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In this paper an analytical model is presented for reinforced concrete
beams externally reinforced with carbon fiber reinforced polymer (CFRP)
laminates using finite element method adopted by ANSYS. The finite
element models are developed using a smeared cracking approach for
concrete and three dimensional layered elements for the CFRP composites.
In particular, attaching unidirectional CFRP to the tension face of RC
beams has provided an increase in the stiffness and load capacity of the
structure. However, due to the brittle nature of unidirectional CFRP, the
ductility of the beam decreases. Consequently, the safety of the structure is
compromised, due to the reduction in ductility. The purpose of this
research is to investigate the behavior of normal and high strength
reinforced concrete beams strengthened with CFRP sheets. The major test
parameters included the grade of concrete, the different dimensions of the
beam and the tensile reinforcement ratio. Furthermore, change in the
strength, ductility and toughness of the beams, as the grade of concrete, the
dimensions of the beam and tensile reinforcement bar ratios are altered,
are investigated. Fifty-four reinforced concrete beams were modeled and
analyzed up to failure.

KEYWORDS: Finite Element Model, CFRP, High Strength Concrete,
Ductility, Strength, Toughness.

INTRODUCTION

There are many existing structures, which do not fulfill specified requirements. This
for example may be due to upgrading of the design standards, increased loading,
corrosion ofthe reinforcement bars, construction errors or accidents suchas
earthquakes. To remedy for insufficient capacity the structures need to be replaced or
retrofitted. Different types of strengthening materials are available in the market.
Examples of these are Ferro cement, steel plates and fiber reinforced polymer (FRP)
laminate. Retrofitting of reinforced concrete (RC) structures by bonding external steel
and FRP plates or sheets is an effective method for improving structural performance
under both service and ultimate load conditions. It is both environmentally and
economically preferable to repair or strengthen structures rather than to replace them
totally. With the development of structurally effective adhesives, there have been
marked increases in strengthening using steel plates and FRP laminates. FRP has
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become increasingly attractive compared to steel plates due to its advantageous low
weight, high stiffness and strength toweight ratio, corrosion resistance, lower
maintenance costs and faster installation time. Earlier research has demonstrated that
the addition of carbon fiber reinforced polymer (CFRP) laminate to reinforced concrete
beams can increase stiffness and maximum load of the beams. There are several
theoretical and experimental studies concerning the structural behavior of RC elements
strengthened with CFRP, for examples reference [1,2,3,4,5]. In a study by N. F. Grace
[6] the ultimate load carrying capacity of beams can be doubled by using a proper
combination of horizontaland vertical fibers coupled with the proper epoxy and
extending the vertical layers over the entire span of the beam reduces the diagonal
cracks so that the longitudinal fibers are fully used and the load carrying capacity of
the beams is significantly increased. Another study by Amer M. Ibrahim [7] the results
obtained demonstrate that carbon fiber polymer is efficient more than glass fiber
polymer in strengthening the reinforced concrete beams for shear. Other studies have
also been conducted by J. Lundqvist [8] showed that the critical anchorage length for
the sheet cannot clearly be established, however, there is a tendency that the critical
anchorage length is less than 200 mm. At an anchorage length of 200 mm for the plate,
the results showed that a critical anchorage length is attained. Increasing the anchorage
length adds safety to the structure but does not increase the load carrying capacity.
Yasmeen Taleb Obaidat [9] showed that the stiffness of the CFRP retrofitted beams is
increased compared to that of the control beams. Employing externally bonded CFRP
plates resulted in an increase in maximum load and the crack width for the retrofitted
beams is decreased compared to the control beams. Also Mohammed Jassam [10]
showed that analytical study explained that the best location of CFRP plate in
strengthened beam is at edges and the location of CFRP plate is more effective than the
number of CFRP plate layers on the flexural behavior of RC beam. Reza Mahjoub [11]
indicated that the significant increase in the flexural strength canbe achieved by
bonding CFRP sheets to the tension face of high strength reinforced concrete beams.
The gain in the ultimate flexural strength was more significant in beams with lower
steel reinforcement ratios, also he found that for all strengthened test beams, the tensile
steels strains were always higher than the CFRP strains and the effect of the
strengthening plate is to reduce strain in the compression fibers of the concrete.
Compared to a beam reinforced heavily with steel only, beams reinforced with both
steel and CFRP haveadequate deformation capacity, in spite of their brittle mode of
failure. As the amount of tensile steel reinforcement increases, the additional strength
provided by the carbon FRP external reinforcement decreases.

NUMERICAL APPROACH

A large number of available software like DIANA, ABAQUS, and ANSYS etc.
incorporate finite elements based analysis. In this paper an attempt has been made with
ANSYS (version 11) [12] software to bring into focus the versatility and powerful
analytical capabilities of finite elements technique by objectively modeling the
complete response of analysis beams. The finite elements model uses a smeared
cracking approach to model the reinforced concrete and three dimensional layered
elements to modelthe fiber reinforced polymer FRP composites. This model can help
to confirm the theoretical calculations as well as to provide a valuable supplement to
the laboratory investigation of behavior.
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FINITE ELEMENT MODELS

The FEM calibration study included modeling a concrete beam with the dimensions
and properties. Due to the symmetry of cross-section of the concrete beam and loading,
symmetry was utilized in the FEM; only one quarter of the beam was modeled. To
create the finite element model in ANSYS there are multiple tasks that have to be
completed for the model to run properly. Models can be created using command
prompt line input or the Graphical User Interface (GUI). For this model, the GUI was
utilized to create the model.

ELEMENTTYPES

Reinforced Concrete:

An eight-node solid element, Solid65, was used to model the concrete. The solid
element has eight nodes with three degrees of freedom at each node — translations in
the nodal x, y, and z directions. The element is capable of plastic deformation, cracking
in three orthogonal directions, and crushing. The geometry and node locations for this
element type are shown in Figure 1.

Figure 1: Solid65 — 3-D reinforced concrete solid (ANSYS)

Reinforcing steel:

Modeling of reinforcing steel in finite elements is much simpler than the modeling of
concrete. A Link8 element was used to model steel reinforcement. This element is a 3D
spar element and it has two nodes with three degrees of freedom — translations in the
nodal x, y, and z directions. This element is also capable of plastic deformation. A
perfect bond between the concrete and steel reinforcement is considered. However, in
the present study the steel reinforcing was connected between nodes of each adjacent
concrete solid element, so the two materials shared the same nodes.

d
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Figure 2: Link8 — 3-D spar (ANSYS)
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Steel plate:

Steel plates were added at support and loading locations in the finite element models
(as in the actual beams) in order to avoid stress concentration problems. An elastic
modulus equal to 2000,000 kg/cm’ and Poisson’s ratio of 0.3 were used for the plates.
The steel plates were assumed to be linear elastic materials. A Solid 45 element was
used to model steel plates. The geometry and node locations for this element type are
shown in figure 3.

Element coordinate M
system (shown for
KEYORTi 4y = 1}

Surface Coordinate System

Figure 3: Solid45 — 3-D solid (ANSYS)
CFRP Laminates:

A layered solid element, Solid46, was used to model the FRP composites. The element
allows for up to 250 different material layers with different orientations and orthotropic
material properties in each layer. The element has three degrees of freedom at each
node and translations in the nodal x, y, and z directions. The geometry, node locations,
and the coordinate system are shown in Figure 4.As the epoxy is usually stronger than
the concrete, perfect bondbetween FRP and concrete was assumed.

Elemant
Coordinates
for KREF=0

A=

Figure 4: Solid46 — 3-D layered structural solid (ANSYS)
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MATERIALPROPERTIES:

Concrete:

For the full-scale beam tests (Kachlakev and McCurry 2000) [13], an effort was made
to accurately estimate the actual elastic modulus of the beams using the ultrasonic
pulse velocity method (ASTM 1983, ASTM 1994). A correlation was made between
pulse velocity and compressive elastic modulus following the ASTM standard
methods. From this work, it was noted that each experimental beam had a slightly
different elastic modulus; therefore, these values were used in the finite element
modeling. From the elastic modulus obtained by the pulse velocity method, the
ultimate concrete compressive and tensile strengths for each beam model were
calculated by Equations 1 and 2 respectively (ACI 318, 1999).

. Ec)2
fe= (E.'E-E-E- ...... @)
fr=75fc L (2)
where:
Ec : Elastic modulus.
f ¢: Ultimate uniaxial compressive strength
fr : Ultimate uniaxial tensile strength (modulus of rupture,).
Where Ec, f'c and fr are in psi.

Poisson’s ratio for concrete was assumed to be 0.2 for all beams. Shear transfer
coefficient (PBt) represents conditions of the crack face. The value of Bt ranges from 0.0
to 1.0, with 0.0 representing a smooth crack (complete loss of shear transfer) and 1.0
representing a rough crack (no loss of shear transfer).The shear transfer coefficient
used in present study varied between 0.3 and 0.8. The ANSYS program requires the
uniaxial stress-strain relationship for concrete in compression. Equations 3 and 4 were
used along with Equation 5 to construct the uniaxial compressive stress-strain curve for
concrete in this study.

Ecs
FEIRE 3)
£
_2f¢c
£= e e (4)
EC=; ...... 5)
where

f = stress at any strain € , psi
€ = strain at stress f
g, = strain at the ultimate compressive strength f '

Figure 5 shows the simplified compressive uniaxial stress-strain
relationship that was used in this study.
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Figure 5: Simplified compressive uniaxial stress-strain curve for concrete.

Failure Criteria for Concrete:

The model is capable of predicting failure for concrete materials. Both cracking and
crushing failure modes are accounted for. The two input strength parameters — i.e.,
ultimate uniaxial tensile and compressive strengths — are needed to define a failure
surface for the concrete.

A three-dimensional failure surface for concrete is shown in Figure 6. The
most significant nonzero principal stresses are in the x and y directions, represented by
oxp and oyp, respectively. Three failure surfaces are shown as projections on the oxp-
oyp plane. The mode of failure is a function of the sign of 6zp (principal stress in the z
direction). For example, if oxp and oyp are both negative (compressive) and ozp is
slightly positive (tensile), cracking would be predicted in a direction perpendicular to
ozp. However, if ozp is zero or slightly negative, the material is assumed to crush
(ANSYS).

In a concrete element, cracking occurs when the principal tensile stress in any
direction lies outside the failure surface. After cracking, the elastic modulus of the
concrete element is set to zero in the direction parallel to the principal tensile stress
direction. Crushing occurs when all principal stresses are compressive and lie outside
the failure surface; subsequently, the elastic modulus is set to zero in all directions
(ANSYS), and the element effectively disappears.During this study, it was found that if
the crushing capability of the concrete is turned on, the finite element beam models fail
prematurely. Crushing of the concrete started to develop in elements located directly
under the loads. Subsequently, adjacent concreteelements crushed within several load
steps as well, significantly reducing the local stiffness. Finally, the model showed a
large displacement, and the solution diverged.

A pure “compression” failure of concrete is unlikely. In a compression test, the
specimen is subjected to a uniaxial compressive load. Secondary tensile strains induced
by Poisson’s effect occur perpendicular to the load. Because concrete is relatively
weak in tension, these actually cause cracking and the eventual failure. Therefore, in
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this study, the crushing capability was turned off and cracking of the concrete
controlled the failure of the finite element models.

Cracking f:

ﬂr__—————_________.

1 s
2
=
8
o
Oz = 0 (Cracking)
0zp = 0 (Crushing) f ,
[

0z < 0 (Crushing)

Figure 6: 3-D failure surface for concrete (ANSYS)

Steel Reinforcement and Steel Plates:

The steel for the finite element models was assumed to be an elastic-perfectly plastic
material and identical in tension and compression. Poisson’s ratio of 0.3 was used for
the steel reinforcement in this study. Figure 7 shows the stress-strain relationship
used in this study. Material properties for the steel reinforcement for all four models
are as follows:

Elastic modulus, Es = 2000,000 Kg/cm®

Yield stress, fy = 3600 Kg/cm®

Poisson’s ratio, v= 0.3

Compression

L]

Tension

r
+c

Figure 7: Stress-strain curve for steel reinforcement

FRP Composites:

FRP composites are materials that consist of two constituents. The constituents are
combined at a macroscopic level and are not soluble in each other. One constituent is
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the reinforcement, which is embedded in the second constituent, a continuous polymer
called the matrix (Kaw 1997) [14]. The reinforcing material is in the form of fibers,
i.e., carbon and glass, which are typically stiffer and stronger than the matrix. The FRP
composites are anisotropic materials; that is, their properties are not the same in all
directions. Figure 8 shows a schematic of FRP composites.

o)

Feinforcing fiber Polymer (binder)

x

Unidirectional lamina

Figure 8: Schematic of FRP composites.

Input data needed for the CFRP composites in the finite element models are as
follows:
* Number of layers.
* Thickness of each layer.
* Orientation of the fiber direction for each layer.
* Elastic modulus of the FRP composite in three directions (E,, E and E,).
* Shear modulus of the FRP composite for three planes (G,,, G,,and G,,).
* Major Poisson’s ratio for three planes (v, v, and v ).

Tablel: summary of material properties for CFRP composite.

Elastic Major poison’s | Shear modulus
FRP composite 5 N
modulusKg/ cm ratio Kg/ cm
Ex=620000 vxy=0.22 Gxy=32700
Carbon fiber
Ey=480000 vxz=0.22 Gxz=32700
reinforced polymer
Ez=480000 vyz=0.30 Gyz=18600

Geometry of the beams:

Fifty four beams will be analyzed using the proposed ANSYS finite elements model.
Table 2,3 and 4 shows all beams evaluated in the present study. Twenty seven
beams were strengthening by CFRP as shown in Figure 9.
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Figure 9: Dimensions and Reinforcement of beams.

*All dimension in cm
All beams are strengthened by one layer of CFRP laminates which it have 1mm
thickness as shown in figure 9.

Due to the symmetry in cross-section of the concrete beam and loading,
symmetry was utilizedin the finite elements analysis; only one quarter of the beam was
modeled. This approach reducedcomputational time and computer disk space
requirements significantly. The finite element mesh, boundary condition and loading
regions of all beams are shown in Figure 10.
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Figure 10: Finite element mesh, boundary condition and loading regions for a quarter
beam model of all beams.

Table 2, Table 3 and Table 4 shows a summary ofAnalyzed beams and the
parameters that effect on it.
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Table 2: Group (A)

Analyzed Beams
No. Grade a/d As% S Control | Strengthening
Beam Beam
1 0.75% Ala Alb
2 2 1.00% A2a A2b
3 1.50% A3a A3b
4 0.75% Ada Adb
5 200 4 1.00% 15 ASa AS5b
6 1.50% Aba A6b
7 0.75% ATa A7b
8 6 1.00% A8a A8b
9 1.50% A9a A9b
Table 3: Group (B)
Analyzed Beams
No. Grade a/d As% S Control | Strengthening
Beam Beam
1 0.75% Bla Blb
2 2 1.00% B2a B2b
3 1.50% B3a B3b
4 0.75% B4a B4b
5 400 4 1.00% 15 B5a B5b
6 1.50% Bo6a B6b
7 0.75% B7a B7b
8 6 1.00% B8a B8b
9 1.50% B9a B9b
Table 4: Group (C)
Analyzed Beams
No. Grade a/d As% S Control | Strengthening
Beam Beam
1 0.75% Cla Clb
2 2 1.00% C2a C2b
3 1.50% C3a C3b
4 0.75% Cda C4b
5 600 4 1.00% 15 C5a C5b
6 1.50% Cé6a C6b
7 0.75% C7a C7b
8 6 1.00% C8a C8b
9 1.50% C9a C9b
Where:

Grade : grade of concrete.
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a/d  :the shear span to depth ratio.
As :the percentage of the steel in concrete.
S : spacing between stirrups.

Result and analysis:

As examples of the obtained results, figures 11, 12 and 13 illustrated load deflection
curves for beams (A2, A5, and A8) group A

25000 A
20000 A
515000 1 — — —without CFRF
3 f e
= with CFRP
Tio000 4 /
o
-
5000 A
0 T T 1
0 2 4 6
Mid span deflection (cm)
Figure 11: Load - Deflection curve for beam A2
15000 4
10000 4
o
E' — — —without CFRP
T f- T T .
8 5000 - / with CFRP
-
0 T T T T T 1
0 2 4 6 8 10 12

Mid span deflection(cm)

Figure 12: Load - Deflection curve for beam A5
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Figure 13: Load - Deflection curve for beam A8

Figures 14, 15 and 16 illustrated load deflection curves for beams (B2, BS, and
B8) from group B

35000
30000
25000 | S m———=—
20000

15000

LOAD (Kg)

10000 — with CFRP

5000

1]
1] 2 4 [ 8 10 12 14 16

Mid span deflection{cm)

Figure 14: Load - Deflection curve for beam B2
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= 40000 — — —wiithout CFRP
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e e —— ——————
—— —

Load

5000+

0 T T T T

0 2 4 & 8 10 12 14 16 18
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Figure 15: Load - Deflection curve for beam B5
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Figure 16: Load - Deflection curve for beam B8

Figures 17, 18 and 19 illustrated load deflection curves for beams (C2, C5, and
C8) from group C

50000 -
45000
40000
35000
Sz0000 -
= 25000 | ——e———— - — — — without CFRP

o —_—
20000 4 -
o —_— .
1 — with CFFRP
15000 A

10000 A
5000 A

0 5 10 15 20 25
Mid span deflection (cm)

Figure 17: Load - Deflection curve for beam C2
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Figure 18: Load - Deflection curve for beam C5
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Figure 19: Load - Deflection curve for beam C8
From these results we carried out numerical analysis in figure20:

For grade 200 of concrete:

100
90 A
80 A
70 A .
60 ——a/d=2

4

50 1 —8—a/d=4
40 A
30 A
20 A
10 Ca00

—x—a/d=6

%Increase of Ductility

0.75% 1% 1.50%
%Main reinforcement

Figure 20: relation between %increase of ductility and %main reinforcement.

The relation of figure 20 can be represented by the following equations:

D1= 0.20As+0.15R=091 ad=2 .. (6)
D2 = 0.18As+0.40 R=099a/d=4 .. @)
D3 = 0.08As + 0.70 R=0.99 ad=6 . 8
Equations6,7and 8 are represented by:

%D =ap+a; As )]
ap,a;depend on a/d ratio as :

ap=0.14(a\d)-0.13R=099 . (10)

a,=0.27-003(a/dh)R=093 (11)
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By substitution in equation (9)
%D =0.14(a/d)-0.13 + [0.27-0.03(a/d)] As ... (12)
Following the same procedures:

——a/d=2

[ F]

=

a

S 60 ——a/d=4
2 —a—a/d=6
g 40 -

=

(%]

£

2

0 T .

0.75% 1% 1.50%
% Main reinforcement

Figure 21: relation between % increase of strength and % main reinforcement.

The relation of figure 21can be represented by the following equations:

S1= -033As+144 R=099a/d=2 ... (13)
S2= -0.15As +0.87 R=099 a/fdc=4 ... (14)
S3= -0.14As+0.71 R=0.99 a/d&=6 ... (15)
Equations13,14and 15 are represented by:

%S = ap+aAs (16)
ap,a; depend on a/d ratio as:

ap=1.74 - 0.18(a/d) R=095 .. a7
a;=-0.65+021(a/d) - 0.02(a/d))R=1.00 .. (18)
By substitution in equation (16)

%8S=1.74-0.18(a/d) + [-0.02(a/d)2+0.21(a/d)-0.65]As ... (19)

Following the same procedures:

8]
o))
o

200 H
—=—a/d=4

100 -

—k— a/d=6

19
o
!

o

0.75% 1% 1.50%
% Main reinforcement

%Increase of Toughness

Figure 22: relation between % increase of toughness and % main reinforcement.

The relation of figure 22 can be represented by the following equations:
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T1=-0.37As *+1.46As + 0.18 R=lI ad=2 . (20)
T2 =-0.31As *+1.29 As + 062 R=1 afd=4 ... 21
T3 =-0.29As +2.21 R=0.99a/d=6 .. (22)
Equation 20, 21and 22 are represented by:
% T = agt+ aAs +a, AsE (23)
a9,a; anda, depend on a/d ratio as:
2=0.51 (a/d) -1.03 R=09 . 24)
a;=-0.44(a/d)+2.57 rR=091 . (25)
2,=0.09(a/d) - 0.60R=093 . (26)
By substitution in equation (23)
%T=0.51(a/d)-1.03 + [-0.44(a/d)+2.57] As+[0.09(a/d)-0.6] As2 ... 27
For grade 400 of concrete:

> 40

= 201 —

U Y

3 0 l——._q_____'_ T

5201  075% 1% 150% D

[ —&—afd=4

0 -40 1

© —k—3/d=6

0 .60 - —_

Q Y

E, -80 1 N + c

3-.-1 00 400

%Main reinforcement
Figure 23: relation between % increase of ductility and % main reinforcement.

The relation of figure 23 can be represented by the following equations:
D4 = -0.07As-0.60 R=097afd=2 .. (28)
D5 = -0.06As+0.03 R=096 a/di=4 .. 29)
D6 = -0.08As+ 0.35R=097a/d&=6 .. (30)
Equations 28, 29and 30 are represented by:
%D=ap+a;As 31
a0,a; depend on a/d ratio as:
2p=0.24(a/d) - 1.02 R=098 . (32)
a, =-0.004(a/d)* + 0.03(a/d)-0.11 R=1 . (33)
By substitution in equation (31)
%D=0.24(a/d)-1.01 + [-0.004(a/d)*+0.03(a/d)-0.11] As ... (34)

Following the same procedures:
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Figure 24. relation between % increase of strength and % main reinforcement.

The relation of figure 24 can be represented by the following equations:

S4 =-0.23As +0.71 R=097afd=2 . (35
S5 =-0.19As +1.15 R=097a/d=4 .. (36)
S6 =-0.22As +1.33 R=099a/d@=6 . 37
Equations 35,36 and 37 are represented by:
%S = ap+aAs (38)
a9,a; depend on a/d ratio as:
a=0.16 (a/d)+ 044 R=097 . (39)
2,=-0.01(a/d) > +0.07  (a/d) - 0.34 R=100 . (40)
By substitution in equation (38)
%S=0.16(a/d) +0.44 + [-0.01(a/d)2+0.07(a/d)-0.34] As ... 41)
Following the same procedures:

w 150

]

£ 100 -

'5, 1

g 50 \ —+—3/d=2

- —a —8—a/d=4

2 0

8 ' —4—3a/d=6

a 50 0.75% 1% 1.50%

(i3} B F\\‘

E v 4 (ﬂﬂﬂ

£-100

R

% Main reinforcement

Figure 25: relation between % increase of toughness and % main reinforcement.

The relation of figure 25 can be represented by the following equations:
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T4 = -0.13As-044 R=096a/d=2 ... (42)
TS5 =-0.18As +0.70 R=096 a/ai=4 . (43)
T6 =-0.36As +1.56 R=099a/d=6 . 44)
Equations42,43 and 44 are represented by:

%T= ap+taAs (45)
a9,a; depend on a/d ratio as:

2,=0.50 (a/d) +14 R=099 . (46)
a;=-0.06(a/d)+0.01 R=095 . 47
By substitution in equation (45)

%T=0.5(a/d)+1.4 + [-0.06(a/d)+0.01]As ... (48)

For grade 600 of concrete:

80

60 -
40 :\‘\‘
20 {\. ——a/d=2

%Increase of Ductility
o

—a—2/d=4
-20 A 0.75% 1% 1.50% ——3a/d=6
_40 i
-60 - — + -
-80 Cioo

%Main reinforcement

Figure 26: relation between % increase of ductility and % main reinforcement

The relation of figure 26 can be represented by the following equations:

D7 = -0.05As-048 R=097ad=2 .. (49)
D8 = -0.10As +0.44 R=0.97a/dc=4 ... (50)
D9 = -0.12As+0.70 R=098 a/dc=6 .. (618
Equations 49, 50and 51 are represented by:

% D= ap+aAs (52)
ap,a; depend on a/d ratio as:

=03 (a/d) +-096 R=095 . (53)
a,=-0.02(asd) -0.02 R=097 . (54)
by substitution in equation (52)

%D=0.3(a/d)-0.96 + [-0.02(a/d)-0.02]As .. (55)

Following the same procedure:
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Figure 27: relation between % increase of strength and % main reinforcement

The relation of figure 27 can be represented by the following equations:

S7 = -0.19As+1.07 R=097a/d=2 ... (56)
S8 = -041As+2.00 R=0.95a/d=4 .. 57
S9=  -0.34As +2.09 R=098a/d=6 ... (58)
Equations 56, 57and 58 are represented by:
%S = a+aAs 59)
a9,a; depend on a/d ratio as:
20=0.26 (a/d) +0.70 rR=0% . (60)
2,=0.04 (a/d)*- 0.33 (a/d)y+ 032 R=100 L. (61)
by substitution in equation (59)
%S=0.26(a/d) + 0.7 + [0.04(a/d) *- 0.33(a/d)+0.32] As ... (62)
Following the same procedures:
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Figure 28: relation between % increase of toughness and % main reinforcement

The relation of figure 28 can be represented by the following equation:

T2 =-0.14As -0.08 R=097afd=2 .. (63)
T4 =-0.46As +2.07 R=097afd=4 . (64)
T6 =-0.44As +2.47 R=098afdc=6 . (65)

Equations63, 64and 65 are represented by:
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% T= apta;As (66)

a9, a; depend on a/d ratio as:

ag= 0.64 (a/d)-1.06 R=093 (67)

a;= 0.04 (a/d)*- 0.42 (a/d) +0.52R=1.00 ... (68)

by substitution in equation number ...... (66)

%T=0.64(a/d)-1.06 + [0.04(a/d)* - 0.42(a/d) + 0.52]As ... (69)
CONCLUSIONS

The results of the numerical analysis in this study indicated that significant increase
in the flexural strength can be achieved by bonding CFRP sheets to the tension face of
high strength reinforced concrete beams. As the amount of tensile steel reinforcement
increases, the additional strength provided by the carbon FRP external reinforcement
decreases. From the obtained results, equations are concluded to calculate the changes
in ductility, strength and toughness due to the changes in %As, (a/d) ratio and grade of
concrete. The gains in different characteristics are as follows:-

DUCTILITY

In case of grade 200 (Cy):

Strengthening the beams with CFRP is leading to increase the ductility of the beamsby
29.4 %, 66 % and 70 % for % As =0.75, % As=1.00 and %As=1.50 respectively When
a/d = 2 ,increase by 56.3%, 78.3% and 91.6%for % As =0.75, % As=1.00 and
% As=1.50 respectively when a/d = 4 and increase by 77.6%, 87 and 93.3 for % As
=0.75, % As=1.00 and %As=1.50 respectively when a/d = 6.These results can be
represented by the following formula:

%D = 0.14(a/d)-0.13 + [0.27-0.03(a/d)] As

In case of grade 400 (Cyq):

Strengthening the beams with CFRP is leading to decrease the ductility of the beams
by 65%, 74.1% and 78.2 for % As =0.75, % As=1.00 and %As=1.50 respectivelywhen
a/d = 2, decrease by 1.3%, 9.4% and 12.4%for % As =0.75, % As=1.00 and %As=1.50
respectively when a/d = 4 and increase by 28%,18%,and 12.6%As =0.75, % As=1.00
and %As=1.50 respectively when a/d = 6.These results can be represented by the
following formula:

%D=0.24(a/d)-1.01 + [-0.004(a/d)2+0.03(a/d)-0.11] As

In case of grade 600 (Cg):

Strengthening the beams with CFRP is leading to decrease the ductility of the beams
by 51.4%, 58% and 60.5 for % As =0.75, % As=1.00 and %As=1.50 respectivelywhen
a/d = 2,increase 33.8%, 28.7% and 15%for % As =0.75, % As=1.00 and %As=1.50
respectively when a/d = 4 and increase by 56.6%,47.6%,and 32%for As =0.75, %
As=1.00 and %As=1.50 respectively when a/d = 6.These results can be represented by
the following formula:

% D=0.3(a/d)-0.96 + [-0.02(a/d)-0.02] As

Where %D is the percentage change of the ductility.
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Strength

In case of grade 200 (Cy):

Strengthening the beams with CFRP is leading to increase the strength of the beams
by114.76 %, 76.4% and 51.2 % for % As =0.75, %, As=1.00 and %As=1.50
respectively When a/d = 2 ,increase by 70.8%, 59.2% and 41%for % As =0.75, %
As=1.00 and % As=1.50 respectivelywhen a/d = 4,increase by 56.5%, 42.7 and 27.7for
9% As =0.75, % As=1.00 and %As=1.50 respectively when a/d = 6. These results can be
represented by the following formula:

% S=1.74-0.18(a/d) + [-0.02(a/d)2+0.21(a/d)-0.65] As

In case of grade 400 (Cyqp):

Strengthening the beams with CFRP is leading to increase the strength of the beams by
51.5 %, 18.4% and 5 % for % As =0.75, %, As=1.00 and %As=1.50 respectively
When a/d = 2 increase by 98.5%, 71.1% and 59.6%for % As =0.75, % As=1.00 and
% As=1.50 respectivelywhen a/d = 4, increase by 113%, 87% and 70%for % As =0.75,
% As=1.00 and %As=1.50 respectively when a/d = 6.These results can be represented
by the following formula:

% S=0.16(a/d) +0.44 + [-0.01(a/d)2+0.07(a/d)-0.34] As

In case of grade 600 (Cg):

Strengthening the beams with CFRP is leading to increase the strength of the beams by
90.16 %, 63.7% and 52.5% for %As =0.75, %As=1.00 and %As=1.50 respectively
When a/d = 2 ,increase by 166.4%, 103.9% and 85%for % As =0.75, % As=1.00 and
90 As=1.50 respectively when a/d = 4, increase by 178.3%, 135% and 110%for % As
=0.75, % As=1.00 and %As=1.50 respectively when a/d = 6. These results can be
represented by the following formula:

% S=0.26(a/d) + 0.7 + [0.04(a/d) 2- 0.33(a/d)+0.32] As

Where %S is the percentage change of the Strength.
Toughness

In case of grade 200 (Cy):

Strengthening the beams with CFRP is leading to increase the toughness of the beams
by 127%, 165.8% and 123.8% for %As =0.75, %As=1.00 and %As=1.50 respectively
When a/d = 2 ,increase by 160%, 195.6% and 168.9%for % As =0.75, % As=1.00 and
%As=1.50 respectively when a/d = 4, increase by 190.4%, 162.2% and 132.8%for %
As =0.75, % As=1.00 and %As=1.50 respectively when a/d = 6.These results can be
represented by the following formula:

%T=0.51(a/d)-1.03 + [-0.44(a/d)+2.57] As+[0.09(a/d)-0.6] As

In case of grade 400 (Cyqp):

Strengthening the beams with CFRP is leading to decrease the toughness of the beams
by 54.8%, 73.8% and 80.1% for %As =0.75, %As=1.00 and %As=1.50 respectively
When a/d = 2 ,increase by 54.6%, 27% and 18.1%for % As =0.75, % As=1.00 and
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% As=1.50 respectivelywhen a/d = 4, increase by 120%, 84.4% and 47.6%for % As
=0.75, % As=1.00 and %As=1.50 respectively when a/d = 6.These results can be
represented by the following formula:

% T=0.5(a/d)+1.4 + [-0.06(a/d)+0.01] As

In case of grade 600 (Cgy):

Strengthening the beams with CFRP is leading to decrease the toughness of the beams
by 19.9%, 40% and 47.5% for %As =0.75, %As=1.00 and %As=1.50 respectively
When a/d = 2 ,increase by 162.7%, 99.9% and 71.2%for % As =0.75, % As=1.00 and
9% As=1.50 respectivelywhen a/d = 4, increase by 207.3%, 151.6% and 119.4%for %
As =0.75, % As=1.00 and %As=1.50 respectively when a/d = 6.These results can be
represented by the following formula:

% T=0.64(a/d)-1.06 + [0.04(a/d) 2 - 0.42(a/d) + 0.52] As

Where %T is the percentage change of the toughness.
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