
   
 

Frontiers in Scientific 
Research and Technology 

              Online ISSN: 2682-297 
              Print ISSN: 2682-2962 
              http://fsrt.journals.ekb.eg 

 

 Frontiers in Scientific Research and Technology 1 (2020) 81-88                                                                                                     81 

 

  

 

Generalization of Beta functions in terms of Mittag-Leffler function 

Karima Oraby, Ahmed Rizq, Mostafa Ahmed, Mohamed Khaled, Ehab Ahmed and Moamen 

Magdy  

Department of Mathematics and Computer Science, Faculty of Science, Suez University, Suez, Egypt. 

ARTICLE INFO ABSTRACT 

Article history: 
Received 20 August 2020 
Received in revised form 29 August 2020 
Accepted 30 August 2020 
Available online 30 August 2020 
 

A new generalization of extended beta functions by using generalized Mittag-Leffler 
functions is proposed. Important properties of the generalized beta function and the 
integral representations are investigated. The generalization of the hypergeometric 
and Confluent hypergeometric functions is also introduced. Some more properties of 
these functions such as integral representations, differentiation formulas, 
transformation and summation formulas, Mellin transformations are also established. 

 

 
1. Introduction  

 The Beta function play a major role in several 

applications of a wide variety of physical and 

mathematical problems. The integral representation of the 

classical Beta function is 
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Where  the real part of  ,  ( )    and  ( )     

The Gauss hypergeometric and confluent 
hypergeometric functions are defined by [2] 
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respectively, where ( )  denotes the Pochhammer symbol 

defined by 

 

( )  
 (   )

 ( )
 {

 (   ) (     )          
                                                

 

 
 

* Corresponding authors at: Suez University 
E-mail addresses: koraby83@yahoo.com (Karima Oraby) 

 
By substituting the above relation into equations (1.3), 

(1.4) and using the generalized binomial theorem   

∑( )  
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 (    )    

the hypergeometric and confluent hypergeometric 

functions  can be written as  integral forms, see [2] 
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respectively, where  ( )   ( )    and |    (   )|  
   

 
Recently researchers introduced many extensions of 

various special functions due to its applications in different 

fields. The recent development and properties of such 

extension can be found in various articles (see e.g., [1,3-

7,9−15]). For examples, the extended beta function due to 

Chaudhry et al. [5] is defined by 
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where   ( )     ( )    and  ( )     
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The extended hypergeometric and confluent 

hypergeometric functions by using the definition of   (   ) 

are defined by 
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respectively, where  ( )     ( )   ( )     ( )  
  and | |     
 

 Also, the authors in [5] proved the following integral 

representations of the functions   (       ) and 

  (     ). 
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respectively, where  ( )     ( )   ( )     ( )  

  and | |     

    Shadab et al. [15] presented a new extension of beta 

function by using Mittag-Leffler function as follows: 
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where  ( )     ( )     ( )    and    denots 

Mittage-Leffler function, which is defined by [8] 
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Also, they defined the extended hypergeometric function 

and its integral representation as follows 
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where  ( )     ( )   ( )     ( )     ( )    

and | |     

    The extended confluent hypergeometric function and its 

integral representation are defined by 
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where  ( )   ( )     ( )     ( )    and 

| |     

    In 2018 Rahman et al. [14] extended the results of 

Shadab [15]. They defined the extended beta function by 
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where  ( )     ( )     ( )     ( )  

   ( )     and | |     

      Rahman et al. [14] used   
   (    ) to extend 

hypergeometric function and confluent hypergeometric 

function respectively, as follows 
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They proved that the functions   
   (       ) and 

  
   (     ) have the following integral representations 
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Our aim in this work is to present a new generalization 

of Beta function in terms of Generalized Mittag-Leffler 

function. We investigate its properties and its integral 

representations. Also, we present the generalization of 

hypergeometric and Confluent hypergeometric functions. 

Some properties of these functions such as integral 

representations, differentiation formulas, Mellin 

transformations, transformation and summation formulas 

are also studied. 

2. New Generalization of beta functions by using the 

generalized Mittag-Leffler function 

The generalized Mittag-Leffler function is used to define a 

new extension of Beta function, which is defined by [8, 11] 
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where         ( )     ( )      ,  

We start our investigation by introducing the generalized 

beta function 
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where  ( )     ( )     ( )     ( )  

   ( )     ( )     and      is the generalized 

Mittag-Leffler function. 

      The following properties can be extracted directly from 

the proposed extension: 

1.               (   )            (    )  

2.                    (   )            (    )  

3. If              , then (2.2) reduces to (1.7). 

4. If                        , then (2.2) reduces 

to (1.1). 

Theorem 2.1. The function     
   (    ) has the Mellin 

transform 
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Proof. By applying the Mellin transform [8] on both sides of 

(2.2), we get 
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Interchanging the order of integrations and then setting  
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   we have  
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By using the following formula [8] 
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From the Euler’s reflection formula on Gamma function 
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we get 
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Theorem 2.2. The function     
   (    )  has the following 

integral representation 

 

    
   (   )

 
 

  
∫

 (    ) (    )

       (    ) (       )
      

    

    

     (   ) 

where   ( )     ( )     ( )     (    )  
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Proof. By applying the inverse Mellin transform on both 

sides of (2.3), we get the desired result.                                                                                                                                     

Theorem 2.3. The function      
   (    )  has the following 

integral representations  
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where   ( )     ( )     ( )     ( )  

   ( )    and  ( )   .  

Proof. The equations (   )  (    ) can be easily 

obtained by taking the transformation            
 

   
     

   

 
        

   

   
  in (2.2), respectively.    

                                                                                                                       

Theorem 2.4. The function      
   (    )  satisfies the 

following relation 
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Proof. The proof follows directly from (2.2) and is omitted. 

.                             

Theorem 2.5. The extended beta function     
   (    )   

satisfies the following summation relation 
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Proof. Using the generalized binomial theorem 

 

in (2.2), we obtain 
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Interchanging the order of summation and integration in 

(2.14), we get 

    
   (      )  ∑

( ) 
  

∫           (
  

  (   ) 
)    
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Using (2.2) in (2.15), we get the desired result.               

  

Theorem 2.6. The extension of beta function satisfies the 

following infinite summation formulas. 
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where   ( )     ( )     ( )     ( )  

   ( )    and  ( )   .  

 Proof. By using the binomial series expansion 

 
in the extended beta function (2.2), we get the desired 

result.                                                                          
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3. New Generalization of Extended hypergeometric and 
confluent hypergeometric functions 

We use the generalized extended beta function 

(2.2) to introduce a new generalization of an extension 

of extended hypergeometric and confluent 

hypergeometric functions. 

Definition 3.1. The generalization of extended 

hypergeometric function is defined by 
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Definition 3.2. The generalization of extended confluent 

hypergeometric function is defined by 
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Remark 3.3. It is clear that 

• if       , then (3.1) and (3.2) reduces to relations 

(1.19) and (1.20) respectively. 

• if          , then (3.1) and (3.2) reduces to 

relations (1.13) and (1.15) respectively. 

• if              , then (3.1) and (3.2) reduces to 

relations (1.8) and (1.9) respectively. 

• if               and      , then (3.1) and (3.2) 

reduces to relations (1.3) and (1.4) respectively. 

 
Theorem 3.4. The extended hypergeometric has the 

following integral representation. 
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Proof. By using (2.2) in (3.1), we have 
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By substituting  
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 in (3.4), we get the desired result.         

  

Theorem 3.5. The function      
   (       ) has the 

following integral representations 
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Proof. The relations (3.5) - (3.7) can be obtained by taking 

the transformation   
 

   
          and t = tanh

2 
θ   

in (3.3) respectively. 
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In the following result, we give the integral 

representations of extended confluent hypergeometric 

function. 

Theorem 3.6. The extended confluent hypergeometric 

function has the following integral representations 
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Proof. By using the relation (2.2) in (3.2) and then using 

∑
(  ) 

  
 
      , we get relation (3.8). To prove the relation 

(3.9), replacing t by (1 − t) in relation (3.8), then we get the 

required result.                                                                     

Theorem 3.7. The n-th derivative of extended 

hypergeometric function is given by 
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Proof. Differentiating (3.1) with respect to z, we have 
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Replacing n by n + 1 (3.11), we get . 
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Again, differentiating with respect to z, we have 
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Continuing up to n−times, we get the required result.  

  

Theorem 3.8. The n-th derivative of confluent extended 
hypergeometric function is given by 
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where  ( )     ( )     ( )      ( )  
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Proof. Applying the similar way used in Theorem 3.7, we 
get the required result.    

  

Theorem 3.9. The Mellin transform of the generalized 
hypergeometric function is given by 
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Proof. By applying Mellin transform on both sides of (3.3), 
we obtain 
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Interchanging the order of integrations in above equation, 
we have 
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By using (2.4) and (2.6) in above equation, we get the 
desired result.                                                                      

Theorem 3.10. The function       
   (       )  has the 

following integral representation 
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Proof. By taking the inverse Mellin transform on both sides 
of (3.16), we get the required result.  

In similar way, we can prove the following theorems for 
extended confluent hypergeometric functions. 

Theorem 3.11. The extended confluent hypergeometric 
function has the following Mellin transform 
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Theorem 3.12. The function     
   (     ) has the following 

integral representation 
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       The transformation and summation formulas for the 
generalized extended hypergeometric and confluent 
hypergeometric functions are obtained in the following 
results. 

Theorem 3.13. The following transformation for extended 
hypergeometric function holds true 

     
   (       )  (   )       

   .        
 

   
/ 

(3.19) 

where  ( )     ( )     ( )     ( )   ( )  
   ( )     ( )    and     |   |     

Proof. Replacing t by (1 − t) in (3.3), we get the desired 
result.                                                                                    

Theorem 3.14. The following transformation for extended 
confluent hypergeometric function holds true 
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   (       )          (    ) 

where  ( )     ( )     ( )   ( )     ( )  
   ( )    and     |   |     

Proof. The proof follows from (3.8) and (3.9).  

  

Theorem 3.15. The relation between the extended 
hypergeometric function and extended beta function is 
given by 
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             (    ) 

where  ( )     ( )     ( )     ( )   ( )  
   ( )     ( )    and     |   |     

 Proof. Taking z = 1 in relation (3.3) we get the desert result. 

  

4. Conclusion 
In this paper, we introduce a new generalization of Beta 
functions in terms of Generalized Mittag-Leffler function. 
We investigate its properties and its integral 
representations. Also, we present the generalization of 
hypergeometric and Confluent hypergeometric functions. 
Some properties of these functions such as integral 
representations, differentiation formulas, Mellin 
transformations, transformation and summation formulas 
are also studied. Our results are extended and generalized 
the results of [5-7,9,10,14,15]. 
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