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these functions

A new generalization of extended beta functions by using generalized Mittag-Leffler
functions is proposed. Important properties of the generalized beta function and the
integral representations are investigated. The generalization of the hypergeometric
and Confluent hypergeometric functions is also introduced. Some more properties of
such as

integral representations, differentiation formulas,

transformation and summation formulas, Mellin transformations are also established.

1. Introduction

The Beta function play a major role in several
applications of a wide variety of physical and
mathematical problems. The integral representation of the
classical Beta function is

1

f(a,b) = f t (1 —-t)Ptdt (1.1
0
_ T(@r(b)
“Ta+b (1.2)

Where the real part of a, R(a) > 0 and R(b) > 0.

The  Gauss  hypergeometric and  confluent
hypergeometric functions are defined by [2]
[oe] b n
F(a,b;c;z) = M-Z—, lz| <1, (1.3)
©)n n!
n=0
and
N IO M
p(b;c;z) = Z o, lz| <1, (1.4)

n=0
respectively, where (a),, denotes the Pochhammer symbol

defined by

l“(‘1‘*‘71)_{a(a+1)---(0¢+n—1), n>1,

@n="7y =1, n=0a%0.
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By substituting the above relation into equations (1.3),
(1.4) and using the generalized binomial theorem

Y@ Er =
n=0

the hypergeometric and confluent hypergeometric
functions can be written as integral forms, see [2]

1
o)L b1 _ pye-be
F(a'b'c'z)_F(b)F(c—b)!tb I(1-t)° b1
—zt)~* dt (1.5)
and
© [
I'(c
“ o — b—1 _ $\c—b—1zt
¢(b;c;z) = F(b)l"(c—b)_ft (1-1v et dt (1.6)
0

respectively, where R(c) > R(b) > 0 and |arg(l — z)| <
TT.

Recently researchers introduced many extensions of
various special functions due to its applications in different
fields. The recent development and properties of such
extension can be found in various articles (see e.g., [1,3-
7,9-15]). For examples, the extended beta function due to
Chaudhry et al. [5] is defined by

1

B(a,b;p) = B,(a,b) = Jt“‘l(l _ e e, (17)
0

where R(a) > 0,R(b) > 0and R(p) = 0.

81


http://fsrt.journals.ekb.eg/

Karima Oraby et al /Frontiers in Scientific Research and Technology 1 (2020) 81-88 82

The extended hypergeometric and confluent
hypergeometric functions by using the definition of 8, (a, b)
are defined by

(b+nc b) ,n
F(abcz)—Z(a)n Oy e )

and

= Bp(b+n,c—b) 4N
B(b,c—b) n!’

¢p(b;c;2) = (1.9)

respectively, where R(a) > 0,R(c) > R(b) > 0,R(p) =
Oand |z| < 1.

Also, the authors in [5] proved the following integral
representations of the functions F,(a,b;c;z) and

¢p(b; c; 2).

1
1 -p
= 7f P71 (1 — )P (1 — zt) " %et(-D dt

E,(a,b;c; z) 50.c—b)
0

(1.10)
and

¢p(b;c; 2) 50,

B : j th-1(1 — p)eb-1 M0 g
c—b)
0
(1.11)

respectively, where R(a) > 0,R(c) > R(b) > 0,R(p) =
Oand|z| < 1.

Shadab et al. [15] presented a new extension of beta
function by using Mittag-Leffler function as follows:

t(1_—p t)) dt,

1

Fiab) = et - 00 gy

0

(1.12)

where R(a) > 0,R(b) > 0,R(p) = 0 and E, denots
Mittage-Leffler function, which is defined by [8]

Zn
Ey(2) = ;m 1EC, R >0 (1.13)

Also, they defined the extended hypergeometric function
and its integral representation as follows

F’l(abcz)—Z( )n,b’p(b+n c—b) z_

B(b,c— n!’ (1.14)

1%
— b-1 c—b-1 _ aE (
b)f (1 -0 - 20)"E, -

where R(a) > 0,R(c) > R(b) > 0,R(p) =0,RA) >0
and |z| < 1.

dt (1.15)
D)

The extended confluent hypergeometric function and its
integral representation are defined by

® A — n
¢£(b;c;z) =zﬁp(b+n’c b)Z

SGe 5 (1.16)

= 30.c —b)jtb 11 —t)c b 1le?tE, (t(l t)> dt (1.17)

where R(c) > R(b) > 0,R(p) = 0,R(A) > 0 and
lz] < 1.

In 2018 Rahman et al. [14] extended the results of
Shadab [15]. They defined the extended beta function by

1

pimab) = [ e - o
0

where R(a) > 0,R(b) > 0,R(p) = 0,RA) >

0,R(m) >0 and |z| < 1.

(1.18)

—p
tm(1 — t)m) dt,

Rahman et al. [14] used ﬂ{}’m(a,b) to extend
hypergeometric function and confluent hypergeometric
function respectively, as follows

S mb+mn,c—b) 7
E}M™(a,bic;2) = Z(a)n By ,[(?(b CTl_Cb) ) % ) (1.19)
n=0 ! )
and
— (b +n,c—b) 7
¢;,1'm(b; Gz) = Z P é(b =D ) T (1.20)

where R(a) > 0,R(c) > R(b) > 0,R(p) =0, RA) >
0,R(m) >0 and|z| < 1.

They proved that the functions Fp’l"m(a,b,c;z) and

¢£’m(b; c; z) have the following integral representations

0 cl— b) OJ [th_l(l -0

x (1- Zt)_aE;{ (

Fpl'm (a,b; c; )

dt (1.21)

o)
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and

1
Amey. .. — 1 f b—1 _ #)c—b—1 2t P
b, (b;c;2) = Fe—D) [t (1-1) e”E, (t’"(l — t)’")] dt,
0

(1.22)

where R(c) > R(b) > 0,R(p) = 0,R(A) > 0,R(m) >0
and |arg(1 — z)| < m.

Our aim in this work is to present a new generalization
of Beta function in terms of Generalized Mittag-Leffler
function. We investigate its properties and its integral
representations. Also, we present the generalization of
hypergeometric and Confluent hypergeometric functions.
Some properties of these functions such as integral
representations, differentiation formulas, Mellin
transformations, transformation and summation formulas
are also studied.

2. New Generalization of beta functions by using the
generalized Mittag-Leffler function

The generalized Mittag-Leffler function is used to define a
new extension of Beta function, which is defined by [8, 11]

oo Zn
Eyal(2) = Z TonT a) (2.1)
n=0
where l,a € C,R(1) >0, R(a) > 0. ,

We start our investigation by introducing the generalized
beta function

1
Bya (a,b) = ] t (1 - )P EA,a(
0
where R(a) > 0,R(b) > 0,R(p) =0, RA) >
0,R(m) >0, R(a) > 0 and E, 4 is the generalized
Mittag-Leffler function.

—p
m) dt, (2.2)

The following properties can be extracted directly from
the proposed extension:

1. If a = 1,then (2.2) reduces to (1.18).
2. If m = a = 1,then (2.2) reduces to (1.12).
3. Ifm = A = a = 1, then (2.2) reduces to (1.7).

4 Ifp=0andm = A = a = 1, then (2.2) reduces
to(1.1).

Theorem 2.1. The function ﬁi";"(a,b) has the Mellin
transform

M{By'(a,b)} =
where R(m) > 0,R(a) > 0,R(A) > 0,R(a — sA) >
0,R(a+ms) > 0,R(p) = 0,R(b+ ms) > 0.

Proof. By applying the Mellin transform [8] on both sides of
(2.2), we get

mﬁ(a + ms,b + ms) (23)

[00]

M{BE™ (b)) = j PS84 (4 b) dp
0

1

= fps-l (f t 11—V E, (ﬁ) dt ) dp.
0

0
Interchanging the order of integrations and then setting

p

m , we have

u =

1

M{’B;’igl(a ) b)} — f[ta+ms—1(1 _ t)b+ms—1 %

0
J uSTEy o (—w) dul dt
0

By using the following formula [8]

N (O D
Of wTE) (—ouw)du = F)wT@—sh)’ (2.4)
we obtain

M{,Bz/}_‘;n(a,b)} = fta+ms—1(1 _ t)b+ms—1%dt

(2.5)

From the Euler’s reflection formula on Gamma function

I'(s)r(1—s) = (2.6)

,S >0,

s
we get

M{ﬁ;f?(a ,b)} = B(a+ ms,b + ms)

sinmts I'(a — sA)
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Theorem 2.2. The function ﬁ;‘;”(a,b) has the following
integral representation

By (a,b)
Y+ico
1 I'(a+ms)I'(b +ms
== - ( I ) p~Sds, (2.7)
2i sinmts I'(a —sA)T'(a + b + 2ms)

y—ico
where R(m) > 0,R(a) > 0,R(A) > 0,R(a — s1) >
0,R(a+ms) > 0,R(p) =0,R(b+ms) >0 and
y > 0.

Proof. By applying the inverse Mellin transform on both
sides of (2.3), we get the desired result. [ |

Theorem 2.3. The function ﬁz%"(a,b) has the following
integral representations

B{},';"(a, b)=2 f:/z (cos )24 1(sin 6)?P 71 E; (m) de,
(2.8)

Am _ ooyl -p(1+u)?™m
Boa @) = i T B (), (2.9)

ALa

1
A —a- - - —4"p
ﬁp,:zn(arb) = 21 a=b f(l + u)a 1(1 - u)b 1 E/l,(l ((1 — uZ)m du'
-1

(2.10)

and
A @b) = (=@ [[u- @t e -0 x
£, < —P(Cm— a)*" _
T\u—-a)"(c-uw
where R(m) > 0,R(a) > 0,R(1) > 0,R(a) >
0,R(p) = 0 and R(b) > 0.

)] du, (2.11)

Proof. The equations (2.9) —(2.12) can be easily

obtained by taking the transformation t = cos*0, t=
w,_ Ltu

u—a . .
Tou t = , t= —— n (2.2), respectively.

|
Theorem 2.4. The function Bé‘;”(a,b) satisfies the
following relation

Bra(a+1,b) + Bia(a,b +1) = fri(a,b), (2.12)

where R(m) > 0,R(a) > 0,R(1) > 0,R(a) >
0,R(p) = 0and R(b) > 0.

Proof. The proof follows directly from (2.2) and is omitted.

Theorem 2.5. The extended beta function ﬁ,’}f;"(a,b)
satisfies the following summation relation

prm(a,1—b)= z (b)!" prm(a+n,1), (2..13)
n=0

n
where R(m) > 0, R(a) > 0,%R(a) > 0,R(p) =
0,R(1) > 0andR(1 —b) > 0.

Proof. Using the generalized binomial theorem

; =l — (M), .
(1-07=2 Spe <]
n=0

in (2.2), we obtain

1 o
Am B (b)ntn+a—1 —p
pa (@1 -D) = f Z TR (tm(1 - t)’") a
0

n=0

(2.14)

Interchanging the order of summation and integration in
(2.14), we get

0 1
Am _ (b)n n+a—1 P
:Bp,a (a,l - b) = Z oy ft E)l,a m dt.
n=0 0
(2.15)
Using (2.2) in (2.15), we get the desired result.
]

Theorem 2.6. The extension of beta function satisfies the
following infinite summation formulas.

A (a,b) = z BEmM@+n,b+1), (216)
n=0

where R(m) > 0,R(a) > 0,R(1) > 0,R(a) >
0,R(p) = 0and R(b) > 0.

Proof. By using the binomial series expansion

Q-8 t=1-)) |t <1

n=>0
in the extended beta function (2.2), we get the desired
result. ]
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3. New Generalization of Extended hypergeometric and
confluent hypergeometric functions

We use the generalized extended beta function
(2.2) to introduce a new generalization of an extension
of extended hypergeometric and confluent
hypergeometric functions.

Definition 3.1. The generalization of extended

hypergeometric function is defined by

am pra(b +n, c—b)
F (ach) Z( )n (bC m’

n

N

(3.1

where R(m) > 0, R(a) > 0,RA) > 0,R(a) >
0,R(c) > R() >0,R(p) =0,and |z] < 1.

Definition 3.2. The generalization of extended confluent
hypergeometric function is defined by
Ba (b+mn,c—b) z°

¢£21(b €2 = Z B(b,c —b) Tl (32)

where R(m) > 0 iR(a) > 0,R(1) >0, R(c) > R(D) >
0,R(p) =0,and |z| < 1.

Remark 3.3. It is clear that
e« if ¢ =1, then (3.1) and (3.2) reduces to relations
(1.19) and (1.20) respectively.
eif m = a = 1, then (3.1) and (3.2) reduces to
relations (1.13) and (1.15) respectively.
eif A = m = a = 1, then (3.1) and (3.2) reduces to
relations (1.8) and (1.9) respectively.

eifAl=m=a =1and p = 0, then (3.1) and (3.2)
reduces to relations (1.3) and (1.4) respectively.

Theorem 3.4. The extended hypergeometric has the
following integral representation.

1 b—-1 _ £\c—b-1
s J [t (1-1)
0
—a —p
A=) e (m)] a

(3.3)

Flm(a byc;z) =

where R(m) > 0, R(a) > 0,R(A) > 0,R(a) >
0,R(c) > R(D) >0,R(p)=0,and |z| < 1.

Proof. By using (2.2) in (3.1), we have

1
1 —_hH—
o @62 = g =5y f [ -7 x

z (@n (Zt_)n (%)] dt

(3.9
By substituting
. zt)™
> @, & = (1 - e
n=0
in (3.4), we get the desired result.
|

Theorem 3.5. The function Fp’}jxm(a,b,c;z) has the
following integral representations

F,lm(a b,c;z) = m[[ub 1(1+u)a Y
~ (— p(1+ u)z’")l
(1+u(l—2))"%E), — du,
(3.5)

F’lam(a, b,c; z)

_ f (sin0)*?7* (cos ) 2071 9
B(b,c—b) 3 (1-z sinzé?)a
Ej o (—p sec®™0 csczmQ)]dH,
(3.6)
and

Flm(a b,c; z)

~ (sinh 6)?*~! (cosh §)2+ %71

~ B(b,c—b) 0—[ (cosh? @ — zsinh? 9)a g

E; o (—p cosh®™ g coth®™ 9)]d9,

(3.7)

Proof. The relations (3.5) - (3.7) can be obtained by taking
the transformation t = ﬁ , t=sin*6and t = tanh® 6

in (3.3) respectively.
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In the following result, we give the integral
representations of extended confluent hypergeometric
function.

Theorem 3.6. The extended confluent hypergeometric
function has the following integral representations
1

¢;);l,'gl(b; cz) = [)’(Tl—b)f [tb_l(l — e

—p

——t)m)] dt, (3.8)

X eZtE/La (tm(l

and

1
Ame, — e’ _ \b—1,c-b-1
Ppa (biciz) B(b,c—b)f [(1 o
0

ot —P
x e ? E/’L,a (m)] dt, (3.9)

where R(m) > 0,R(a) > 0,R(1) > 0,,R(c) >
R(b) > 0,R(p) =0,and |z| < 1.

Proof. By using the relation (2.2) in (3.2) and then using
w (@)
Ln=o n!
(3.9), replacing t by (1 - t) in relation (3.8), then we get the
required result. [ |

= e?, we get relation (3.8). To prove the relation

Theorem 3.7. The n-th derivative of extended

hypergeometric function is given by

d" (am (@nB)n -Am
i Fra@bian) = o AL o

(a+nb+nc+n;z)

(3.10)
where R(m) > 0, R(a) > 0,RA) > 0,R(a) >
0,R(b) > 0,R(c) >0and R(p) = 0.

Proof. Differentiating (3.1) with respect to z, we have

dfam o Bpab+n,c—b) zn!
E{Fp,a (abic; Z)} - ;n(a)n B(b,c—b) n!’

(3.11)
Replacing n by n + 1 (3.11), we get .

d Bpa(b+n+1,c—b) z
dz { (Z(a b; c; Z) Z(a)TH-l ﬁ(b C—b) n!

(3.12)
by using the relation
Blh, o

b) = %'Hm L 1e— b, (R(e) > R(b) = 0)
)

and

(@n+1 = a(a + 1),

Yields

d

E{F;}’,Zl(a,b; c;z)} = —F;"Zl(a +1,b+1;c+1;2)

(3.13)

Again, differentiating with respect to z, we have

d® ¢
72 {Fpg(a, b;c; z)} =

__a(a+1)b(b+1) ) .
==y v F a(a+2,b+2,c+2,z) (3.14)
Continuing up to n—times, we get the required result.

]

Theorem 3.8. The n-th derivative of confluent extended
hypergeometric function is given by

dr Am (b)n Am
ﬁ{‘pna (bici2)} = ©n Pra

(b+n;c+mn;2),

(3.15)

where R(m) > 0,R(a) > 0,R(A1) > 0,,R(c) >
R(b) >0,R(p) =0,and |z| < 1.

Proof. Applying the similar way used in Theorem 3.7, we
get the required result.

Theorem 3.9. The Mellin transform of the generalized
hypergeometric function is given by

am, . TBb+ms,c+ms—Db)
M {Fp’a (@ bic; Z)} ~ sin(ms) ['(a — sA)B(b,c — b) %
F(a,b+ ms;c+ 2ms;z). (3.16)

where R(b + ms) > 0,R(a) > 0,R(1) > 0, R(a —
sA) > 0,R(a) > 0,R(c + ms —b) >0, and R(p) = 0.

Proof. By applying Mellin transform on both sides of (3.3),
we obtain

© 1
Am . — 1 s—1 f b-1(1 _ \c=b-1
M {F}2(a b;c; 2)} ﬁ(b'c_b)fp l 7 (1-0)
0 0

R
tm(1— o)m

X (1 —zt)Ej ( ) dt| dp.

Interchanging the order of integrations in above equation,
we have
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M {F?;',Zl(a, b; c; z)} D) Cl_ 5 <f (@ -

0
—-a s—1 _p
X (1—=2zt) p EA,(Z m dp |dt
0

P Then we have

tm(1-p)m

M {F;:Z:(a, b; ¢; z)}

Let. u =

1

f tb+ms—1(1 _ t)c+ms—b—1

0

x(l—zﬂ_af1f4Eia(—u)du>dt
0

~ 1
~ B(b,c—b)

By using (2.4) and (2.6) in above equation, we get the
desired result. ]

Theorem 3.10. The function Fp’}(‘zm(a, b,c;z) has the

following integral representation
Fp’}é,m (a,b,c; z)
y+ico
_ 1 f [ ['(b + ms)I'(c + ms — b)
~ 2iB(b,c — b) sinms T'(a — sA)T'(b + 2ms)

y—icw

X F(a, b+ ms;c+ 2ms;z)p—°|ds

where R(b + ms) > 0,R(a) > 0,R(1) > 0, R(a —
sA) >0, R(a) >0,R(c+ms—>b) >0, andR(p) = 0.

Proof. By taking the inverse Mellin transform on both sides
of (3.16), we get the required result.

In similar way, we can prove the following theorems for
extended confluent hypergeometric functions.

Theorem 3.11. The extended confluent hypergeometric
function has the following Mellin transform

o _ nB(b + ms,c +ms —b)
pa } ~ sin(ms) I'(a — sA)B(b,c — b) %
¢(b + ms;c + 2ms;z). (3.17)

where R(b + ms) > 0,R(a) > 0,R(1) > 0, R(a —
sA) >0, R(c+ms—b) >0, and R(p) = 0.

Theorem 3.12. The function (],’)Z’}f;"(b, ¢; z) has the following
integral representation

b (b, €; 2)

y+ioo
_ 1 f [ ['(b + ms)I'(c + ms — b)
~ 2iB(b,c — b) sinms T'(a — sA)T(c + 2ms)

y—ic

X ¢(b+ms;c+2ms;z)p °lds,

(3.18)

where R(b + ms) > 0,R(a) > 0,R(1) > 0,R(a —
sA) > 0,R(c+ms—b) >0, andR(p) = 0.

The transformation and summation formulas for the
generalized extended hypergeometric and confluent
hypergeometric functions are obtained in the following
results.

Theorem 3.13. The following transformation for extended
hypergeometric function holds true

. . z
Fp)}&m(a, b,c;z) =(1—2)"¢ Fp’,l;[m (a, c—b,b; - 1)

(3.19)

where R(a) > 0,R(a) > 0,R(AL) > 0,R(c) > R(b) >
0, R(m) > 0,R(p) =0andarg|l —z| < m.

Proof. Replacing t by (1 - t) in (3.3), we get the desired
result. ]

Theorem 3.14. The following transformation for extended
confluent hypergeometric function holds true
;";n(b; c; z) = ezd)zi’;n(c — b;c; Z) (3.20)
where R(a) > 0,R(A) > 0,R(c) > R(b) >0, R(m) >
0,R(p) =0andarg|l —z| < m.
Proof. The proof follows from (3.8) and (3.9).
|

Theorem 3.15. The relation between the extended
hypergeometric function and extended beta function is
given by

By (b,c — b — a)
B(b,c—b) '

where R(a) > 0,R(a) > 0,R(A) > 0,R(c) > R(D) >
0, R(m) > 0,R(p) =0andarg|l —z| < m.

Proof. Taking z = 1 in relation (3.3) we get the desert result.

ElMa,b,c;z) = (3.21)

4. Conclusion

In this paper, we introduce a new generalization of Beta
functions in terms of Generalized Mittag-Leffler function.
We investigate its properties and its integral
representations. Also, we present the generalization of
hypergeometric and Confluent hypergeometric functions.
Some properties of these functions such as integral
representations, differentiation formulas, Mellin
transformations, transformation and summation formulas
are also studied. Our results are extended and generalized
the results of [5-7,9,10,14,15].
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