
— sup[P(& — ) +sup(K*(n — {) + P ({)]7  from Def 8
nex Lex

since the term WP (& —n) is independent on §, we can write

— sup[sup[I¥ (& — 1) + k(0 — {) + 7 ({)]7]

nex fex

— supsup[” (&) + (K (1 — &) + W (& —n))]?
fexneX

the term ¥’ ({) is independent on 1 so,

= sup[r? (§) +sup(k* (1 — §) + 1 (& —m))]7
fex nex

by adding and subtracting § interm of W (& — {) we get,
=sup[’({)+ sup (F"((E—C)—(n—0))+k(n—0))]

Lex n—-§fex

= sup[r*(§) + sup(h*((§ — §) — (1)) TR where,n ¢ =1]
fex nex

= sup[r’(§) + (hB, k)" (§ — C)]

Lex
= [(h, k) B, 7 (E).

T~

I~

Proposition 5A necessary condition for a function hP to be super-additive is that (hX, h)P < hP. Moreover, if W’ is sub-
additive then (h, h)? > .

Proof . Assume,
(R, h)P(§) < W (&)
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sup[A”(& — )+’ (n)] < H (&)
nex

In particular,

(hXp W) (S +1) <K (S +1n)

SO,

W(S)+hn) Sggg[hp(é)Jrhp(n)] <H(&+m)

Hence, /P is super-additive.
Similarly, let 47 is sub-additive then

W(E)=n(E+n—m) <K (E—-n)+h(n),VneX

< sup[W (& — 1)+ ()] = (R, h".
nex

An example can be constructed using Proposition 4 for a p norm || & ||. If we take #”(&) =|| & ||P so we get,

IEIP<I&=nlP+I[InlP=#r(E—n)+r(n)yneX

Then,
| & IP< sup[A”(§ —n)+4"(n)]
nex

ie. (W&, h)P > hP.

Theorem 2Let K : X — [0,0] be a function on X satisfying K(0) = 0. Define a sequence of functions (K;)_, by putting,
1 1 1 1
Ki=K,K;= (Kjﬁ1 N,Kr)’,j=2,3,.... Then the sequence (K}’) is increasing and its limK; =k > 0 is super-additive.

1
Proof . This proof establishes that the sequence K ]{’ is increasing, taking 1) = 0 in the definition of K; we get, for j = 2,

KL (&) = (K] B, K#)(E) = (KP K, K#)(E)

= sup[K(& —0) +K(0)]ll’ from Def.8
nex

1
> [K(E—-0) —|—K(0)]£ since » > [ then,

Forj=3,

K2 (&) = (K] 8, K5)(&)
“ Sup[Ka (€ — 0) + K (0)]7
nex

> (KD (€) + K# (0)] > KI (£).
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Forj=j+1,
K]é-I(é) = (KJ% &pK’%)(é)
= sup[K;(¢ —0) + K(0)]
nex

> (K7 (£) + K7 (0)] > K7 ().

T~

1 1 1 1 1 1 1
So, we get K > K7, K} > K and Kj’; ;> Kj" .Therefore, the sequence (K] ) is increasing. Next, we shall prove that

1
k(& +m) = k(&) +k(n). Let sup; K/ (§) = k(&) and let &, 1 be given with k(§),k(n) < +oco and suppose ¢ is a positive

1 1
real number. Then we can find numbers j, r such that K/ (§) > k(&) — € and K/ (§) > k(1) — €. We have,

K? (& +1) > K7 () + K (),

K? (& +m)> KD (E+ O+ KF (- 0)

> K} (£) +KP (§)+KP(n—0)

> K &)+ ol (1 0)+ KF Q)

Similarly, we get
1 1 1
K! ,(E+n) =K/ (&) +K/ (n),

KE+m)> KD (E+m)

> K7 (£)+ K/ (n)

> k(&) +k(n) — 2€.

Since € is arbitrary, the inequality k(& + 1) > k(&) + k(1) follows. Therefore, the limit k is super-additive.

We will introduce an interesting relation between (p —ic), (p — sc), infimal convolution and supremal convolution. We
notice that (hJ,k) increases with p, while (X, k) decreases with p. More precisely, we get the following proposition.
Before proceeding, we state the following theorem, which will be used in the proof of the next proposition.

Theorem 3 (Jensen’s inequality)Let a;,ay,...,a, be real or complex numbers. If 0 < p < g, then

n 1/q " 1/p
(Bt} = (Epar)
i=1 i=1

(hO,k) < (RO k) < (hOk) < (hKK) < (hR, k) < (A, k).

For a proof see, [29], [30], [31].

Proposition 6For 0 < p < g < I we get
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Proof . From Definition 7, we get,

(hOpk) (&) = inf [17 (€ =) + k7 ()P’

inf
nex
From Jensen’s inequality, Proposition 3 and for p < g we have,
1 1 1 1
(hOpk)(§) = inf [h7 (G —n)+kr(n)) < inf [he (5 —n)+ke ()] <
nex nex

< inf [A(E — 1) + K(m)]< suplh(E — 1)+ k(n)] = hEk.
nex nex

Similarly,
(R, k) (€)= sup[I" (€ — 1) +K2(1)]7 > sup[h?(E — ) +K(n)] 7 >
nex nex
> supl[h(& — 1) +k(m)]> inf [H(E — 1) +k(n)] = hOk.
nex nex
Remark 1

sEp(thk)(i ) =inf(hK, k)(5) = (HK)(S).

5 Fractional convolution

In this section, we present the (p-¢) (h*, k) of the two functions &,k in definition 9. Moreover, we introduce in theorem 4
Laplace transformation for (p-c).

Definition 97The fractional convolution of two functions h(t) and k(t) defined for t > 0, h,k € LP, is given by the integral

(e K)(1) = VOZ (h(r)k(t— 1:)) ’[’dr]p

which exists if h and k are piece-wise continuous [32].

Substituting u =t — T gives
(h#p)(1) = { /0 t (h(t - u)k(u)) pdu} " ey )0

then, the fractional convolution is commutative. In addition, the p-convolution exhibits these fundamental properties: :
(i)c(h*pk) = ch*pk = h*, ck,c constant;

(i)h#p (k*,r) = (h*p, k) *, r(associative property);

(iit)h*p (k+71) = (h*, k) + (h*, r) (distributive property).

Properties (i) and (iii) are routinely verified. As for (ii),
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~—

= {/ot <h(1)(k*pr)(t—f))£d’£]p
[ [r@ ([ @ gg)ar]

Tt r ; p
- /Ohi(r) Tkﬂ(u—r)rﬂ(t—u)dudr] (E=u—7)

= :/(;(/()uhz])(r)kzlz (u— 1:)d1:> rv (’_”)dur

= [(hxp k) % r](1)

[hxp (ko 1) (2

For p = I see, [33], [32], [34].

t

Example 14(t) = e2 k(t) = \/t, then forp = 1/2,

Bl~

t t

(et i

1
2
} :[tet—t—te’—&—e’—eo}
0

(s K)(1) = { /0 (- r)dr} o [ter

0.

First, we want to define H,,- transform which has a form
Sl |
Hy(s) = / Wi (1).e~dt
0

Let, Z(h(t)) = Hp(s), we can obtain the table of H,-integral transforms as follows (Table 1);

h(r) | Hi(s) Hi(s) Hp(s)
2 3
1 1 1 1
s s s
t 2 6 (] P)!
53 54 sU/p)+1
; Cat Gt @l
t T P RORE
et 1 1
s—2a s—3a sp—a
; 2w? 6w’ pm(i+1/p) 1 !
sin(wr) Asw?+s2 (W2 +52) (92 +5?) 2w (s—i)!+1/p + (s+i)I+1/p
2w?+s2 s(7w?+s?) __ipm(I1+1/p) )i . )i
COS(WI) 4sw?+5? (W?+52)(9w?+s?) 2w (s—i)Hp — (s+i)I+1/p

Table 1: Table of Hy- integral transforms

We introduce Laplace transform of the (p-c¢) of two functions by using the following theorem.
Theorem 4(Fractional Convolution Theorem). If h and k are functions in P, piece-wise continuous on [0, and of
exponential order a, £ (h(t)) = Hp(s), L (k(t)) = K,(s) then
1
ZL(hxpk)r (1) = Hp(s).Kp(s)

17 i i
where, (h*,k)(t) =| [o(h(D)k(t—1))rdt| and Hy(s) = [ hv (t).e”*1dt,K,(s) = [k (t).e~*dLt.
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Proof . Let’s begin with the product

T= u=

Since 7 is treated as a constant in the interior integral, we can substitute r = T + u, to find that du = dt. This yields

Hy(5) K, (s) = / B ( Tmhé(r)kﬁ(;r).e—”dt>dr

7=0

If we define k'/?(t) = 0 for t < 0, then k'/P(r — t) = 0 for t < 7 and we can write

Hy(s).K)(s) = /T . tzahﬁ(r)k%(r—r).e—”dm.

Now we can reverse the order of integration, T : 0 — oo, : 0 — oo reverse T : 0 — t,t: 0 — oo, so that

oo

Hy(s) K, (s) = /, T R (0 (1= 1) S ddt

=0.J1=0
o0 t
— ( / B (2)k (1 — T).e”dr) di
=0 =0
0 roou 1
= ( hv (T)kr (t— ’L')d‘L') e Vdt
t=0 7=0
— L(h, k)P (1).

for p=1 see, [32], [34]

Example 2let f(t) = \/1, k(t) = +/sin(t) then for p = 1/2 the 1/2-convolution will be

(g ok 0) = | ’ <h(‘c)k(t—f))2d'c - /T " tsin(t—1)dr =

=0
t

= {Tcos(t— T) + sin(t — ‘L'):| =t — sint
0

By taking Laplace transformation of 1/2-convolution we have,

ZL((h*1), k)2(1)) = Lt — sint) = L (1) — L (sint) =
o 1

T2 2+1 (241
=H;/5(s5).K1)2(s)

where,H; /5(s) = [° h*(1).e7*dt,K;)5(s) = [y"k?(1).e~*dL.
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Example 3let h(t) = +/cos(t), k(t) = \/sin(t) then for p = 1/2 the 1/2-convolution will be

(12K (1) = / [ (h(r)k(t—r))zdr

=0
ot

= cos(T)sin(t—1)dt
=0

1
:/ cos(T)(sint.cost — cost.sinT)dt
=0

! sin’t]’
:/ (1 Jrcos(ZT))d‘L'cost[ }
=0 2

0
],tr+sin21t Lo,
= —sin — —cost.sin
> 2 |, Scost.s
int in2t 1
= —Slzn (t+ sn; - E(cost‘sinzt)
tsint  2sin’tcost  costsin’t It -
=— — = —tsint.
2 4 2 2
By taking Laplace transformation of 1/2-convolution we have,
1 1 1d
L((h#12k) (1) = L (Gtsint) = 5L (1sint) = =5 - H(s) =

1d/( 1 s
T 2ds\s2+1) " (2+1)72 = H,/2(5) Ki2(s)

where,H;)(s) = [ h? (t).e™'dt,K; 5 (s) =[5 k2 (1).e"dl.

In the next section, we present the application of the (p — ¢) in the integral equations.

6 p-Volterra integral equation of p-convolution type

A p-volterra integral equation is

(&) = H(E)+A| [~ 0t (0]

where & is a given function and u is an unknown function, u,h and k are functions in L”. The function kl/P is called the
kernel. Taking the Laplace transform for both sides;

f(u(é)) — z(h(§)> +7L$</0§ kb (& —t)uf]’(t)dt>

2 () =2 (1)) +22 (ks @))

From Definition 9, we get

From Theorem 4, we have

2(ue)) =2 +2 |2 (k@) (u) )

2(ue)) |1-22(k@) | =2 (n))
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where

tel?

1
< (T(é)) D
1-22 (1))
Taking Laplace inverse for both sides, then we get the solution of p-Volterra integral equation.
1 & 1 1
u(E) = (h#yT)7 = / hi (& —1).58 (1)dt from Def.9
0

for p=1 see, [35], [36], [37], [38].

7 Conclusion
We generalize infimal and supremal convolutions to fractional infimal and supremal convolutions and study the properties
of these operations. We notice that when applying the fractional infimal (or supremal) convolution for a certain function

several times we get a sub-additive (or super-additive) function. Also, we extend the notion of convolution to fractional
convolution and present its applications in Laplace transformation and Volterra integral equations.
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