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ABSTRACT

This paper considers the problem of controlling a given linear time invariant (LTI) system described
by a rational transfer function using a PI controller. A method based on graphical and computational
tools has been proposed. This method specifies a PI controller (Kp and K;) that satisfies both

frequency domain specifications (a specified gain or phase margin) and minimum integral time
absolute error (ITAE).

Keywords: ITAE, LTI, Optimal gain and phase margins, PI controller, Robustness, Stabilizing
region.

1. Introduction

There have been many research works on the tuning of PI and PID controllers because
these controllers have simple structures and have been used in industries. [1-2].

Consider a real polynomial d(s) of degree n, o(s) is Hurwitz if all roots of o(s) =0 lie
in the open left half s-plane (Re[s] < 0). The problem of checking the stability of the
polynomial &(s) can be solved using classical criteria such as the Nyquist stability
criterion and the Routh-Huriwtz criterion, it is not easy to extend these methods to the
cases where PI or PID controllers are involved.

In this paper a simple method in the frequency domain is proposed to tune a PI controller
for a LTI system. This method gives another way to determine the stability boundary locus
which was presented in [3-6].

In [3-4], the authors, equated the real and the imaginary parts of the characteristic
equation in the frequency domain to zero, then they solved both equations to find K, and
Ki in terms of the frequency variable. They plotted the obtained values of (Kp, Ki)in a
plane. The determination of the stability boundary was done by choosing a test point
within each region.

In [7], the authors gave a computational method for the stabilizing range of K, and K;.
They used a set of strings that are generated to satisfy specified requirements using the
generalized Hermite-Biehler theorem.

In [8], the generalized Mikhailov criterion showed that, the number of roots on the
imaginary axis of the characteristic polynomial &(s) equals the number of the common

zeros of the real part and the imaginary part of the characteristic polynomial o(s). The
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system can be marginally stable or unstable depending on the multiplicity of these
imaginary roots taking into consideration that no roots are in the RHP.

In [9], the generalized Mikhailov criterion is utilized to give a solution to the problem of
finding the stabilizing gains of PI controller for a given LTI plant.

In both [7] and [9], the gains K and K; are separated to find the stabilizing range. The

ranges of K pthat satisfy the condition for the existence of a stabilizing K; value at each

fixed value of K p was determined by applying the root locus ideas.

In this paper, we propose a simple and fast method to find stability boundary of all
stabilizing PI controllers and also those that achieve specified gain and phase margins for a
given delay-free LTI plant. This method does not need to apply the root locus ideas as in
[7, 9] or generate a set of strings as in [7]. The method depends on equating the real and
the imaginary parts of the modified characteristic equation in the frequency domain to zero
and finding two separate equations for Kp and K; in terms of the frequency variable

directly without solving equations as in [3-6]. We then compute both stabilizing gains by
sweeping over the frequency values algebraically without using a test point as in [3-6].

Gain and phase margins have been used as measures of robustness. A classical approach
that takes model uncertainties into consideration is to design the closed-loop control
system with sufficient gain and phase margins. We use our proposed method to find all
stabilizing PI controllers that achieve a specified gain margin or phase margin.

After determining this stability boundary, we can search for the stabilizing PI controller
that gives minimum integral time absolute error (ITAE) for a given plant at the specified
gain margin or phase margin. The resulting PI controller will satisfy both robustness and
performance requirements.

The specified gain and phase margin in this case are considered as optimal gain and
phase margins.

2. Calculation of all stabilizing PI controllers

Consider the feedback control system shown in Fig. 1, where
G(s) = V)
D(s)
with N(s), D(s) being coprime polynomials and degree [N(s)] < degree [D(s)].

6]

r(t) y()
— >

G(s) G (s)

Fig. 1. Feedback control system
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The transfer function of PI controller is:

KPS"'KZ'

Ge(s) = (2)
N
Then the closed-loop characteristic polynomial o(s) is:
o0(s)=sD(s)+(Ki +Kps)N(s)=0 3)
Consider the even-odd decompositions of N(s) and D(s):
N(s) = Ne(s2)+sNo(s?) , and
D(s) = De(s%) + sDo(s%) . (4)
so that
5(s) =[5> Do(s?)+ s> Kp No(s>)+ Ki Ne(s2)]+ s[De(s?) +
KpNe(s?)+Ki No(s2)]=0 (5)

From (5), both the even and the odd parts of o(s) depend on Kpand K; which causes
difficulties when trying to find the ranges of K and K; that make the system stable. To

overcome this problem, we construct a polynomial where the even part of this polynomial
depends on K, and the odd part depends on K [7].

Define:
N (s) = N(=s) = Ne(s2) = sNo(s2) (6)
then
SN (5) =[s2X1(s2) + Ki X2(s2)]+ 5[ X3(s2) + K p X2(s2)]=0 7)
where
X1(s%) = Ne(s2)Do (s%) —De (s*)No (s2), (8)
X2(s%) = Ne(s*)Ne(s?) =5 *No(s*)No (s), 9)
X3(52) = De(52)Ne(s2) = 52 Do (s> )No (s2). (10)

Substituting s = jw, we obtain
SGWIN (w) = (ROw) + 1) (NR o)+ VT 00))=UGw, Ki) + V(. Kp) =0 (1)
where R(w) and Nz*e (w) are real parts of o(jw) and N *( jw) respectively. I(w) and

N 7(w) are imaginary parts of o(jw) and N *( jw) respectively, and
NR(W) = Ne(-w?) , (12)
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NI (W) = —-wNo(—w?), (13)
UwK;)=Ui(w)+ KiU2(w), (14)
Viw,Kp)=Vi(w)+ KpV2(w), (15)

U1(w) = =w? (Do (~w*)Ne (—w?) =De (~w*)No (-w?)), (16)

U2(W) = Ne (=W )Ne (=) +w? No (=w? )No (—w?), (17)

Vi(w) = w(De (—w?)Ne (—w?) +w? Do (—w? )No (—w?)). (18)

and

V2 (W) = w(Ne (=W )Ne (=w) + W No (—w*)No (-w?)). (19)

From these expressions, we note that K; and K, appear in U(w,K;) and V(w,Kp)
respectively.
From (11), we obtain:
Uw,Ki)=0 and V(w,Kp)=0 (20)
So (20) can be rewritten as,
Vi(w)
=— 21
T vaw) D
ki =21 (22)
Uz (w)

Hence, the stabilizing region of (Kp, Ki) values can be plotted with w varies from a
zero to a finite value w=wop. The frequency wo is frequency value of a significant point
on the Nyquist plot of the plant where ZG(jwo)=+180° or £ZG(jwo) = 0° (Imaginary
part of G(jw) = 0).

2.1. The steps of the proposed method
1- Initialize w = 0, step = 0.005 and Wnax = wo
2- Compute K p and K; using (21) and (22), then check the stability of the closed-loop
system at this point (K, K;) by finding the roots of J(s).
3- If the system is stable, find the other positive real value of w<wmx at the same
K, obtained in step (2) by solving the equation V(w,Kp) =0 .
4- At this value of w obtained from step (3), compute K; from (22). Check the stability
of the closed-loop system. The value of K; where the system is stable will be the
second value at the fixed value of K, obtained before in step (2). Since the stabilizing
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region is two dimensional space (2D), so for every value of K, there are two values

of Kj,the lower bound Kimin and the upper bound Kimax.
5- Increase w as follows: w = w + step
6- If w<wmx go to step (2), else stop the method.

We write a MATLAB program to run this algorithm.

3. All stabilizing PI controllers for specified gain and phase margins

In this section, we consider the problem of finding all stabilizing PI controllers that
achieve specified gain and phase margins for a given LTI plant. Let 2< A, <5 and

30° <Gy <60° denote the desired gain and phase margin [10].
Consider Fig. 2 with a gain-phase margin tester [11],

r(t) . y(0)
—> Ay e 10n G(s) G(s) |— T

Fig. 2. Feedback control system with gain-phase tester.

Then the characteristic equation can be written as follows:
5(s) = 5 D(s)+ Am e 1" (Ki + K ps)N(s) = 0 (23)
Multiply Eq.(23) by IO , we obtain
5(s) = e/% s D(s)+ An (Ki + K ps)N(s) =0 (24)
(9) will be modified to the new equation as:
SGWIN™ (jw) =U(w,Ki)+ jV(w, K p) =0 (25)

where U(w,K;) and V(w,Kp) are defined in (14) and (15) with new equations of
Ui(w), Uz (w), Vi(w),and V2 (w) are as follows:

Ut(w) = —w? co8(m) (Do (—w? )Ne(—=w?) —De (=W ) No (—w?)) — wsin(Gm)
+ w2 Do (—w?)No (—w?)), (26)

Uz (W) = Am (Ne (—w? )Ne (=w?) + w2 No (=W )N (—w?)), 27)
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Vi(w) = —w? sin(@m) (Do (—w?)Ne (—w?) —De (—w? ) No (—w?)) + wcos(Gm)

(De(—W*)Ne(—w?) +w? Do (=w?)No (-w?)), (28)
and
Va(w) = wAm(Ne (—w?)Ne (—w?) + w? No (=w?)No (=w?)). (29)

The values of K, and K; on the stability boundary can be computed using the (21) and
(22).

We have two design specifications to obtain the stability boundary of (Kp, K;) as
follows:

For design specification on a specified gain margin Ay, , we set 8 =0 in (26) and (28).
For design specification on a specified phase margin 8, , we set Ay, =1 in (27) and (29).
In both cases, the steps proposed in section 2.1 can now be used to solve this problem. But
for the case of the phase margin, the frequency wp satisfies the relation

ZG(jwo) =-1 80° + Oy, is considered. From this stability boundary, we can search for the

stabilizing PI controller that gives minimum ITAE for a given plant, so the optimal gain or
phase margin can be achieved.
The ITAE is defined as:

o0
ITAE = j tle(n)|dt (30)
0
This optimization is made with the response obtained via simulation using MATLAB
program. We compute the unit step response of the closed-loop system for all stabilizing PI
controllers that lie on the stability boundary that satisfies the specified Am or G,
depending on the design specification. Then we compute the error (e(t) = y(t) — r(t)) and
applying the trapezoidal rule to approximate the integration in (30). Finally we search for
stabilizing point (K p , K;) that gives minimum value of ITAE.
We choose ITAE since the corresponding response of this criterion tends to have smaller
settling time and overshoot than that of the integral squared error (ISE) and the integral
absolute error (IAE) because of the time weighting factor in (30).

4. Numerical Example
Consider the control system in Fig. 1 with the plant [7],
NGs) st +6s® +125%2 +545+16

D(s) & +11s* +225° +60s° +475+25

The first aim is to find all stabilizing PI controllers that make the characteristic polynomial
of (3) Hurwitz.

From (16), (17), (18), and (19)

G(s) =
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Ur(w) = -w'® =32u8 + 6270 —24740* + 59802,
Uz (w) = w® +120° —4720w* + 253202 + 256,
Vi(w) = 5w’ —6w’ —549w° +1278w"> + 400w,
Va(w)=w’ +12w’ —472w° +25320° +256w.

So (21) and (22) will be as follows:

—5w” + 6w’ +549° —1278w° — 400w
W +12w7 —472w° +2532w° + 256w

Kp:

wi0 4328 —627w0 +2474w* — 59802

Ki=
w® £ 12w8 —4720w* + 253202 +256

By following the steps presented in section 2.1, where we[0,wp] and wo =2.4162
rad/sec, we can determine the stabilizing region (Kp, K;) as shown in Fig. 3, (The outer

curve).
The range of Kp for stable system is:

—0.787425< K p <2.484578

18 T T T T T | T
T = e f ......................... -
al e NG Qp.t_l_r_na.l. p_o_l_r.l.t.s __________ ]
12 S T
1 T i T o, -

: _ _ Stab1l1ty oundary

i D8R ........... EERES” ERTRRE SRR . forf . — 85K - Do EREETEER _
OBkE e £ VT . W l ......................... e L 4

A~ N
04y , R R ™ O _3 ............. ‘3”‘ ...... D -

02 : Slablllzmg regi N
L] S o o Ay e Ny S e O

: Pm >= 50 deg: : : .
ok 0 - ; c S -

1 1 1 | 1 1 1
1 0.5 o 0.5 1 1.5 2 25 3

Fig. 3. The stabilizing regions
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The second aim is to find all stabilizing PI controllers which satisfy the conditions that the

phase margin of the system is greater than 50° or the gain margin is greater than 3 (9.54
db). So we compute the stability boundary using (26), (27), (28), and (29).

1. For A, =3 and 6, =0,
From (26), (27), (28), and (29)

Ur(w) =—-w'? —32u8 + 627w® —24740* + 59802 ,
Uz (w)=3w® +36w8 —14160w* + 759602 + 768,
Vi(w) = 5w’ —6w’ —549w° +1278w> + 400w,
Va(w) =3w’ +36w’ —1416w° +7596w° + 768w .
So (21) and (22) will be as follows:

_ —5w” 46w’ +549w° —1278w> — 400w

3w? 136w —1416w° +7596w° + 768w

K- w3208 —627w0 +24740* —5981° ’
3w +36w0 —1416w* + 759607 + 768

Kp

By following the steps presented in section 2.1, where w €[0,2.4162] and searching only
for Kimax , we can draw the stability boundary (K p , K;) as shown in Fig. 3.
The range of Kp for stable system is:

-0.262475< K <0.828193

After determining this stability boundary, we can search through all the points forming
this boundary to find the (Kp,K;) point that gives minimum ITAE. This point is

represented by a blue notation * in Fig. 3.
The resulting PI controller transfer function is:

Kps+Ki 0.10663% +0.554035

A S

Ge(s) =

The bode plot of the open-loop transfer function is shown in Fig. 4. In this case, Am is
called optimal gain margin.

The step response of the closed-loop system with minimum ITAE at Ay, =3 is shown in
Fig. 5.
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-i-ii- System: untitled1

1 Gain Margin (dB): 9.54
v | At frequency (rad/sec): 1.86
17 Closed Loop Stable? Yes

lMagnitude (dB)

Phase (deg)

10 107 10°
Frequency (rad/sec)

Fig. 4. The bode plot of the open-loop transfer function at optimal A, = 3.

Step Response
1 T T T

t (sec)

Fig. 5. The step response of the closed-loop system with minimum ITAE
at Am = 3
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2. For Am =1 and 6, =50°,

From (26), (27), (28), and (29)

Ut(w) = —0.64279'° —3.8302w° —20.5692w% + 4.5963w” +403.02780w° +420.5584w°
—15902565w* —979.00480°> —384.387w? —306.4178w,
Uz (w) =wS +12w® —472w* + 253202 + 256,

Vi(w) =-0.76604'0 +3.2139w° —24.5134n® —3.8567w +480.3099m° —352.8904°
—1895.194w™* +821.4826w> +458.0946w> +257.115w,
Vaw)=w’ +12w’ —472w° +2532w° +256w.

So (21) and (22) will be as follows:

0.76604w'% —3.2139w° +24.5134w® +3.8567w7 —480.3099w° +352.8904n>

+1895.194w”* —821.4826w° —458.0946w2 —257.115w
w? +12w7 —472w° +2532w° + 256w

Kp:

0.64270'° +3.83020° +20.5692w® —4.5963w7 —403.0278w° — 420.5584w°

+15902565w* +979.0048nw> +384.387w? +306.4178w

K; =
wS +12w0 —472w* + 253202 + 256

By following the steps presented in section 2.1, and searching only for Kjmx, we can
draw the stability boundary (K, K;i)as shown in Fig. 3. The range of w needed for
stabilization for this case can be found from ZG(jwo)=-130",s0 the range will be
we[0,2.0201].

The range of Kp for stable system is:

—0.586993< K <1.038473

After determining this stability boundary, we can search through all the points forming
this boundary to find the (Kp,K;) point that gives minimum ITAE. This point is

represented by a blue notation * in Fig. 3.
The resulting PI controller transfer function is:

Kps+Ki 0.32439%+0.907103

S S

Ge(s) =
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The bode plot of the open-loop transfer function is shown in Fig. 6. In this case, & is

called optimal phase margin. The step response of the closed-loop system with minimum

ITAE at 6, = 50°is shown in Fig. 7.

Bode Diagram

40 7

Magnitude (dB)

| System: untitled1
' | Phase Margin (deg): 50

v 1| Delay Margin (sec): 0.718

i _i At frequency (radisech: 1.22 )
| Clozed Loop Stable? Yes '

Frequency (rad/sec)

Fig. 6. The bode plot of the open-loop transfer function at optimal &, =50,

Step Response
1.4 : : :

t (sec)

Fig. 7. The step response of the closed-loop system with minimum ITAE

atg,, =50°.
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5. Conclusions

In this paper, we proposed a simple method to compute all stabilizing PI gains limits.
This method depends on equating the real and the imaginary parts of the modified
characteristic equation to zero and finding two separate equations for K, and K;. We

then compute both gains by sweeping over the frequency values.

By this method, we can also find all stabilizing PI controllers that achieve specified gain
and phase margins. From the stability boundary, we find easily the gains of the PI
controller that gives optimal gain or phase margin by searching for minimum ITAE. Our
future work is to investigate PI/PID controllers with time-delay systems.
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